
UNIVERSITY OF BUCHAREST

FACULTY OF MATHEMATICS AND COMPUTER SCIENCE

DOCTORAL SCHOOL OF MATHEMATICS

OPTIMAL INEQUALITIES FOR CHEN

INVARIANTS ON SUBMANIFOLDS

PH. D. THESIS SUMMARY

Scientific Coordinator: Ph.D. Candidate:
Prof. Dr. Ion MIHAI Gabriel-Florin MACSIM

Bucharest
2019





Contents

1 Introduction 2

2 Complex manifolds 5
2.1 Complex manifolds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.2 Lagrangian submanifolds in complex space forms . . . . . . . . . . . . . . 6
2.3 Chen invariants . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.4 An inequality for δ(2, 2) for Lagrangian submanifolds in complex space

forms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

3 Lagrangian submanifolds of a quaternionic space form 12
3.1 Lagrangian submanifolds of a quaternionic space form . . . . . . . . . . . 12
3.2 An improved Chen first inequality for Lagrangian submanifolds in quater-

nionic space forms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
3.3 Improved Chen inequalities for Lagrangian submanifolds of a quater-

nionic space form . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

4 Quaternionic CR-submanifolds of a quaternionic space form 16
4.1 Quaternionic CR-submanifolds of a quaternionic space form . . . . . . . 16
4.2 An inequality for the CR δ-invariant . . . . . . . . . . . . . . . . . . . . . . 16

5 QR-submanifolds of a quaternionic space form 19
5.1 QR-submanifolds of a quaternionic space form . . . . . . . . . . . . . . . 19
5.2 A new δ-invariant for a QR-submanifold of a quaternionic space form . . 20

6 Wintgen inequality 22
6.1 Wintgen inequality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
6.2 Generalized Wintgen inequality for Lagrangian submanifolds in quater-

nionic space forms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
6.3 Slant submanifolds in quaternionic space forms . . . . . . . . . . . . . . . 25

Bibliography 27

1





CHAPTER 1

INTRODUCTION

The scope of this doctoral research is to find simple relationships between the main
intrinsic invariants and the main extrinsic invariants of submanifolds, more specif-
ically, to find inequalities involving δ-invariants for various submanifolds, like La-
grangian submanifolds in complex space forms, or Lagrangian, slant, quaternionic
CR-submanifolds or QR-submanifolds in quaternionic space forms.

As a field of differential geometry, the theory of submanifolds is as old as differen-
tial geometry itself. It has been studied since the invention of calculus. It started with
the theory of plane curves and surfaces and Fermat (1601-1665) is regarded as an inno-
vator in this field [16]. In his time, differential geometry of plane curves was dealing
with curvature, circles of curvature, evolutes, envelopes, etc. It has been developed
since then as a significant part of calculus and has been extended to analogous studies
of space curves and surfaces, particularly of lines of curvatures, geodesics on surfaces,
and rotational and ruled surfaces [17].

Euler (1707-1783) was the first major contributor to the subject. He introduced in
1736 the notion of arclength and the radius of curvature. He initiated the study of the
intrinsic differential geometry of submanifolds [17].

The intrinsic geometry of a surface S in E3 can be determined from the Euclidean
inner product as applied to tangent vectors of S, as C.F. Gauss proved in 1827 in his
general theory of curved surfaces. The Gauss’s Theorema Egregium claim the invari-
ance of the Gauss curvature under isometric deformations of surfaces which live in the
Euclidean world. This conclusion is remarkable and it had a tremendous impact on
the development of mathematics [16]. This theorem lead to the difference between the
intrinsic and the extrinsic qualities of surfaces. One has two essential quantities for a
surface in Euclidean 3-dimensional space: the mean curvature and the Gauss curva-
ture. The mean curvature is the major extrinsic invariant and it measures the tension
of the surface arisen from the ambient space [16].

In his famous inaugural lecture at Göttingen (1854), Riemann debated the founda-
tion of the geometry. He introduced the notion of n-dimensional manifolds, formu-
lated the concept of Riemannian manifolds and defined their curvature. Later, all of
this provides the mathematical foundation of Einstein’s Theory of General Relativity
(1915). Further generalizations came out: the positiveness of the inner product was
weakened to nondegeneracy, the notion of pseudo-Riemannian manifolds developed.
Inspired by the string theory and Kaluza-Klein’s theory, mathematicians and physicists
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INTRODUCTION 3

started to study not only submanifolds of Riemannian manifolds but also of pseudo-
Riemannian manifolds as well [17].

As suggested S.S. Chern in his 1970 talk at the international congress of mathemat-
ics at Nice, the Riemannian geometry forms the theory of modern differential geom-
etry. Riemannian invariants are the intrinsic characteristics of the Riemannian mani-
folds. As M. Berger said [8]: ”Curvature invariants areN◦1 Riemannian invariants and the
most natural. Gauss and then Riemann saw it instantly.” This Riemannian DNA disturb
the behavior in general of the Riemannian manifold [16]. They have several interesting
connections to many areas of mathematics. For example, they are giving rise to new
obstructions to minimal and Lagrangian isometric immersions, or associating closely
to the first nonzero eigenvalue of the Laplacian on a Riemannian manifold.

These curvature invariants play also an important task in physics. For instance, the
motion of a body in a gravitational field is ruled by the curvature of the space time,
according to Einstein. The curvature of space time is essential for the positioning of
satellites into orbit around earth. The magnitude of a force needed to move an object
at constant speed, according to Newton’s laws, is a constant multiple of the curvature
of the trajectory. From soap bubbles, waves surface and snails shell to red blood cells,
all sorts of shapes seems to be governed by various curvature [46], [16].

The differential geometry of surfaces in Euclidean 3-dimensional spaces was gen-
eralized to the differential geometry of higher dimensional submanifolds of Rieman-
nian manifolds. One of the most significant problems in the theory of submanifolds is
the immersibility (or non-immersibility) of a Riemannian manifold in a space form or,
more specifically, in a Euclidean space [13]. According to acclaimed J.F. Nash embed-
ding theorem published in 1956 [43], every Riemannian manifold can be isometrically
embedded in some Euclidean spaces with sufficiently high codimension. This gives us
the opportunity to consider the Riemannian manifolds as Riemannian submanifolds of
some Euclidean spaces and, more important, to use the extrinsic help for derive new
intrinsic results. This idea had not been unfolded as late as 1985. According to M. Gro-
mov the main argument is due to the absence of controls of the extrinsic properties of
the submanifolds by the known intrinsic invariants.

