STOCHASTIC CHARACTERIZATION OF HARMONIC
MAPS ON RIEMANNIAN POLYHEDRA.

M. A. APRODU, T. BOUZIANE

ABSTRACT. The aim of this paper is to relate the theory of harmonic-
ity, in the sense of Korevaar-Schoen and Eells-Fuglede, to the notion of
Brownian motion in a Riemannian polyhedron, achieved by the second
author. We define an exponential map at some singular points. Under
the assumption that these exponential maps are totally geodesic (for in-
stance in dimension one), we find the infinitesimal generator of a Brow-
nian motion in a Riemannian polyhedron. We prove that it is uniquely
defined on some Banach space. Finally, we show that harmonic maps, in
the sense of Eells-Fuglede, with target smooth Riemannian manifolds,
are characterized by mapping Brownian motions in Riemannian polyhe-
dra into martingales, while harmonic morphisms are exactly the maps
which are Brownian preserving paths.

1. INTRODUCTION.

Brownian motions in Riemannian manifolds are intimately related to har-
monic functions, maps and morphisms. The origin of this relationship is the
definition of a Brownian motion in a Riemannian manifold as a diffusion
process generated by the Laplace-Beltrami operator, which is also the basic
tool in the theory of harmonic maps. In [8], Darling studied the relation be-
tween the behaviour of Brownian motions under maps between Riemannian
manifolds and harmonicity.

The theory of harmonic maps between smooth Riemannian manifolds was
extended by Gromov, Korevaar and Schoen (see [17], [20]) to the case of
maps between certain singular spaces, such as admissible Riemannian poly-
hedra. Riemannian polyhedra are interesting in many regards. They carry
natural harmonic space structures in the sense of Brelot, and they include
several geometric objects: smooth Riemannian manifolds, Riemannian orbit
spaces, normal analytic spaces, Thom spaces etc. A deeper study of har-
monic maps and morphisms between Riemannian polyhedra was done by
Eells and Fuglede in [11]. Using the weak conformality property, in the case
when the target space is a Riemannian manifold, they obtained the same
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characterization for harmonic morphisms as in the smooth case, cf. [13] and
[18].

On the other hand, a rigorous construction of a Brownian motion in a
Riemannian complex, was given by the second author in [4]. In particular,
this construction applies to the case of a Riemannian polyhedron. Previously,
Brin-Kifer had constructed a Brownian motion in the particular case of flat
2-dimensional admissible complexes [7].

The aim of this paper is to relate, in the case of Riemannian polyhedra,
the theory of harmonic maps and morphisms [I1] to the notion of Brownian
motions in Riemannian polyhedra [4], in order to generalize Darling’s results,
[8], [22]. Notice that the second differential calculus on Riemannian mani-
folds, which is the basis of the theory of stochastic calculus, has no natural
generalization on Riemannian polyhedra. Consequently, we are compelled to
develop a new approach mixing smooth theory with some hybrid methods.

The outline of the paper is as follows. Section 2, included here for the
sake of completeness, is an overview on Riemannian polyhedra, energy of
maps, harmonic maps and morphisms on Riemannian polyhedra, Brownian
motions in Riemannian manifolds, martingales etc. In Section 3, we prove
that the Brownian motion has a unique infinitesimal generator defined on
some Banach space. In this section we also study the behaviour of Brownian
motions under harmonic functions in the sense of Gromov-Korevaar-Schoen
[17], [20]. In order to state this characterization we show that the Brownian
motion in a Riemannian polyhedron has the "Laplacian" as an infinitesimal
generator Theorem (we give a suitable definition of the "Laplacian" in
this case). For technical reasons we make some assumption on the exponen-
tial maps (being totally geodesic). This condition is realized for example in
the one-dimensional case or for flat metrics. In the last section we prove that
harmonic maps, with target smooth Riemannian manifolds in the sense of
[L1], are exactly those which map Brownian motions in Riemannian polyhe-
dra into martingales, Theorem while harmonic morphisms are exactly
the maps which are Brownian preserving paths, Theorem [4.2]
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2. PRELIMINARIES.

In this section we recall some basic notions and results which will be used
throughout the paper.

2.1. Riemannian admissible complexes. [2], [5], [6], [9], [11], [28].
Let C be a locally finite simplicial complex, endowed with a piecewise
smooth Riemannian metric g, i.e. g is a family of smooth Riemannian metrics
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gs on simplexes S of C, such that the restriction (gS)|S, = gy, for any
simplexes S’ and S with 8" C S.

The set of all formal linear combinations a = ) .~ a(v)v of vertices of
C, such that 0 < a(v) < 1, Y cca(v) = 1 and {v;a(v) > 0} is a simplex
of C, is denoted by space|C|. This set is a subset of the linear space linC
of all formal finite linear combinations of vertices of C. A vertex v of C
will be identified with the formal linear combination lv, thus formal linear
combinations of vertices become true linear combinations in linC.

Let C be a finite dimensional simplicial complex which is connected locally
finite. A map f from [a,b] to C is called a broken geodesic if there is a
subdivision a =ty < t; < -+ < tp41 = b, such that f([t;,t;41]) is contained
in some cell and the restriction of f to [t;, t;+1] is a geodesic inside that cell.
Then, define the length of the broken geodesic map f to be:

L(f) =Y d(f(ta), f(tir))-
=0

The length inside each cell is measured with respect to its metric.

For every two points x,y in C', define J(x, y) to be the lower bound of the
lengths of broken geodesics from z to y. Note that d is a pseudo-distance.

If C is connected and locally finite, then (C, ci) is a length space and hence
a geodesic space (i.e. a metric space where every two points are connected
by a curve with length equal to the distance between them ), if complete.

We say that the complex C is admissible, if it is dimensionally homoge-
neous, and for every connected open subset U of C, the open set U \ {U N
{(n —2) — skeleton }} is connected, where n is the dimension of C' (i.e. C
is (n — 1)-chainable).

We call an admissible connected locally finite simplicial complex, endowed
with a piecewise smooth Riemannian metric, an admissible Riemannian com-
plex.

In the sequel we shall denote a p-skeleton of a complex C' by C®).

2.2. Riemannian polyhedra. [I1].

We mean by polyhedron a connected locally compact separable Hausdorff
space K for which there exists a simplicial complex C' and a homeomorphism
0 : C — K. Any such pair (C, 0) is called a triangulation of K. The complex
C' is necessarily countable and locally finite (see [26] page 120) and the space
K is path connected and locally contractible. The dimension of K is by
definition the dimension of C' and it is independent of the triangulation.