For studying embedding problems it is natural to demand some suitable conditions
on the immersions, for example, requiring the minimality condition, which leads to the
following problem:

Given a Riemannian manifoldM, what are the necessary conditions forM to admit a min-
imal isometric immersion in a Euclideanm−space Em? [17]

For many years the only known necessary conditions for a general Riemannian
manifold to admit a minimal isometric immersion in a Euclidean space regardless of
codimension were the conditions that the Riemannian manifold to be non-compact
and the Ricci tensor satisfies Ric ≤ 0. That is why S.S. Chern asked in his 1968 mono-
graph to search for further Riemannian conditions for M to admit an isometric min-
imal immersion into a Euclidean space. Another principal problem in the theory of
submanifolds is to establish simple relationship between the main intrinsic invariants
and the main extrinsic invariants of the submanifolds [17]. No solutions to this prob-
lem and Chern’s problem were known for many years before B.-Y. Chen introduced
in the early 1990s new sorts of Riemannian invariants, the so-called δ-curvature in-
variants. Distinct from the classical Ricci and scalar curvature, both scalar and Ricci
curvatures being ”total sum” of sectional curvatures on a Riemannian manifold, the
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non-trivial δ-invariants are obtained from the scalar curvature by giving up to certain
number of sectional curvatures [45]. Chen was also able to formulate general optimal
relations between his new intrinsic δ-invariants and the main extrinsic invariants for
Riemannian submanifolds. As an application, he was able to determine new intrinsic
spectral properties of homogeneous spaces via Nash’s theorem.

LetMn be an n-dimensional Riemannian manifold and K(π) the sectional curvature
ofMn associated with a 2-plane section π ⊂ TpMn, p ∈Mn.

For any orthonormal basis {e1, ..., en} of the tangent space TpMn, the scalar curvature
τ at p is defined by

τ(p) =
∑

1≤i<j≤n
K(ei ∧ ej).

We denote by

(infK)(p) = inf{K(π)|π ⊂ TpMn, dimπ = 2}.

The Chen first invariant is given by δM(p) = τ(p) − (infK)(p).
If L is a subspace of TpMn of dimension r ≥ 2 and {e1, ..., er} an orthonormal basis

of L, the scalar curvature τ(L) of the r-plane section L by

τ(L) =
∑

1≤α<β≤r
K(eα ∧ eβ).

For given integers n ≥ 3 and k ≥ 1, we denote by S(n,k) the finite set of all k-
tuples (n1, ...,nk) of integers satisfying 2 ≤ n1, ...,nk < n, n1 + ... +nk ≤ n. Let S(n) =⋃
k≥1 S(n,k).

For each (n1, ...,nk) ∈ S(n) and each point p ∈ Mn, B.-Y. Chen introduced a Rie-
mannian invariant defined by

δ(n1, ...,nk)(p) = τ(p) − inf{τ(L1) + ... + τ(Lk)},

where L1, ...,Lk run over all kmutually orthogonal subspaces of TpMn such that dimLj =
nj, j = 1, ...,k.

Many geometers studied the δ-invariants. For example, in [14] B.-Y. Chen estab-
lished sharp inequalities for submanifolds in a complex space form. A. Oiagă and I.
Mihai investigated in [44] δ-invariants for slant submanifolds in complex space forms.
J.S. Kim, Y.M. Song and M.M. Tripathi studied them in generalized complex space
forms ([28]) and later, P. Alegre, A. Carriazo, Y.H. Kim and D.W. Yoon ([1]) studied
δ-invariants in both generalized complex space forms and generalized Sasakian space
forms, with arbitrary codimension. K. Arslan, R. Ezentas, I. Mihai, C. Murathan and
C. Ozgur ([3], [4]) studied δ-invariants for submanifolds in locally conformal almost
cosymplectic manifolds and (k,µ)-contact space forms.

The present thesis describes contributions to basic research on inequalities involv-
ing δ-invariants for Lagrangian submanifolds in complex space forms and Lagrangian,
quaternionic CR-submanifolds and QR-submanifolds of a quaternionic space form.



CHAPTER 2

COMPLEX MANIFOLDS

2.1 Complex manifolds

In this section we recall fundamental notions on complex space forms, giving some
examples and important results.

We denote by χ(M̃) the set of all (differentiable) vector fields and by TpM̃, T⊥p M̃ the
tangent space, respectively the normal space of M̃ at p ∈ M̃.

We call an n-dimensional complex manifold any pair (M̃,A), where M̃ 6= ∅ is a
paracompact Hausdorff space (generally assumed to be connected) and A is a family
of functions with the following properties:

i) Ifφα ∈ A, φα : Uα → M̃, thenUα is an open subset of Cn andφα is an one-to-one
function (coordinates map).

ii) If φα,φβ ∈ A, then φ−1
α (Im φβ) is an open subset of Cn and the function φ−1

β ◦
φα : φ−1

α (Im φβ)→ φ−1
β (Im φα) is holomorphic.

iii) {Uα} is an open covering of M̃.
iv) (M̃,A) is maximal related to i), ii) and iii).

We call φ−1
α (z) = (zα1 , zα2 , . . . , zαn) local coordinates for the point z, φα charts and A

atlas.

Let M̃ be a differentiable manifold. An endomorphism J defined on the tangent
bundle TM̃, Jp : TpM̃ → TpM̃ linear, with the property that J2p = − 1TpM̃, ∀p ∈ M̃, is
called an almost complex structure on M̃. M̃ endowed with the complex structure J is
called an almost complex manifold.

The following theorems are known.

Theorem 2.1: [41]. Any almost complex manifold has an even dimension and is orientable.

Theorem 2.2: [41]. Any complex manifold admits a standard almost complex structure.

If (M̃, J) is an almost complex manifold, a Hermitian metric on M̃ is a J-invariant
Riemannian metric g, i.e.,

g(JX, JY) = g(X, Y), ∀X, Y ∈ ΓTM̃.
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It’s easy to prove that

Theorem 2.3: [41]. Every almost complex manifold admits a Hermitian metric.

If (M̃, J) is an almost complex manifold, a Hermitian metric g on M̃ defines a non-
degenerate 2-formω, byω(X, Y) = g(JX, Y), X, Y ∈ ΓTM̃, called the fundamental 2-form.
It is obvious thatω(JX, JY) = ω(X, Y).

An (almost) complex manifold with a Hermitian metric is called (almost) Kähler man-
ifold if the fundamental 2-formω is closed, i.e. dω = 0.

2.2 Lagrangian submanifolds in complex space forms

Let M̃m be a complex m-dimensional Kähler manifold endowed with the standard
almost complex structure J, Jp : TpM̃ → TpM̃, p ∈ M, and a Hermitian metric g̃, and
f :Mn → M̃m an isometric immersion of an n-dimensional manifoldMn into M̃m.