If K is a polyhedron with specified triangulation (C, @), we shall speak of
vertices, simplexes, i-skeletons (the set of simplexes of dimensions lower or
equal to ), stars of K as the image under 6 of vertices, simplexes, i-skeletons,
stars of C'. Thus our simplexes become compact subsets of K.

If for a given triangulation (C,0) of the polyhedron K, the homeomor-
phism 0 is locally bi-lipschitz then K is said to be a Lip polyhedron and 6 a
Lip homeomorphism.
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A null set in a Lip polyhedron K is a set Z C K such that Z meets
every maximal simplex S, relative to a triangulation (C,6) (hence any) in
a set whose pre-image under 6 has n-dimensional Lebesgue measure 0, with
n = dim S. Note that ’almost everywhere’ (a.e.) means everywhere except
in some null set.

A Riemannian polyhedron K = (K, g) is defined as a Lip polyhedron K
with a specified triangulation (C,0), such that C' is a simplicial complex
endowed with a covariant bounded measurable Riemannian metric tensor g,
satisfying the ellipticity condition below. In fact, suppose that K has homo-
geneous dimension n and choose a measurable Riemannian metric gg on the

open Euclidean n-simplex §~1( § ) of C. In terms of Euclidean coordinates

{x1,...,2,} of points x = §71(p), g5 assigns to almost every point p € 50” (or
x), an n X n symmetric positive definite matrix gg = (gg (2))ij=1,....n, With
measurable real entries and there is a constant Ag > 0 such that (ellipticity
condition):

AP (€ <D @) < AR (€
i=0 i3 i=0

o
for a.e. x € 071( S ) and every £ = (¢1,...,€") € R™. This condition
amounts to the components of gg being bounded and it is independent not

only of the choice of the Euclidean frame on §~1( § ) but also of the chosen
triangulation.

For simplicity of statements, we shall sometimes require that, relative
to a fixed triangulation (C,#) of the Riemannian polyhedron K (uniform
ellipticity condition),

A := sup {Ag: S is simplex of K} < oc.

A Riemannian polyhedron K is said to be admissible if for a fixed triangu-
lation (C, 8) (hence any) the Riemannian simplicial complex C' is admissible.

We underline that, for simplicity, the given definition of a Riemannian
polyhedron (K, g) contains already the fact (because of the definition above
of the Riemannian admissible complex) that the metric g is continuous rela-
tive to some (hence any) triangulation (i.e. for every maximal simplex S the
metric gg is continuous up to the boundary). This fact is sometimes omitted
in the literature. The polyhedron is said to be simplezwise smooth if relative
to some triangulation (C, ) (and hence any), the complex C' is simplexwise
smooth. Both continuity and simplexwise smoothness are preserved under
subdivision.

2.3. Energy of maps. [17], [20], [11].

The concept of energy of maps from a Riemannian domain into an arbi-
trary metric space Y was defined and investigated by Gromov, Korevaar and
Schoen [I7], [20]. Later on, this concept was extended by Eells and Fuglede
[I1] to the case of a map from an admissible Riemannian polyhedron K
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with simplexwise smooth Riemannian metric. The energy E(p) of a map ¢
from K to the space Y is defined as the limit of suitable approximate energy
expressed in terms of the distance function dy of Y.

The maps ¢ : K — Y of finite energy are precisely those quasicontinuous
(i.e. have continuous restrictions to closed sets), whose complements have
arbitrarily small capacity, (see [11], page 153) whose restriction to each top
dimensional simplex of K has finite energy in the sense of Korevaar-Schoen,
and E(yp) is the sum of the energies of these restrictions.

Consider now an admissible m-dimensional Riemannian polyhedron (K, g)
with simplexwise smooth Riemannian metric. It is not required that g is
continuous across lower dimensional simplexes. The target (Y,dy) is an
arbitrary metric space.

Denote L} (K,Y) the space of all y,-measurable (u, the volume measure
of g) maps ¢ : K — Y having separable essential range and for which the
map dy (p(.),q) € L} (K, pg) (ie. locally pg-squared integrable) for some
point ¢ (hence by triangle inequality for any point). For ¢, € L} (K,Y)
define their distance D(p, 1)) by:

D2(0,0) = [ Blola), b(w))dng (o).
K
Two maps ¢, € L7 (K,Y) are said to be equivalent if D(,v) = 0, (i.e.
o(x) = Y(x) pg-a.e.). If the space K is compact, then D(p,v) < oo and
D is a metric on L? (K,Y) = L?(K,Y) which is complete if the space Y is
complete [20].
The approzimate energy density of the map ¢ € LlOC(K, Y') is defined for

€ > 0 by:
25, o(x), p(a’
ec(p)(z) = / dy( im)+,2 ( ))dﬂg(m/)-

Bk (z,€)

The function ec(¢) > 0 is locally p4-integrable.
The energy E(p) of a map ¢ of class L} (K,Y) is:

E(¢) = sup hmsup/fe6 Ydpg |,
feC(K,[0,1]) e—0

where C.(K, [0, 1]) denotes the space of continuous functions from K to the
interval [0, 1] with compact support.

A map ¢ : K — Y is said to be locally of finite energy, and we write ¢ €
VV&;(K Y), if E(¢jr) < oo for every relatively compact domain U C K, or,
equivalently, if K can be covered by domains U C K such that E(pj) < oo.

For example (Lemma 4.4, [I1]), every Lip continuous map p: K—Yis
of class VV;)’S (K,Y). In the case when K is compact, VVZ ?(K,Y) is denoted
by W12(K,Y) the space of all maps of finite energy.
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WE2(K,Y) denotes the linear subspace of W12(K,Y) consisting of all
maps of finite energy of compact support in K.

2.4. Harmonic maps and harmonic morphisms on Riemannian poly-
hedra. [11].

Let (K,g) be an arbitrary admissible Riemannian polyhedron (g is only
bounded, measurable, with local elliptic bounds), dim K = m and (Y,dy) a
metric space .

A continuous map ¢ : K — Y of class VV;E(K, Y') is said to be harmonic
if it is bi-locally E-minimizing, i.e. K can be covered by relatively compact
subdomains U for each of which there is an open set V' O ¢(U) in Y such
that

E(pw) < E(uw)
for every continuous map v € VV;?(K, Y), with (U) C V and ¢ = ¢ in
K\U.

Let (N,h) denote a smooth Riemannian manifold without boundary of
dimension n and Fgﬁ the Christoffel symbols on N. By a weakly harmonic
map ¢ : K — N we mean a quasicontinuous map (a map which is continuous
on the complement of open sets of arbitrarily small capacity; in the case of
the Riemannian polyhedron K it is just the complement of open subsets of
the (m — 2)-skeleton of K) of class T/Vlif(K , N) with the following property:

For any chart n : V — R™ on N and any quasiopen set U C ¢~ 1(V) of
compact closure in K, the equation

/ (VA Vb )dug = / AT 0 ) (V™. Vo) dyig,
U U

holds for every kK = 1,...,n and every bounded function A € VVO1 ’2(U ).

When K and Y denote two Riemannian polyhedra (or any harmonic
spaces in the sense of Brelot; see Chapter 2, [11]), a continuous map ¢ :
K — Y is a harmonic morphism if, for every open set V C Y and for every
harmonic function v on V', v o ¢ is harmonic on ¢~ 1(V).

2.5. Brownian motions in Riemannian manifolds. [§|, [12], [29].

Consider (2,.A, P) a probability space, (E,e) a measurable space, and [
an ordered set. By a stochastic process on (2, A, P) with values on (F,¢)
and I as time interval, we mean a map (see [12], or [29], or [8]):

X: IxQ — FE
(tw) — X(tw),

such that for each t € I, X} : w € Q — X(t,w) € E is measurable from
(Q,A) to (E,¢).
A family F = (Fy)ier of o-subalgebras of A, such that Fg C Fy, for all s,
t with s < t, is called a filtration on (2, A, P) with I time interval.
Given a filtration F = (F;)¢e1, a process X, admitting as time interval a
part J of I, is said to be adapted to F, if for every t € J, X; is F;-measurable.
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A real-valued process X is said to be a submartingale, with respect to a
filtration F; fixed on (9,4, P), if it has the following properties : a) X is
adapted; b) each random variable X; is integrable; c¢) for each pair of real
numbers s, t, s < t, and every A € F, we have:

/XsdP < /Xth.
A A

When the equality holds we say that X is a martingale.

A real-valued process X is said to be a continuous local martingale if and
only if it is a continuous ( with respect to the time variable ) adapted process
X such that each X7, X{7,,>0) 18 @ martingale, where x is the characteristic
function and T, is the stopping time: inf{t: |X;| > n}.

A semimartingale is the sum of a continuous local martingale and a process
with finite variation. If the process of the finite variation is an increasing
one, the semimartingale is called a local submartingale.

Let M be a manifold with a connection MV, and X be an M-valued
process. Following Schwartz characterization [25], a ™ V-martingale tester,
(Uy,Us, Us, f) will consist of:

e open sets Uy, Us, Us in M with U; C Uy C Uy C Us,
e a convex function f: Us — R.

The process X = (Xy, F;) is said to be a M V-martingale, if it is a continuous
semimartingale on M (i.e. Vf € C*3(M), f o X is a real valued semimartin-
gale), and for all ¥ V-martingale tester (Uy, Us, Us, f), the process

Y = (Yo F), Yi = /XF(S)d(f o X,),
0

o0
is a local submartingale. F' denote the previsible set | J (0, 7] where o, 74,7 >
i=1
0 is the collection of stopping-times, associated to the process X and any
M7_martingale tester, defined by:

e 0p=0,70=0 o
eo,=inf{t>n_1: X, €¢Ur}smi=inf{t >0;: Xy ¢ Us},i > 1.

x r denotes the characteristic function.
Suppose M is a Riemannian manifold with Levi-Civita connection V. A
Brownian motion is characterized as a diffusion B = (B, F;) with generator

%A; in other words, for all f : M — R, the process Cf, where th =
¢

f(By) — f(Bo) — 3 [ xr(s)Af(Bs)ds, is a local martingale.
0
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3. BROWNIAN MOTIONS IN ADMISSIBLE RIEMANNIAN POLYHEDRA.

In [4], the second author proved the existence of a Brownian motion on
a Riemannian polyhedron. In this section, we find explicitly its infinitesi-
mal generator, Theorem Furthermore, we give necessary and sufficient
conditions for harmonicity in terms of local martingales, see Corollary

We begin by recalling some basic results used in the sequel.

3.1. Boundary normal coordinates, [19], [27] and the second funda-
mental form. [I, [12], [24].

Let M be a Riemannian manifold with non-empty boundary OM . For any
point y € M there is a shortest geodesic to the boundary that is normal to
oM.

Similarly to the exponential mapping defined on T, M for x an interior
point of M, we can define (see [19]) the boundary exponential mapping:
expoyr : OM x Ry — M, expgps(z,t) = v2.(t), where Ry = [0,00) and
t sufficiently small such that expgy,(z,t) € M. Here, v, ,, denotes the normal
geodesic to OM whose derivative at zero equals v, the unitary normal vector
to OM at the point z.

Using the boundary exponential mapping, one introduced (see for example
[19] or [27]) the boundary normal (or semi-geodesic) coordinates, analogously
to the Riemann normal coordinates. Compared to the classical case of empty
boundary, instead of a set of geodesics starting from a point one considers
the set of geodesics normal to OM.

Consider U, = OM x [0, p) a collar neighbourhood of OM x {0} in the
boundary cylinder M x R,. Denote by

V, = expyr(U,) = {x € M;d(x,0M) < p}

a collar neighbourhood of M in M.

Then, for p sufficiently small, define (V,,z1,...,xy) local coordinates in
M ( the boundary normal coordinates) in the following way: for x € V,,
Ty = d(x,0M), z € OM is the unique boundary point such that d(z,z) =
d(x,0M) and (x1,...,7p—1) on OM are local coordinates around z. p is
chosen small enough such that v, ,(t) is the unique shortest geodesic to oM
for t < p.

As in the case of Riemannian manifolds without boundary, the Laplacian
is given in boundary normal coordinates (see [2I]) by:

1 90 y 0 Iy 0? 0
A i 00\ _ e 9
A /|g’ o0x; <g |g|8x3> g <8£L‘2(9$] K 8xk) ’

where |g| = det(gi;) and Ffj are the Christoffel symbols on M.

Let (M,g), (N,h) two Riemannian manifolds and ¢ : M — N a smooth
map. The Levi-Civita connection V™ of M and the pull-back connection
V¥ of the pull-back bundle ¢ 'TN induce a connection V on the bundle
T*M ® o 'TN. Applying this connection to d¢ one obtain the second
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fundamental form of ¢ (also called the Hessian of ¢) (see [I] or [24]), denoted
by Hess ¢, or Vdp, and explicitly given by:

(1) (Hess 9)(X,Y) := V5 (dp(Y)) — dp(VYY), VX,Y € T(TM).

When N = R and (M, g) is a manifold with or without boundary then
reads:

(2)  (Hess 9)(X,Y) i= X (Y () — dp(VYY), VX,V € D(TM).
Using the Hessian, the Laplacian can be also defined as:
Af :=Tr(Hess f).