If X ∈ TpM̃, we can write JX = PX+ FX, where PX ∈ TpM, FX ∈ T⊥p M, P : TM →
TM, F : TM→ T⊥M.

M is called a complex submanifold if J(TpM) = TpM (i.e., F = 0).

The submanifold Mn is called a totally real submanifold if J(TpMn) ⊂ T⊥p Mn, ∀p ∈
Mn. A totally real submanifold of maximum dimension, i.e., dimRM

n = dimC M̃
n =

n, is called a Lagrangian submanifold.
In [11], B.-Y. Chen introduced the notion of a slant submanifold. A slant submanifold

is a submanifoldM of a Kähler manifold M̃ such that, for any nonzero vector X ∈ TpM,
the angle θ(X) (called the Wirtinger angle of X) between JX and the tangent space TpM is
a constant (independent of the choice of the point p ∈M and the choice of the tangent
vector X ∈ TpM). The Wirtinger angle of a slant submanifold is called the slant angle of
the slant submanifold.

It is obvious that complex and totally real submanifolds are in fact slant submani-
folds with θ = 0 and θ = π

2 , respectively.

A slant submanifold is said to be proper if it is neither complex nor totally real.

If the canonical endomorphism P defined above is parallel, that is,∇P = 0, a proper
slant submanifold is called Kählerian slant.

Let M̃ is a Kähler manifold andM ⊂ M̃ a submanifold.
We denote Hp = TpM

⋂
J(TpM) ⊂ TpM the maximal holomorphic subspace. H is

J-invariant, i.e. JHp = Hp. M is called generic submanifold if dimHp is a constant.

If M̃ is a Kähler manifold and M ⊂ M̃ is a generic submanifold, then M is called
CR-submanifold if J(H⊥p ) ⊂ T⊥p M.

If M̃m has constant holomorphic sectional curvature 4c, then it is called a complex
space form and it is denoted by M̃m(4c). Its Riemannian curvature tensor is given by

R̃(X, Y)Z = c[g(Y,Z)X− g(X,Z)Y + g(JY,Z)JX− g(JX,Z)JY + 2g(X, JY)JZ],

for any vector fields X, Y,Z tangent to M̃m(4c).
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2.3 Chen invariants

The Riemannian invariants of a Riemannian manifold are the intrinsic character-
istics of the Riemannian manifold. In this section, we recall a string of Riemannian
invariants on a Riemannian manifold, which are known as Chen invariants (see [17]).
The theory of Chen invariants was initiated in [12].

LetMn be an n-dimensional Riemannian manifold and K(π) the sectional curvature
ofMn associated with a 2-plane section π ⊂ TpMn, p ∈Mn.

For any orthonormal basis {e1, ..., en} of the tangent space TpMn, the scalar curvature
τ at p is defined by

τ(p) =
∑

1≤i<j≤n
K(ei ∧ ej).

We denote by

(infK)(p) = inf{K(π)|π ⊂ TpMn, dimπ = 2}.

The Chen first invariant is given by δM(p) = τ(p) − (infK)(p).
If L is a subspace of TpMn of dimension r ≥ 2 and {e1, ..., er} an orthonormal basis

of L, the scalar curvature τ(L) of the r-plane section L by

τ(L) =
∑

1≤α<β≤r
K(eα ∧ eβ).

For given integers n ≥ 3 and k ≥ 1, we denote by S(n,k) the finite set of all k-
tuples (n1, ...,nk) of integers satisfying 2 ≤ n1, ...,nk < n, n1 + ... +nk ≤ n. Let S(n) =⋃
k≥1 S(n,k).

For each (n1, ...,nk) ∈ S(n) and each point p ∈ Mn, B.-Y. Chen introduced a Rie-
mannian invariant defined by

δ(n1, ...,nk)(p) = τ(p) − inf{τ(L1) + ... + τ(Lk)},

where L1, ...,Lk run over all kmutually orthogonal subspaces of TpMn such that dimLj =
nj, j = 1, ...,k.

B.-Y. Chen proved some inequalities involving δM and δ(n1, ...,nk) for submani-
folds in real space forms, which are known as Chen inequalities.

Theorem 2.4: [12]. Let Mn be an n-dimensional (n ≥ 3) submanifold of a real space form
M̃m(c) of constant sectional curvature c. Then

δM ≤
n− 2

2

{
n2

n− 1
‖H‖2 + (n+ 1)c

}
. (2.1)

The equality case holds if and only if, with respect to suitable orthonormal frame fields
{e1, . . . , en, en+1, . . . , em}, the shape operators Ar = Aer , r = n+ 1, . . . ,m, of M in M̃m(c)
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take the following forms

An+1 =


a 0 0 . . . 0

0 b 0 . . . 0

0 0 µ . . . 0
...

...
... . . . ...

0 0 0 . . . µ

 ,a+ b = µ; (2.2)

Ar =


hr11 hr12 0 . . . 0

hr12 −hr11 0 . . . 0

0 0 0 . . . 0
...

...
... . . . ...

0 0 0 . . . 0

 , r = n+ 2, . . . ,m. (2.3)

B.-Y. Chen, F. Dillen, L. Verstraelen and L. Vrancken [20] showed that the same
inequality holds for totally real submanifolds in complex space forms.

A corresponding inequality for slant submanifolds in complex space forms was
obtained by A. Oiagă and I. Mihai.

Theorem 2.5: [44]. Given an m-dimensional complex space form M̃(4c) and a θ-slant sub-
manifoldM, dimM = n, n ≥ 3, we have

δM ≤
n− 2

2

{
n2

n− 1
‖H‖2 + (n+ 1+ 3 cos2 θ)c

}
. (2.4)

The equality case holds if there exists an orthonormal basis on M̃ such that the shape operator
ofM takes the forms in (2.2) and (2.3).

However, for Lagrangian submanifolds in complex space forms the above inequal-
ity, known as Chen first inequality, was improved by J. Bolton, F. Dillen, J. Fastenakels
and L. Vrancken [9]. Moreover, A. Mihai [39] improved the Chen first inequality for
Kählerian slant submanifolds in complex space forms.

Theorem 2.6: [9]. Let M be a Lagrangian submanifold of a complex space form M̃(c) of real
dimension 2n, n ≥ 3. Then

δM ≤
(n− 2)(n+ 1)

2

c

4
+
n2

2

2n− 3

2n+ 3
‖H‖2. (2.5)

The equality case holds if there exists a suitable orthonormal basis on M̃ such that the shape
operator ofM takes the forms in (2.2) and (2.3).