A smooth map ¢ : M — N between two Riemannian manifolds is totally
geodesic (see [1], [12]) if for every f: N — R

(Hess™ (f 0 ©))(x, ) = (Hess™ f)(de(x), dg(x)),

where Hess™ , Hess" denote the second fundamental forms on M, N respec-
tively.

3.2. The tangent cone and the exponential map. Let (K, g) be an n-
dimensional admissible Riemannian polyhedron and p a point in the ((n—1)-
skeleton)\ ((n — 2)-skeleton).

We shall slightly reformulate the definition of the tangent cone previously

introduced in [2].
o

Suppose that p is in ?n:, the topological interior of the (n — 1)-simplex
Sp_1. Let SL,82 ..., Sﬁ, k > 2, denote the n-simplexes adjacent to S,,_1.
Then each S, for I = 1,...,k, can be viewed as an affine simplex in R",
that is !, = i, H; where H; are closed half spaces in R™. The Riemannian
metric gg is the restriction to St of a smooth Riemannian metric defined
in an open neighbourhood of S! in R™.

Since p € ((n — 1) — skeleton) \ ((n — 2) — skeleton), each S! for | =

1,...,k, can be viewed, locally around p, as a manifold with boundary,
where the boundary is S,_1. Then there exists a unique hyperplane, for
1 =0,...,n, containing p. Define Tpsz as the half-space H; which contains

the corresponding hyperplane.
Notice that 7,S!, can be naturally embedded in linS!, C linK and

(3) T,S!, = T,Sp—1 x [0, 00).

Define the tangent cone of K over p as: T,K = Ule TPSL C linK.

The difference from the original definition (see [2]) is that we do not need
to pass to subdivision of K in order to make the point p become a vertex.
Let $0,(SL) be the subset of all unit vectors in 7,S!, and denote &, =
I (K) = USLBpL(p(Sfl)' The set L, is called the link of p in K. As S!, is
a simplex adjacent to p, then gst (p) defines a Riemannian metric on the
9



(n — 1)-simplex $L,(S!). The family g, of Riemannian metrics gst (p) turns

14,(S%) into a simplicial complex with a piecewise smooth Riemannian metric
such that the simplexes are spherical.

Having defined the tangent cone, and using the boundary exponential
map, we can introduce next the exponential map locally around a point p in
the topological interior of an (n — 1)-simplex S, 1.

Take Vp a neighbourhood of 0 in 7, K. The definition of the exponential
map E), : T,K — K on each maximal face V5 () 1,S%,1 = 1,...,k is based on
the fact that, locally around p, each S’ becomes a manifold with boundary,
with 9(S!,) = S,_1. This allows us to consider the boundary exponential
map (see Section [3.1)):

eXpygt. Vo — Wy,
where U, is a small neighbourhood of p, V, = (U, N Syp,—1) x [0, p) is a collar
neighbourhood of (U,NS;,—1) x 0 in the boundary cylinder (U,NS,—1) x Ry
and

Wy = expygi (Vo) :={z € (Up N Sp);d(x, (Up N Sp-1)) < p}.

Moreover, on the manifold S, _1 we consider the usual exponential map
at p:
exp), : TpSn—1 — Sp—1.

Using the decomposition TpS,ll = T,Sn—1 % [0,00), we define the exponen-
tial map
E,:VoNT,S, — S,
in the following way. Consider u a tangent vector in Vp N TpS,lI. We can

decompose u = (v,w) where v € T),S,_1 and w is a normal vector to OS,.
Then

Ep(u) = expyg;, (expy(v), [[w]])-

3.3. Brownian motions. The Brownian motion in a piecewise smooth Rie-
mannian complex, was obtained in [4], as a weak limit of isotropic processes.
This construction holds obviously for the piecewise smooth Riemannian poly-
hedron K.

Let us recall some essential facts about this construction. In [4], the
second author defined a process: Y7 = (Q, 7, Y, 0;, P), for n € (0,1], in
the following way:

t
75

Tz — i) i Tiw) < 5 < T (w)
Yﬁ(@:{ At (e

¢
D if &(w) ;

where 7; are the stopping times such that, for all : € N, the real random vari-
able (7; — 7;41) is exponentially distributed and 79 = 0; T, is the generalized
geodesic flow (see [2]); D is the one point compactification of K (because
K is semicompact) and ¢ is the life time of Y,”; Z is a unit tangent vector
randomly chosen in the link of the point T, | (,)(7i(w)) with respect to

the volume measure (link is viewed as a spherical Riemannian polyhedron),
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where Zy(w) is also a unit tangent vector randomly chosen in the link of the
starting point.

In [4] it is also proved that Y," (for n € (0, 1]) is a continuous Markov pro-
cess, for each 1 € (0, 1], Y generates a measure /i, on the space C(R™, K ) :=
{f :R" — K, f — continuous} and pu, has a subsequence which converges
to a measure W on C(R™, K), called Wiener measure. This Wiener measure
generate a Brownian motion in the Riemannian polyhedron, such that the
transition functions of the generated Brownian motion are just the projec-
tions of the Wiener measure on K (see for details [4]).

Proposition 3.1. Let (Bt)i>0 denote the Brownian motion in the n— di-
mensional admissible Riemannian polyhedron K, see |[4]. Then (Bi)i>o al-
most surely never hits the (n — 2)—skeleton and for every point p of the
((n —1) — skeleton) \ ((n — 2) — skeleton), all the mazimal simplezes adja-
cent to p have the same probability to be chosen by BY i.e. (By)i>0 has equal
branch probabilities.

Proof: The s—skeleton of K is usually denoted by K(®), [I1].

For any p € K(»=1\ K("=2) denote by U ¢ K \ K2 an open neigh-
bourhood of p and by 7y := inf{t > 0/Bf ¢ U} the fist exit time of BY
from U.

For any maximal simplex S of K adjacent to p and for ¢ close to 0,

P(Bf,,, €UNS)= 71713}) PPY,"eUNS).

Denote by 7 the first stopping-time associated to the process Y,”. Suppose
that P{ry <71} = 1. For any n > 0,

P(Y, € UNS) = Elxuns (Y] =

. /<>up [ s (e (s ) ) vy s

UnS)

So, for all n > 0, P(PY;" € UNS) depends only on the link £L,(U N S)
which is independent of the choice of the maximal simplex adjacent to p. We
conclude that B; has equal branch probabilities.

Let us compute P(B; € K("=2))

P(By e K" = lim P(Y," € K(=2),
/]’]—>

For any n > 0,
P(Y)" € K"?) = Elx e (Y]")].