Theorem 2.7: [39]. Let M be an n-dimensional (n ≥ 3) purely real submanifold of an m-
dimensional complex space form M̃(4c), p ∈M and π ⊂ TpM a 2-plane section. Then

τ(p) −K(π) ≤ n
2(n− 2)

2(n− 1)
‖H‖2 + [(n+ 1)(n− 2) + 3‖P‖2 − 6Φ2(π)]c

2
, (2.6)

where Φ2(π) = g2(Je1, e2) and {e1, e2} is an orthonormal basis of π. The equality case holds
if there exists an orthonormal basis on M̃ such that the shape operator of M takes the forms in
(2.2) and (2.3).
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For each (n1, ...,nk) ∈ S(n), we put:

d(n1, ...,nk) =

n2(n+ k− 1−

k∑
j=1

nj)

2(n+ k−

k∑
j=1

nj)

,

b(n1, ...,nk) =
1

2
[n(n− 1) −

k∑
j=1

nj(nj − 1)].

The following sharp inequality involving the Chen invariants and the squared mean
curvature obtained in [15] plays a very important role in this topic.

Theorem 2.8: For each (n1, ...,nk) ∈ S(n) and each n-dimensional submanifold Mn in a
Riemannian space form M̃m(4c) of constant sectional curvature 4c, we have

δ(n1, ...,nk) ≤ d(n1, ...,nk) ‖H‖2 + b(n1, ...,nk)c. (2.7)

The equality case holds if and only if, with respect to suitable orthonormal frame fields
{e1, . . . , en, en+1, . . . , em}, the shape operators Ar = Aer , r = n+ 1, . . . ,m, of M in M̃m(c)
take the following forms

An+1 =


a1 0 0 . . . 0

0 a2 0 . . . 0

0 0 a3 . . . 0
...

...
... . . . ...

0 0 0 . . . an

 , (2.8)

Ar =



Ar1 . . . 0 0 . . . 0
... . . . ...

... . . . ...
0 . . . Ark 0 . . . 0

0 . . . 0 µr . . . 0
... . . . ...

... . . . ...
0 . . . 0 0 . . . µr


, r = n+ 2, . . . ,m, (2.9)

where a1, . . . ,an satisfy the relations

a1 + . . .+ an1 = . . . = an1+...+nk−1+1 + . . .+ an1+...+nk = an1+...+nk+1 = . . . = an

and every Arj is a symmetric matrix of nj × nj type, satisying

trace(Ar1) = . . . = trace(Ar1) = µr.

B.-Y. Chen also pointed-out that a similar inequality holds for totally real (in partic-
ular Lagrangian) submanifolds in a Kählerian space form.
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2.4 An inequality for δ(2, 2) for Lagrangian submanifolds in complex
space forms

B.-Y. Chen at al. established the following inequalities for Chen invariants of La-
grangian submanifolds in complex space forms, which improve the inequality (2.7).

Theorem 2.9: [19]. Let Mn be a Lagrangian submanifold of a complex space form M̃n(4c).
Let n1,n2, . . . ,nk be integers satisfying 2 ≤ n1 ≤ . . . ≤ nk ≤ n− 1 and n1 + . . . nk < n.
Then, at any point ofMn, we have

δ(n1,n2, . . . ,nk) ≤
n2{n−

∑k
i=1 ni + 3k− 1− 6

∑k
i=1(2+ni)

−1}

2{n−
∑k
i=1 ni + 3k+ 2− 6

∑k
i=1(2+ni)

−1}
‖H‖2+ (2.10)

+
1

2

{
n(n− 1) −

k∑
i=1

ni(n1 − 1)

}
c.

Assume that equality holds at a point p ∈ Mn. Then with the choice of basis and the
notations introduced above, one has

• hABC = 0 if A,B,C are mutually different and not all in the same ∆i, i ∈ {1, . . . ,k},

• hαiαjαj = h
αi
rr =

∑
βi∈∆i

h
αi
βiβi

= 0 for i 6= j,

• hrrr = 3hrss = (ni + 2)h
r
αiαi

for r 6= s,

where

∆1 = {1, . . . ,n1},

∆2 = {n1 + 1, . . . ,n1 +n2},
...

∆k = {n1 + . . .+nk−1 + 1, . . . ,n1 + . . .+nk},

∆k+1 = {n1 + . . .+nk + 1, . . . ,n},

A,B,C ∈ {1, . . . ,n}, i, j ∈ {1, . . . ,k}, αi,βi ∈ ∆i, r, s ∈ ∆k+1, nk+1 = n−n1 − . . .−nk.

Theorem 2.10: [19]. Let Mn be a Lagrangian submanifold of a complex space form M̃n(4c).
Let n1,n2, . . . ,nk be integers satisfying 2 ≤ n1 ≤ . . . ≤ nk ≤ n− 1 and n1 + . . . nk = n.
Then, at any point ofMn, we have

δ(n1,n2, . . . ,nk) ≤
n2(k− 1− 2

∑k
i=1(2+ni)

−1)

2(k− 2
∑k
i=1(2+ni)

−1)
‖H‖2+ (2.11)

+
1

2

{
n(n− 1) −

k∑
i=1

ni(ni − 1)

}
c.

Assume that equality holds at a point p ∈ Mn. Then with the choice of basis and the
notations introduced above, one has
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• hAαiαj = 0 for i 6= j and A 6= αi,αj,

• if nj 6= min{n1, . . . ,nk}:

h
βj
αiαi = 0 if i 6= j and

∑
αj∈∆j

h
βj
αiαi = 0,

• if nj = min{n1, . . . ,nk}:∑
αj∈∆j

h
βj
αiαi = (ni + 2)h

βj
αiαi for any i 6= j and any αi ∈ ∆i.

By using the method of constrained maxima, we proved an improved B.-Y. Chen
inequality for the invariant δ(2, 2) of Lagrangian submanifolds in complex space forms
in the next

Theorem 2.11: [37]. LetMn be a Lagrangian submanifold of a complex space form M̃n(4c), n ≥
4. Then we have

δ(2, 2) ≤ n
2

2
· n− 2

n+ 1
‖H‖2 + 1

2
[n(n− 1) − 4]c. (2.12)

The equality sign holds at a point p ∈ Mn if and only if there is an orthonormal basis
{e1, e2, . . . , en} at p such that with respect to this basis the second fundamental form h sat-
isfies the following conditions

hCiA = 0, A,C ∈ {1, . . . ,n}�{i}, A < C, i = 1, 3,

hABC = 0, A = 1,n, 4 ≤ B < C ≤ n, A /∈ {B,C}.



CHAPTER 3

LAGRANGIAN SUBMANIFOLDS OF A
QUATERNIONIC SPACE FORM

3.1 Lagrangian submanifolds of a quaternionic space form

In this section, we recall some basic definition of quaternionic space forms and La-
grangian submanifolds in a quaternionic space form, proving two inequalities involv-
ing the Riemannian invariants δM and δ(n1,n2, . . . ,nk).

Let M̃ be a differentiable manifold and we assume that there is a rank 3-subbundle
σ of End(TM̃) such that a local basis {J1, J2, J3} exists on sections of σ satisfying for all
α ∈ {1, 2, 3}

J2α = − Id, JαJα+1 = −Jα+1Jα = Jα+2, (3.1)

where Id denotes the identity field of type (1, 1) on M̃ and the indices are taken from
{1, 2, 3} modulo 3. The bundle σ is called an almost quaternionic structure on M̃ and
{J1, J2, J3} is called a canonical basis of σ. (M̃,σ) is said to be an almost quaternionic mani-
fold. It’s easy to see that any almost quaternionic manifold is of dimension 4m, m ≥ 1.

A Riemannian metric g̃ on M̃ is said to be adapted to the almost quaternionic structure
σ if it satisfies

g̃(JαX, JαY) = g̃(X, Y), ∀α ∈ {1, 2, 3}, (3.2)

for all vector fields X, Y on M̃ and any canonical basis {J1, J2, J3} on σ. (M̃,σ, g̃) is said
to be an almost quaternionic Hermitian manifold.

(M̃,σ, g̃) is said to be a quaternionic Kähler manifold [26] if the bundle σ is parallel
with respect to the Levi-Civita connection ∇̃ of g̃, i.e., there exist locally defined 1-
formsω1, ω2, ω3 such that we have

∇̃XJα = ωα+2(X)Jα+1 −ωα+1(X)Jα+2, (3.3)

for all α ∈ {1, 2, 3} and for any vector field X on M̃, where the indices are taken from
{1, 2, 3} modulo 3.

Let (M̃,σ, g̃) be a quaternionic Kähler manifold and let X be a non-null vector on M̃.
The 4-plane spanned by {X, J1X, J2X, J3X} is called a quaternionic 4-plane and is denoted
by Q(X). Any 2-plane in Q(X) is called a quaternionic plane. The sectional curvature of

12
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a quaternionic plane is called a quaternionic sectional curvature. A quaternionic Kähler
manifold is a quaternionic space form if its quaternionic sectional curvatures are equal to
a constant, say c, i.e., its curvature tensor is given by

R̃(X, Y)Z =
c

4
{g̃(Z, Y)X− g̃(X,Z)Y+ (3.4)

+

3∑
α=1

[g̃(Z, JαY)JαX− g̃(Z, JαX)JαY + 2g̃(X, Jαy)JαZ]

}
,

for all vector fields X, Y, Z on M̃ and any local basis {J1, J2, J3} on σ.

Let f : M → M̃(c) an isometric immersion of an n-dimensional Riemannian man-
ifold M in the 4n-dimensional quaternionic space form M̃(c). M is said to be a La-
grangian submanifold if

Jα(TpM) ⊂ T⊥p M, ∀p ∈M, ∀α ∈ {1, 2, 3}.

3.2 An improved Chen first inequality for Lagrangian submanifolds
in quaternionic space forms

In this section we have proved a similar inequality to (2.5), for Lagrangian subman-
ifolds of a quaternionic space form.

Theorem 3.1: [30]. Let M be an n-dimensional Lagrangian submanifold of a quaternionic
space form M̃(c). Then, we have

δM ≤
(n− 2)(n+ 1)

2
· c
4
+
n2

2
· 2n− 3

2n+ 3
· ||H||2. (3.5)

The equality sign holds at a point p ∈M if and only if there is an orthonormal basis {e1, e2, . . . , en}
at p such that with respect to this basis the second fundamental form h satisfies the conditions

h
φr(k)
ij = 0 , i = 1,n , j = 3,n , i 6= j, k ∈ {1, . . . ,n}�{i, j}.

3.3 Improved Chen inequalities for Lagrangian submanifolds of a
quaternionic space form

Using the same method of constrained maxima, we also proved in the third section
an inequality involving the Riemannian invariant δ(n1, . . . ,nk) for Lagrangian sub-
manifolds of a quaternionic space form, similar to the theorems 2.9 and 2.10.

Theorem 3.2: [30]. Let M be an n-dimensional Lagrangian submanifold of a quaternionic
space form M̃(c). For a given k-tuple (n1,n2, . . . ,nk) ∈ S(n), we put N = n1 + n2 + . . .+

nk and Q =
∑k
i=1(2+ni)

−1. If N < n then we have



3. LAGRANGIAN SUBMANIFOLDS OF A QUATERNIONIC SPACE FORM 14

a) if Q ≤ 1
3

,

δ(n1,n2, . . . ,nk) ≤
n2{n−N+ 3k− 1− 6Q}

2{n−N+ 3k+ 2− 6Q}
‖H‖2+ (3.6)

+
1

2

{
n(n− 1) −

k∑
i=1

ni(ni − 1)

}
c

4
.

The equality sign holds at a point p ∈ M if and only if there is an orthonormal basis
{e1, e2, . . . , en} at p such that with respect to this basis the second fundamental form h takes
the following form

h(eαi , eβi) =
3∑
r=1

∑
γi∈∆i

h
φr(γi)
αiβi

φreγi +
3δαiβi
2+ni

λφr(eN+1)

 , αi,βi ∈ ∆i, i = 1,k,

h(eαi , eαj) = 0,
∑
αi∈∆i

h
φr(γi)
αiαi = 0, r = 1, 3, αi ∈ ∆i, αj ∈ ∆j, i 6= j, i, j ∈ {1, 2, . . . ,k},

h(eαi , eN+1) =
3λ

2+ni

3∑
r=1

φr(eαi), h(eαi , eu) = 0, u ∈ {N+ 2, . . . ,n},

h(eN+1, eN+1) = 3λ

3∑
r=1

φr(eN+1),

h(eN+1, eu) = λ
3∑
r=1

φr(eu), u ∈ {N+ 2, . . . ,n},

h(eu, ev) = λδuv
3∑
r=1

φr(eN+1), u, v ∈ {N+ 2, . . . ,n},

for λ =
1

3
hN+1
eN+1eN+1

.

b) if Q >
1

3
,

δ(n1,n2, . . . ,nk) ≤
n2{n−N+ 3k− 3}

2{n−N+ 3k}
‖H‖2+ (3.7)

+
1

2

{
n(n− 1) −

k∑
i=1

ni(ni − 1)

}
c

4
.