Since the process Y," is Markov, to compute the above average, we can
suppose that 0 < t < 71 which does not change the result. Then

Elxgn-2 (Y")]
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is equal to

/ (o) / N (prng <s+;2>)dk(§) ds,
0

Up(K(K(n=2)))
where U, (K (K(™~2))) denotes all the vectors in the link £,(K) pointing into
the K2,
Since A(U, (K (K(2))) = 0, we have

XK (n—2) (ang (S + 772)) d\(€) = 0.

Uy (K (K(=2)))
Therefore, we have proved that for any n > 0, P(Y," € K("*Z)) = 0 and
consequently P(B; € K("=2)) = 0.

Proposition 3.2. The Brownian motion (By)i>0 on admissible Riemannian
polyhedra has an infinitesimal generator L defined on a Banach subspace Dy,
i.e. for every f € Dy,

Lf ety (B — £ (B)

' ly.
lim " uniformly

Proof: Remark that the Brownian motion (B;):>0 is trajectories continu-
ous [4] so it is stochastically continuous. Then by Dynkin’s result (see [10]
Theorem 2.3), the existence of L is completely insured. (]

Let (K,g) be a n-dimensional admissible Riemannian polyhedron, en-
dowed with a continuous simplexwise smooth metric.

Definition 3.3. Consider U C K a domain which meets exactly one (n—1)-
simplex S, _1. Let S}L, ey S’ﬁ denote the n-simplexes adjacent to S,,_1 and
o

—

f a continuous function on U which is of class C? in each 54 NU and at least
o o

of class C! in each (S% US/n_\1) N U. The function f is said to be of zero
normal trace condition if and only if:

k
ZDjf(x) =0

at almost every point = of S,,_1 NU, where D; f(x) denotes the inner normal
derivative of f‘Sj Ay at .

Remark 3.4. The space Dy, contains the space

loc

w2 (K) m function of class C? in the interior of the n-simplexes
and the (n — 1)-simplexes and of zero normal trace condition

which is denoted by Dy,.
12



Let B = (Q,F?, By, 0, P) be the K-valued Brownian motion introduced
above (see [4]).

Theorem 3.5. Suppose that the exponential map (Section is totally
geodesic in each point in the topological interior of any (n — 1)-simplex. Let
p € VVl})’CZ(K), i.e. there exists a covering U of K with relatively compact
subdomains, such that ¢ is of finite energy on each U € U. Assume that
@ is of class C% on the interior of each n-simplex and on the interior of

each (n — 1)-simplez, and of zero normal trace condition. Denote by Ty :=
inf{t >0/B; ¢ U} the first exit time of By from U. Then we have:

1~ 0
(4) iAgo = EE[SO(BU\TU)L on U\((n — 2) — skeleton).
where E[o(Binr, )] is the expectation with respect to Biar, and
k
% 121 Ay, at a point in (n — 1)-skeleton \(n — 2)-skeleton,
A= Ay is the Laplacian in sz at a boundary point;

the usual Laplacian, in the interior of each simplex.
Proof: Let p € K. There are two cases to investigate:

Case 1: If p is in the topological interior of some n-dimensional simplex,
using [12] or [I4], the relation clearly holds.

Case 2: Let p be in the ((n — 1) — skeleton)\((n — 2) — skeleton).
The idea in this case is to transfer, locally, the computations from the
polyhedron K to its tangent cone over p, T, K.
o

—

Suppose that p is in S,,—1 the topological interior of the (n — 1)-simplex
Sp_1. Let S} 82 ... S¥ k > 2 denote the n-simplexes adjacent to S, 1.
Take Vj a neighbourhood of 0 in T, K, and consider the exponential map

E,:VoNT,S,, — S.,
defined in Section
We shrink Vy and U, if necessary, such that E,(Vy) = U,. Denote by

®, : U, — Vp the inverse map of E,. By hypothesis, the maps E, and ®,,
are locally totally geodesic diffeomorphisms onto their images.

Let (B:) denotes the Brownian motion in the polyhedron (K, g) (see [4])
and by X; = ®(B;). We remark that (X¢ar, ) is a Brownian motion in the
flat polyhedron V; ()7, K with equal branch probabilities (since ®), is totally
geodesic map and B; has equal branch probabilities), where 7y, is the first
exit time of B; from U,,.

Using the fact that VOOTPSL is also a manifold with boundary, we consider
the boundary normal coordinates (x1,...,2Zn—1,2y) in the neighbourhood
Vo N T,8,—1 of 0, as follows. Pick up coordinates (z1,...,2,—1) on VN

13



T,Sn—1 and for a point x in the collar neighbourhood of Vo N T,S,—1 in
Vo N TpSfL define z,, := d(z, Vo N T,S,—1). Remark that this latest choice of
the coordinates chart in the tangent cone over the point p is possible because
the metric g in the polyhedron is continuous.

Using the boundary normal coordinates (x1,...,%p—1,%y,) in any (Vo N
TPSL),Z = 1,...,k, the infinitesimal generator A® of the Brownian motion
X¢ on the flat polyhedron Vi N T, K has the following properties (see [7]):

1) A€ is defined on the space of:

e continuous functions on the flat polyhedron V{y which are of class
C? in the interior of both n-simplexes and (n — 1)-simplexes, have
continuous second derivatives in the interior of S,,_1 which are limits
of corresponding directional derivatives from the interior of adjacent
faces;

e functions with zero normal trace condition for any point in the ((n —

k
1)-skeleton)\ ((n — 2)-skeleton), i.e. Y of
=1

O0xn,

2) 2A°€ is the usual Laplacian in the interior of each simplex;

o
—

3) For g € (Vo N T,Sn—1), we have

k
9?2 9?
at@) = 3 (S ahriy i)

where

n—1
. *f  0*f
iflq) = 2 952 + D2

is the usual Laplacian on the manifold Vy N7, pSﬁl at a boundary point.
14



o

Now, for a point v1 € (VoﬁT\pS%), the second order Taylor’s development
of a function f (as above) in the boundary normal coordinates has the form:
(5)

fo1) = f(0) + O, f(0)n, (v1) + 502, f(0)22, (v1)

n ;"zi On 3 £(0) i, (1) (1) + ;7211 Di6n [ (0):(01)0my (01)
j= i=
+ n;l 0 F(0)zi(v1) + .nf 9:0; £ (0)z: (1) (v1) + o(e),

i,7=1

with the notation:

2
AP

Oy, ox;” ™ Qw2

Using the symmetry of the connection, reduces to:

f(vl) - f(O) + anlf(o)xnz (Ul) + 502 f(O)(I}2 (Ul)