The equality sign holds at a point p ∈ M if and only if there is an orthonormal basis
{e1, e2, . . . , en} at p such that with respect to this basis the second fundamental form h takes
the following form

h(eαi , eβi) =
3∑
r=1

∑
γi∈∆i

h
φr(γi)
αiβi

φr(eγi),
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3∑
r=1

∑
αi∈∆i

h
φr(γi)
αiαi φr(eγi) = 0,

h(eA, eB) = 0 otherwise,

for αi, βi, γi ∈ ∆i, i = 1,k, A, B, C = 1,n.



CHAPTER 4

QUATERNIONIC CR-SUBMANIFOLDS OF
A QUATERNIONIC SPACE FORM

4.1 Quaternionic CR-submanifolds of a quaternionic space form

In this section, we recall the notion of a CR-submanifold, the definition of quater-
nionic CR-submanifolds.

On 1978, A. Bejancu introduced the notion of CR-submanifolds, which is a general-
ization of holomorphic and totally real submanifolds in an almost Hermitian manifold
[6].

Let M̃ be a Kähler manifold with complex structure J and let M be a Riemannian
manifold isometrically immersed in M̃. One denotes by Dx, x ∈M the maximal com-
plex subspace TxM ∩ J(TxM) of the tangent space TxM of M. If the dimension of Dx
is constant for all x ∈ M, then D : x → Dx defines a holomorphic distribution D on M.
A subspace ν of TxM, x ∈ M is called totally real if J(ν) is a subspace of the normal
space T⊥x M at x. If each tangent space ofM is totally real, thenM is called a totally real
submanifold of the Kähler manifold M̃.

If there exists a totally real distribution D⊥ on M whose orthogonal complement is
the holomorphic distribution D, i.e., TM = D ⊕ D⊥, JD⊥x ⊂ T⊥x M, x ∈ M, then the
submanifoldM is called a CR-submanifold.

The totally real distribution D⊥ of every CR-submanifold of a Kähler manifold is
an integrable distribution (see [10]).

4.2 An inequality for the CR δ-invariant

In the case of a CR-submanifold M of a Kähler manifold, Chen introduced a δ-
invariant δ(D), called CR δ-invariant, defined by

δ(D)(x) = τ(x) − τ(Dx),

where τ is the scalar curvature ofM and τ(D) is the scalar curvature of the holomorphic
distribution D ofM.

In [2], Al-Solamy, Chen and Deshmukh proved an inequality involving the δ-invariant
δ(D), in the case of an anti-holomorphic submanifold in a complex space form, in

16
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terms of squared mean curvature. In this chapter, we considered a quaternionic CR-
submanifold in a quaternionic space form with minimal codimension.

Let M̃ be a quaternionic Kähler manifold and M be a real submanifold of M̃. A
distribution D : x→ Dx ⊂ TxM is called a quaternionic distribution if Jα(D) ⊂ D, ∀α =
1, 2, 3, so D is carried into itself by the quaternionic structure.
M is called a quaternionic CR-submanifold if it admits a differential quaternionic

distribution D such that its orthogonal complementary distribution D⊥ is totally real,
i.e., Jα(D⊥x ) ⊂ T⊥x M, α = 1, 2, 3, ∀x ∈M.

A submanifold M in a quaternionic manifold M̃ is called quaternionic submanifold
(respectively, a totally real submanifold) if dimD⊥x = 0 (respectively, dimDx = 0). A
quaternionic CR-submanifold is called proper if it is neither totally real nor quater-
nionic.

Let Dαx = Jα(D⊥x ), ν⊥x = D1x ⊕D2x ⊕D3x a 3q-dimensional distribution ν⊥ : x →
ν⊥x globally defined on M, where q = dimD⊥x and ν the orthogonal complementary
distribution of ν⊥.

Then
TM̃ = TM⊕ T⊥M, TM = D ⊕D⊥,

T⊥M = ν⊕ ν⊥, ν,ν⊥ ⊂ T⊥M, ν⊥x = D1x ⊕D2x ⊕D3x.

M is called mixed geodesic if h(X, Y) = 0, ∀X ∈ Γ(D), Y ∈ Γ(D⊥).
M is called mixed foliate if D is integrable andM is mixed geodesic.
M is called D-geodesic if h(X, Y) = 0, ∀X, Y ∈ Γ(D).
M is called D⊥-geodesic if h(X, Y) = 0, ∀X, Y ∈ Γ(D⊥).
IfM is a quaternionic CR-submanifold of minimal codimension, i.e., dimνx = 0 for

x ∈M, we choose the following orthonormal basis:

Dx = Sp{ e1, . . . , en},

D⊥x = Sp{en+1, . . . , en+q},

and then
TM = Sp{e1, . . . , en; en+1, . . . , en+q},

T⊥M = Sp{J1en+1, . . . , J1en+q; J2en+1, . . . , J2en+q; J3en+1, . . . , J3en+q},

which correspond to the definition of a quaternionic CR-submanifold given in [5].
In [2], the authors proved an inequality for δ(D) in case of an anti-holomorphic

submanifold of a complex space form:

Theorem 4.1: [2]. LetM be an anti-holomorphic submanifold of a complex space form M̃h+p(4c)
with h = rankC D ≥ 1 and p = rankD⊥ ≥ 2. Then we have

δ(D) ≤ (2h+ p)2

2
‖H‖2 + p(4h+ p− 1)

2
c−

3p2

2(p+ 2)
‖HD⊥‖2. (4.1)

The equality sign holds identically if and only if the following three conditions are satisfied:
(a)M is D-minimal, i.e.,

−→
HD = 0,

(b)M is mixed totally geodesic, and
(c) there exists an orthonormal frame {e2h+1, . . . , en} of D⊥ such that the second funda-

mental form σ ofM satisfies
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σrrr = 3σ
r
ss, for 2h+ 1 ≤ r 6= s ≤ 2h+ p, and

σtrs = 0 for distinct r, s, t ∈ {2h+ 1, . . . , 2h+ p}.

In this chapter we prove a corresponding inequality for a quaternionicCR-submanifold
with minimal codimension of a quaternionic space form, by using a different method,
more precisely the method of constrained extrema.

Theorem 4.2: [35]. If M is a quaternionic CR-submanifold of a quaternionic space form M̃,
of minimal codimension, i.e. dimνx = 0, for x ∈ M, dimDx = n, dimD⊥x = q and
dimν⊥x = 3q = dim T⊥x M then

δ(D) ≤ (n+ q)2

2
· q+ 2
q+ 5

‖H‖2 + q(2q+n− 1)

2
· c
4

. (4.2)

The equality sign holds at a point x ∈M if and only if the following conditions are satisfied:
a)M is mixed totally geodesic;
b) there is an orthonormal basis {e1, e2, . . . , en+q} at x such that with respect to this basis

the second fundamental form h satisfies the following conditions:

(i)
n∑
i=1

g̃(h(ei, ei), Jαer) = g̃(h(er, er), Jαer) = 3g̃(h(es, es), Jαer),

∀α = 1, 3, ∀r 6= s ∈ {n+ 1, . . . ,n+ q},

(ii)
g̃(h(er, es), Jαet) = 0,

∀α = 1, 3, r, s, t = n+ 1,n+ q, r 6= s 6= t 6= r.