27N ny

n—1
(©) + ]; 0O, f(0)xp, (v1)xj(v1)

+ n;l 0: f(0)x;(v1) + "il 0;0; f(0)x;(v1)x;(v1) + o(e).

t,j=1

o

Equation (EI) evaluated at X, supposed in (Vo () TpSh) becomes:

(7)
FXinry) = F(0) + 0y [ (0)2n,(Xinry) + 595, F(0)27, (Xinry,)

27

; "ji 0,00, £ (O (Xinry )5 (Xinmy)
=
+ "Z_:ll 8if(0)$i(Xt/\7—U) -+ .nz_jl 8¢8jf(0)xi(Xt/\TU)xj (Xt/\TU) + O(t).

ig=1

The process X;ar, can be decomposed into a product (Xf/\_nlj, X{pr,) of
two independent processes such that Xf/\;[lj is (n—1)—dimensional Euclidean
Brownian motion in the submanifold Vo N 7,S5,-1 and X}, is a Brownian
motion on a graph I' with &k edges ej,...,er of length e attached to the
point 0 with equal branch probabilities at 0 i.e. Xj,, is one dimensional
Brownian motion on each edge of I' with equal branching probabilities, see
[3].

Then by taking the averages and using [3], turns into:

15



E°[f(Xinmy)l = £(0) +le31 On, £ (0)E°[d(0, X[, ) [{Xpr,, € €1}]

_|_
M=
NO|—

0r, F(O)E [d(0, X[}, )? {X)ry, € e1}]

o~
Il
—

f
L

+
Mw

0i0n, f(O)E[24(X 3 1 [d(0, X[} ) [{ X, € er}])

=1 i=1
© S 0O B (X))
=1
b3S 00,0 O (X )y (XL )] + o).

3,j=1

Since the process X[ is one dimensional Brownian motion on each edge
of I' with equal branch probabilities (see [7] or [3]) then :

. . 1 [2t
EVd(0, Xfur, ) {Xbm, € €} = 1/ =

and

0 2
E7ld(0, X{pr, )" /{Xinn, € e}l = 7
for every .
So for a function f with zero normal trace condition, we have:

Zanlf EO[ (O Xt/\TU)/{Xt/\TU S 6[} \/>Zanlf - 0

=1

On the other hand, for the (n — 1)-Euclidean Brownian motion X", we
have:

E°lzi(X{5)] = 0
and
EP[2i( X0 )25 (Xinm )] = bt
where 6ij =1 le:] 6ij =0 lfl#j
Then equality reduces to:

M?v

9) B (Xinr)l = f(0) + 55 32 07, f(0) + 5 Z 91j0;0; f(0) + o(t).

=1 2,7=1

Which can be written as:

(10) B (Xine)] = F(0)+ 5 Z A7 £(0) + oft)
= f(0) +tAef(0) + o(t)
We infer from that:



tATY

(11) f(Xt/\TU) - ( )+ Z f A7 f X{X €Tp S}, }dS
+ SOME LOCAL MARTINGALE,

for a function f defined on V{ with zero normal trace condition.

Observe that the zero normal trace condition is preserved by exponential
map.

Now, for a function ¢ of class M/lx’ which is of class C? in both the
topological interior of the n-dimensional faces and the (n — 1)-dimensional
faces of the polyhedron K, the equation reads for the function ¢ o Ej;:

(12)
t/\TU
9o Ep(Xinmy) = 9o Ey(0)+ ¢ Z f Af(p o Bp)(Xs)X{x,er,s5:1d8
+ SOME LOCAL MARTINGALE

The process X; is an Euclidean Brownian motion in each maximal face,
so we can write (see [12], Proposition 5.18):
(13)
k tATY

po Ep(Xinry) = @o Ep(0) + %ZZ 3 [ Hessj(o Ep)(dX,dX)x x,e1,s1)
=170
+ SOME LOCAL MARTINGALE,

where Hessj (¢ o E},) denotes the Euclidean Hessian of the function (¢ o E,)
on the face T,,S%,.

Since the map E, is totally geodesic on each maximal face and on the
(n — 1)-dimensional face of Vj N T, K, using (4.21) and (4.32) from [12], we
obtain:

(14)

w(E%ATU):: %’Ol? LX}ATU)
tATY

= o) +¢ Z f T*Ep ® T* Ep)Hessip(dX, dX)x(x,er,5:}

+ SOME LOCAL MARTINGALE
tATY

= o) +5 Z f Hess;p(d(Ep 0 X), d(Ep © X))X{x,em,5)
+ SOME LOCAL MARTINGALE,
where Hess;p denotes the Hessian of the function ¢ in the boundary normal
coordinates defined by FE, : Vo 1,5, ¢ R* — U,N S, € K in S, viewed
as a manifold with boundary (see Section .
Relation is equivalent to (see [12] (3.13)):
t/\TU

(15) ©(Birry) = ©(p) + 1 Z f Hessip(dB, dB)x(p,evn st}

+ SOME LOCAL MARTINGALE

By [12], Proposition (5.18), we have:
17



k tATY
@(Birry) = e0)+ 125 | Ne(Bo)x(p,evnsyds
(16) =1 0

+ SOME LOCAL MARTINGALE,

where A; denotes the Laplace-Beltrami operator computed by using bound-
ary normal coordinates in a neighbourhood of p on the manifold with bound-
ary U, SL,.

This concludes the proof. O

Remark 3.6. The extra-condition appearing in the hypothesis, that the
exponential map is totally geodesic, even though restrictive, is realized in a
certain number of cases. For instance, it holds if K is one-dimensional (tree).
Hence we obtain a new proof of the main results in [7]. Another obvious case
is that of flat metrics.

Remark 3.7. As we have seen, Remark gives us the space of functions
on which is defined the infinitesimal generator of the Brownian motion on the
polyhedron. Moreover from Theorem we conclude that the infinitesimal
generator is exactly the Laplace-Beltrami operator on the interior of each
simplex and for a point in the (n — 1)-skeleton \ (n — 2)-skeleton it is equal
~ k
to A = % > A; where A is the usual Laplacian in S!, defined at a boundary
I=1

point.

Lemma 3.8. L is uniquely determined on the space Dy,.

Proof: All the functions considered are supposed to be at least of class C?
in the interior of each n-simplex and each (n — 1)-simplex.
Consider f € Wlif(K ). For every 1) € Wa*(K), by Theorem @, we have

% / A fdpg = / YL fdpg.