CHAPTER 5

QR-SUBMANIFOLDS OF A
QUATERNIONIC SPACE FORM

5.1 QR-submanifolds of a quaternionic space form

In this section, we recall the definitions of the CR δ-invariant δ(D⊥)(x) and theQR-
submanifolds.

In 1986, A. Bejancu [7] introduced the notion of QR-submanifolds as a generaliza-
tion of real hypersurfaces of a quaternionic Kähler manifold (see also [48]).

Let M̃ be a quaternionic Kähler manifold and M be a real submanifold of M̃. M is
called a QR-submanifold if there exists a vector subbundle ν of the normal bundle such
that we have

Jα(νx) = νx and Jα(ν
⊥
x ) ⊂ TxM, x ∈M, α = 1, 3,

where ν⊥ is the complementary orthogonal bundle.
Taking into account the research done until now ([35],[36]), we remark that quater-

nionic CR-submanifolds and QR-submanifolds have very little in common. The dif-
ferences between the quaternionic CR-submanifolds and QR-submanifolds in quater-
nionic space forms can be represented as follows.

19
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5.2 A new δ-invariant for a QR-submanifold of a quaternionic space
form

In the case of a CR-submanifold M of a Kähler manifold, Chen also introduced the
δ-invariant δ(D⊥), called CR δ-invariant, defined by Chen in [18]:

δ(D⊥)(x) = τ(x) − τ(D⊥x ),

where τ is the scalar curvature of M and τ(D⊥) is the scalar curvature of the totally
real distribution D⊥ ofM.

In this section, we give a corresponding inequality to the inequality (4.1), for δ(D⊥)
in the case of a QR-submanifold of a quaternionic space form with minimal codimen-
sion, i.e., dimνx = 0.

Let Dαx = Jα(ν⊥x ), D⊥x = D1x ⊕D2x ⊕D3x a 3q-dimensional distribution D⊥ : x→
D⊥x globally defined onM, where q = dimν⊥x . One has

Jα(Dαx) = ν⊥x , Jα(Dβx) = Dγx, ∀x ∈M,

where (α,β,γ) is a cyclic permutation of (1, 2, 3).
D is the orthogonal complementary distribution of D⊥ in TM and Jα(Dx) = Dx.
D is called the quaternionic distribution.
So

TM̃ = TM⊕ T⊥M, TM = D ⊕D⊥,

T⊥M = ν⊕ ν⊥, ν,ν⊥ ⊂ T⊥M, D⊥x = D1x ⊕D2x ⊕D3x.
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For Y ∈ Γ(TM) we consider the decomposition JαY = ΦαY+FαY, α = 1, 3;ΦαY, FαY
are the tangential and normal components of JαY, respectively.

For V ∈ Γ(T⊥M) we consider the decomposition JαV = tαV + fαV , α = 1, 3;
tαV , fαV are the tangential and normal components of JαV , respectively.

IfM ⊂ M̃ is aQR-submanifold of minimal codimension, i.e., dimνx = 0 for x ∈M,
we consider the following orthonormal bases:

{e1, . . . , en} ⊂ Dx;

{J1en+1, . . . , J1en+q; J2en+1, . . . , J2en+q; J3en+1, . . . , J3en+q} ⊂ D⊥x ;

{ en+1, . . . , en+q} ⊂ T⊥x M.

The main result of this chapter is the following inequality involving δ(D⊥) in the
case of a QR-submanifold of a quaternionic space form.

Theorem 5.1: [36]. Let M be a QR-submanifold of minimal codimension of a quaternionic
space form M̃(c), dimDx = n, dimD⊥x = 3q, dimνx = 0, dimν⊥x = q, x ∈ M. Then we
have:

δ(D⊥) ≤ n(n+ 3q)2

2(n+ 1)
· ‖H‖2 + n(n+ 6q+ 8)

2
· c
4

. (5.1)

The equality sign holds identically if and only if the following three conditions are satisfied:
(a)M is mixed totally geodesic,
(b) the distribution D is totally umbilical, and
(c) there exists an orthonormal frame

{J1en+1, . . . , J1en+q; J2en+1, . . . , J2en+q; J3en+1, . . . , J3en+q}

of D⊥x such that the second fundamental form σ ofM satisfies

hrij = 0, i, j = 1,n, i 6= j, r = n+ 1,n+ q.



CHAPTER 6

WINTGEN INEQUALITY

6.1 Wintgen inequality

In 1979, P. Wintgen ([49]) proved that the Gauss curvature K, the squared mean cur-
vature ‖H‖2 and the normal curvature K⊥ of any surfaceM2 in E4 satisfy the inequality

K ≤ ‖H‖2 −K⊥.

The equality holds if and only if the ellipse of curvature ofM2 in E4 is a circle.
An extension of the Wintgen inequality was given later by B. Rouxel ([47]) and

by I.V.Guadalupe and L.Rodriguez ([25]) independently for surfaces M2 of arbitrary
codimensionm in real space forms M̃2+m(c)

K ≤ ‖H‖2 −K⊥ + c.

In 2004, A. Mihai ([40]) found a corresponding inequality for totally real surfaces
in n-dimensional complex space forms. Also, the equality case was studied and the
author gived a non-trivial example of a totally real surface satisfying the equality case.

The conjecture on Wintgen inequality, which is also known as the DDVV conjecture,
was formulated in 1999 by P.J. De Smet, F. Dillen, L. Verstraelen and L. Vrancken ([22]).

Conjecture. Let f :Mn → M̃n+m be an isometric immersion, where M̃n+m is a real space
form of constant sectional curvature c. Then

ρ ≤ ‖H‖2 − ρ⊥ + c,

where ρ is the normalized scalar curvature and ρ⊥ is the normalized normal scalar curvature.

Denoting by K and R⊥ the sectional curvature function and the normal curvature
tensor on Mn, respectively, the normalized scalar curvature and the normalized nor-
mal scalar curvature are given by

ρ =
2τ

n(n− 1)
=

2

n(n− 1)

∑
1≤i<j≤n

K(ei ∧ ej),

22



6. WINTGEN INEQUALITY 23

ρ⊥ =
2τ⊥

n(n− 1)
=

2

n(n− 1)

√ ∑
1≤i<j≤n

∑
1≤α<β≤n

(
R⊥(ei, ej, ξα, ξβ)

)2,
where τ is the scalar curvature.