K\((n—2)—skeleton) K\((n—2)—skeleton)

Consider now an operator L which is weakly defined on the space I/Vllo’c2 (K)
by:

[ oLtduyi= =5 [0, P,
K K
for every ¢ € W2 (K).
Indeed, L is well defined since W;?(K) is a Dirichlet space (see [I1] page
20, 21 and Proposition 5.1) in the Sobolev (1, 2)-norm: [[ul|? = [(u*+|Vul?),
K

for u: K — R.
It is clear that:
vLfdy,= [ oLidu,
K\((n—2)—skeleton) K\((n—2)—skeleton)

18



On the other hand, the Brownian motion almost surely never hits the
(n — 2)-skeleton, so L is also an infinitesimal generator associate to the
transition probability W; of the Brownian motion.

The transition function W; associate to the K-valued Brownian motion
is stochastically continuous, so its infinitesimal generator is uniquely deter-
mined (see [I0] Lemma 2.2, Theorem 2.3). We infer that L is equal to L on
the space Dy, which concludes the proof. O

Theorem 3.9. Let (K, g) be an admissible Riemannian polyhedron endowed
with a simplexwise smooth Riemannian metric and f € Dy. As in Theorem
suppose that the exponential map is totally geodesic in each point in
the topological interior of an (n — 1)-simplex. Let (Bt)i>o be a K-valued
Brownian motion and let U be an open set of K taken as in the hypothesis
of Theorem[3.5 Then, for any p € U N K\((n — 2) — skeleton) the process

tATy

CI) = F(Bln) = 10)— [ LUSBDs
0
is a local martingale, where Ty = inf{t > 0/B; ¢ U} is the first exit time
of By from U.

Proof: By construction, the Brownian motion (B;):>0 almost surely never
hits the (n — 2)-skeleton.
For any p € U\((n — 2) — skeleton), consider the process:

éfA(f()J = X{BP¢((n—2)—skeleton)} | (Binr,) — [(P)
tATY

- / X{BP¢((n—2)—skeleton)} L(f (BY))ds,

0
where x denote the characteristic function.

By Theorem Vp € U\((n — 2) — skeleton),

1~
X{BE ¢ (n—2)-sketeton)} L (f (BX)) = X(Br¢((n—2)-sketeton)} 53 A (BY)-

Taking the expectation, we obtain:

t/\TU
. 1 ~
BICHE)) = BBl 1B W)L [ Xinpetna)-stctcaomy BB,
0

Moreover,
8w = S uisn) - SA ).
Then, using Theorem we obtain %E[C’tf(p)] = 0,Yp € U\((n — 2) —
skeleton).
Hence, CN'tf ®) 5 a local martingale. Since Cy is equal, almost surely, to the
process C; we conclude that Cj is also a local martingale. O
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Corollary 3.10. Let (K,g) be an admissible Riemannian polyhedron en-
dowed with a simplexwise smooth Riemannian metric, f € Dy and let U be
an open set of K considered as in the hypothesis of Theorem [3.5. Denote
by v := inf{t > 0/B; ¢ U} the first exit time of By from U. Then f is
harmonic if and only if, for any p € U \ ((n — 2) — skeleton), f(BfATU) is a
local martingale ((BY); is a K-valued Brownian motion,).

Proof: By Theorem [3.9] the processes:
ATy

CI) = F(Blun) = 10)~ [ LU
0
and .
thA(f()J = X{BP¢((n—2)—skeleton)} | (Binr,) = ()

tATY

- / X{B¢((n—2)—skeleton)} L(f (BY))ds
0
are both local martingales, for every p € U \ ((n — 2) — skeleton), where U
is taken as in the hypothesis of the theorem.
Suppose that f is harmonic, then:

X{Bf¢((n72)fskelet(m)}f(BIIE)/\TU) = C'tf/g()] + f(p)?

for every p € U \ ((n — 2) — skeleton).

So the process X{Bfgé((n—?)—skeleton)}f(Bf/\TU) is a local martingale, for
every p € U\ ((n — 2) — skeleton). But this last process is almost surely
equal to f(By,,, ), so the process f(Bj,, ) is also a locale martingale.

Conversely, suppose that for every p € U\ ((n—2)—skeleton), f(B},,,) is
a local martingale. Then, by classical theory, this implies that f is harmonic
on each U\ ((n —2) — skeleton), so is an E-minimizer on each U\ ((n —2) —
skeleton). Then we have for every ¢ € Wlif(K), with ¢ = fon K\ U,

[en= [ ans [ aw=[eaw

U U\((n—2)—skeleton) U\((n—2)—skeleton) U

We infer that f is a continuous locally E-minimizer map on K, which
means that f is harmonic on U. O

4. BROWNIAN MOTIONS, HARMONIC MAPS AND MORPHISMS.

In this section, we extend classical results due to Darling [8] relating Brow-
nian motions and harmonic maps and morphisms to the case of maps defined
on a Riemannian polyhedron. We prove that harmonic maps are charac-
terized by mapping Brownian motions into martingales, Theorem and
harmonic morphisms are exactly the maps which are Brownian preserving

paths, Theorem [4.2]
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Theorem 4.1. Let (K,g) be an admissible Riemannian polyhedron as in
Theorem[3.5 and (N, h) a smooth Riemannian manifold. Let o : K — N be
a continuous map such that ¢ € I/Vllo’CQ(K, N), i.e. there exists a covering U
of K with relatively compact subdomains, such that ¢ is of finite energy on
each U € U. Assume that, ¢ is of class C* on the interior of each n-simplex
and on the interior of each (n — 1)-simplex. Suppose that for every function
Y : N — R of class C2, the function 1 o ¢ is of zero normal trace condition.

Then ¢ is harmonic if and only if for almost all p € U (with respect to the
volume measure), p(By,,,) is ¥ V-martingale, where (B ) >0 is a K -valued
Brownian motion and 1y is the first exit time of By from U.

Proof: Let (Un,Vy,Wn, f) be a ¥ V-martingale tester on N, such that
gOfl(WN) cU.

Suppose that ¢ is a harmonic map.

By Theorem for all p e U \ ((n — 2) — skeleton), the processes:

tATY
CIoPW) = fo (Bl ) — fow(BE) — / XF(S)L(f o @) (BY)ds
0
and
Of/fﬂij(p) = X{Bfé((n—2)—skeleton)}f 0 QO(Bf/\TU) —fo SO(BS)_

tATY
({ X{Bfé((n—?)—skeleton)}XF(S)L(f 0 w)(Bg)dS

are local martingales, where F' = |J](0y, 7;], with
i=1
0; = an{t > Ti—1; gO(Bf) GiUN}
7 = inf{t > oi; o(B}) ¢ Vn}
op=0
0 = 0.