This conjecture was proven by the authors for submanifolds Mn of arbitrary di-
mension n ≥ 2 and codimension 2 in real space forms M̃n+2(c) of constant sectional
curvature c and a detailed characterization of the equality case in terms of the shape
operators ofMn in M̃n+2(c) was given.

T.Choi and Z.Lu ([21]) proved that this conjecture is true for all 3-dimensional sub-
manifolds M3 of arbitrary codimension m ≥ 2 in M̃3+m(c) and give also a characteri-
zation for the equality case.

Other extensions of the Wintgen inequality for invariant submanifolds in Kähler,
nearly Kähler and Sasakian spaces have been studied by P.J. De Smet, F. Dillen, J. Fas-
tenakels, A. Mihai, J.Van der Veken, L. Verstraelen and L. Vrancken.

Recently, Z. Lu and independently J. Ge and Z. Tang finally settled the general case
of the DDVV-conjecture.

Theorem 6.1: [29]. The Wintgen inequality

ρ ≤ ‖H‖2 − ρ⊥ + c,

holds for every submanifoldMn in any real space form M̃n+m(c), n ≥ 2, m ≥ 2.
The equality case holds identically if and only if, with respect to suitable orthonormal frames

{ei} and {ξα}, the shape operators ofMn in M̃n+m(c) take the forms

Aξ1 =


λ1 µ 0 . . . 0

µ λ1 0 . . . 0

0 0 λ1 . . . 0
...

...
... . . . ...

0 0 0 . . . λ1

 ,

Aξ2 =


λ2 + µ 0 0 . . . 0

0 λ2 − µ 0 . . . 0

0 0 λ2 . . . 0
...

...
... . . . ...

0 0 0 . . . λ2

 ,

Aξ3 =


λ3 0 0 . . . 0

0 λ3 0 . . . 0

0 0 λ3 . . . 0
...

...
... . . . ...

0 0 0 . . . λ3

 ,

Aξ4 = · · · = Aξm = 0, where λ1, λ2, λ3 and µ are real functions onMn.
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6.2 Generalized Wintgen inequality for Lagrangian submanifolds in
quaternionic space forms

I. Mihai proved the following generalized Wintgen inequality for Lagrangian sub-
manifolds in complex space forms.

Theorem 6.2: [42]. LetMn a Lagrangian submanifold in a complex space form M̃m(4c). Then

(ρ⊥)2 ≤ (‖H‖2 − ρ+ c)2 + 4

n(n− 1)
(ρ− c)c+

2c2

n(n− 1)
.

In this section, we give a similar result for Lagrangian submanifolds of quaternionic
space forms.

Let Mn be an n-dimensional totally real submanifold of a 4m-dimensional quater-
nionic space form M̃4m(4c) and {e1, . . . , en} an orthonormal frame onMn and {ξn+1, . . . , ξ4m}
an orthonormal frame in the normal bundle T⊥Mn, respectively.

The scalar normal curvature ofMn is defined by

KN =
1

4

4m∑
r,s=n+1

Trace[Ar,As]2. (6.1)

Then the normalized scalar normal curvature is given by ρN =
2
√
KN

n(n− 1)
.

From (6.1) we get

KN =
1

2

∑
1≤r<s≤4m−n

Trace[Ar,As]2 =
∑

1≤r<s≤4m−n

∑
1≤i<j≤n

(
g([Ar,As]ei, ej)

)2 (6.2)

Denoting by hrij = g(h(ei, ej), ξr), i, j = 1,n, r = 1, 4m−n, we have

KN =
∑

1≤r<s≤4m−n

∑
1≤i<j≤n

(
n∑
k=1

(hrjkh
s
ik − h

r
ikh

s
jk)

)2
. (6.3)

One of the main results of this chapter is the following

Theorem 6.3: [31]. LetMn be a Lagrangian submanifold of a quaternionic space form M̃4n(4c).
Then (

ρ⊥
)2
≤
(
‖H‖2 − ρ+ c

)2
+

6

n(n− 1)
c2 +

4

n(n− 1)
c(ρ− c). (6.4)

We prove this theorem using the following lemma, also proved here

Lemma 6.1: [31]. Let Mn be a totally real submanifold of an 4m-dimensional quaternionic
space form M̃4m(4c). Then we have

‖H‖2 − ρN ≥ ρ− c. (6.5)
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The equality case holds identically if and only if, with respect to suitable orthonormal frames
{ei} and {ξα}, the shape operators ofMn in M̃4m(4c) take the forms

Aξ1 =


λ1 µ 0 . . . 0

µ λ1 0 . . . 0

0 0 λ1 . . . 0
...

...
... . . . ...

0 0 0 . . . λ1

 ,

Aξ2 =


λ2 + µ 0 0 . . . 0

0 λ2 − µ 0 . . . 0

0 0 λ2 . . . 0
...

...
... . . . ...

0 0 0 . . . λ2

 ,

Aξ3 =


λ3 0 0 . . . 0

0 λ3 0 . . . 0

0 0 λ3 . . . 0
...

...
... . . . ...

0 0 0 . . . λ3

 ,

Aξ4 = · · · = Aξ4m−n
= 0, where λ1, λ2, λ3 and µ are real functions onMn.

6.3 Slant submanifolds in quaternionic space forms

We also give a similar result concerning the θ-slant submanifolds of a quaternionic
space form.

We recall the definition of a slant submanifold in a quaternionic space form.

Definition 6.1: A submanifoldM of a quaternionic Kähler manifold (M̃,σ, g̃) is said to
be a slant submanifold if for each non-zero vector X tangent to M at p, the angle θ(X)
between Jα(X) and TpM, α ∈ {1, 2, 3} is constant, i.e. it does not depend on the choice
of p ∈M and X ∈ TpM.

Theorem 6.4: [31]. Let Mn be an n-dimensional θ-slant submanifold of an 4m-dimensional
quaternionic space form M̃4m(4c). Then, we have

‖H‖2 ≥ ρ+ ρN − c−
9c

n− 1
cos2 θ. (6.6)
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[44] Oiagă, A. and Mihai, I., B. Y. Chen inequalities for slant submanifolds in complex
space forms, Demonstratio Math. 32 (1999), 835-846.

[45] Olteanu, A., Recent results in the geometry of warped product submanifolds, Matrix
Rom, Bucureşti, (2011).
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[48] Şahin, B., On QR-submanifolds of a quaternionic space forms, Turkish J. Math. 25
(2001), 413-425.
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