The map ¢ is supposed to be harmonic and f is a convex function, hence
by Eells-Fuglede’s result (|I1], Theorem 12.1), fop is a subharmonic function
on ¢~ Y(Wy). But in our case the subharmonicity can be translated by:

A(f o @)(p) > 0,Vp € U\((n — 2) — skeleton)

The process X{prg ((n—2)—sketeton)} (f © ©)(Bfrr,) is then the sum of a local
martingale and an increasing process, so it is a local submartingale Vp €
U\((n — 2) — skeleton).

Since the process X{Btp¢((n72)fskelet0n)}(fo(p)(Bf/\TU) is equal almost surely
to (f o ¢)(Bfry,), this last process is also a local submartingale for every
p € U\((n — 2) — skeleton).

Conversely, suppose that for any p € U \ ((n — 2) — skeleton), (U is as in
the hypothesis of the theorem ), ¢(B},,, ) is a ¥ V-martingale.
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Therefore, for any ¥ V-tester function f : Wy — R, (f o go)(BfATU) is a
local submartingale.

By Theorem (3.9)), the process:

t/\TU
Y o= o @lBlp,) = foe(BY) = [ xw()L(f o) (B
0
is a local martingale, for any p € U\ ((n—2)—skeleton), where F' = |J (oy, 7],
i=1

with
o; = an{t > Ti—1; go(Bf) EﬁUN}
7 = inf{t > oi;;o(Bf) € Vn}

oo=0
70 = 0.
Since for any p € U \ ((n — 2) — skeleton) we have
0 1+
5 L 0 9)(Binn, )l = 5A(f o 9)(p).

and (f o ¢)(Bfr,,) is a local submartingale, then A(f o ¢)(p) > 0, for any
pe U\ ((n—2)— skeleton).

Hence, by Eells-Fuglede (see [11], Theorem 12.1), we obtain that ¢ is a
harmonic map on U \ ((n — 2) — skeleton).

Using the same arguments as in the proof of Corollary [3.10} for harmonic
functions, we conclude that ¢ is harmonic on each U. ]

Theorem 4.2. Notation as in Theorem [{.1. Then ¢ is a harmonic mor-
phism if and only if ¢ maps K-valued Brownian motions (BfMU)tZO, for any
p € UNK\((n—2)—skeleton), to a Brownian motion on N, i.e. if (N BY);>o
denote the Brownian motion on the manifold N then there exist a continuous
increasing process (Aipar, )e>0 such that: NBfoAt/\TU = gooBf/\TU. Ty denote
the first exit time of By from U.

Remark 4.3. We shall suppose the dim K > dim N. Otherwise, ¢ is
constant. Indeed, if dim K < dim N, by smooth theory (see [I], p.46), ¢ is
constant on each interior of maximal simplex (of a chosen fine triangulation
of K). On the other hand, ¢ is continuous and K is (n — 1)-chainable, so ¢
is constant on K.

Proof of Theorem [£.2} For the proof of the Theorem [£.2] we will adapt
and complete the proof given by Darling (see [§]) in the smooth case.

” = ” Suppose ¢ : K — N is a harmonic morphism. Then by Eells-
Fuglede’s result ([II], Theorem 13.2), there exists a function A € L} (K)
called the dilation, such that:

(17) - / (Y, V(00 g)) = / PA(Axo) 0 )
K

K
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for every v € C2(N) and ) € Lip.(K).
Let BP = (BY);>0 a K-valued Brownian motion, for any p € K\ ((n—2)—
skeleton). Take U as in the hypothesis of the theorem and suppose p € U.
Define a continuous increasing process (At/\‘rU)tzo by:

tATy

(18) Aipry = / A(Bs)ds,
0

and it’s inverse as: Cinr, = inf{s; Asary, > s}

Denote ¢ o BP by X#() = (Xf(p))tzo on N. For any function f: N — R
of class C? and any p € UN K \ ((n — 2) — skeleton) we have:

tATY CtATU
/ ANFX?P) o C)ds = / ANF(XPP)dA,,
0 0

where Ay denote the Laplace-Beltrami operator on the manifold V.
From we obtain

thT Cinry
" / Anf(XPW 0 C)ds = / ABY) Ay f(XEP)du.
0 0
Using , the right hand side of the equality is equal to
Cinry
2 [ Lo QB g e
0

for every p e UN K \ ((n — 2) — skeleton).
On the other hand, by Theorem the process

E[tf/f;ioy(p) = X{Bfé((n—2)—skeleton)}(f 0 @)(Bf/\TU) - (f o @)(p)_

t/\TU

E)f X{B§¢((n72)fskeleton)}L(fO(p)(Bg)ds

is a continuous local martingale for any p € UN K \ ((n — 2) — skeleton).
Consider now the process

HI9®) o Cypr, denote R{/(\jfU(p)-

R{ Aofép ) is obviously a continuous local martingale and it is also almost surely

equal (using and (19)) to the process

tATY

o 1
RIZY i= FX0) 0 Cunny) = 1(olo) — 5 [ Ans (X 0 Cds.
0
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So R,{ /ffép ) is also a continuous local martingale for any p € U N K \ ((n—

2) — skeleton), which means, by definition, that X #(p) o Csary is @ Brownian
motion on N.

“ < “ Conversely, suppose that for any p € K \ ((n — 2) — skeleton),
(p(B¥))i>0 is a Brownian motion on N up to a change of time.

Let V be an open set of N such that ¢~!(V) C U, where U is taken as in
the hypothesis of the theorem. Let f: V — R be a local harmonic function
on N.

Fix po € U\ ((n — 2) — skeleton) with ¢(py) € V and 7 denote the first
exit time of (BY°);>o from ¢~ 1(V).

By hypothesis, the process

(f(p(Bir-)))ez0 = (f o p(BiR,))i=0

is equal to f(NB@(p) o Ainr).
The latter process is a continuous local martingale (because, by defini-

tion the process (f(%V Bf/\(f)))tzo is a continuous local martingale and the

martingale property is stable under change of time).

So we have shown that for every pg € U \ ((n — 2) — skeleton) and for
every (local) harmonic function on N, (f o p(BE:_))¢>0 is a continuous local
martingale. By Corollary this means that f o ¢ is harmonic.

In other words, we have shown that ¢ pulls-back (local) harmonic function
on N to (local) harmonic function on K \ ((n — 2) — skeleton). But we
have already proved in the proof of the Corollary that (local) harmonic
function on K \ ((n — 2) — skeleton) are (local) harmonic on K.

We conclude that ¢ is a harmonic morphism. O
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