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Abstract - A commutative unitary ring A, which is neither finite nor a field, is
called residually finite ring (RF-ring) if the quotient ring A/I is finite for every
nonzero ideal I of A. Let A be the ring of all algebraic integers, i.e. the set of
complex roots of the monic polynomials from Z[X]. If K is a subfield of C such
that [K : Q] < ∞, then the ring A = K ∩ A is a RF-ring. In this note all the
RF-subrings of A are determined.
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1 Some results on RF-rings

Let A be a RF-ring. Then A is a domain. Indeed, if A is not a domain, then
there exists an element a ∈ A, a 6= 0 such that the ideal I = {x ∈ A|ax = 0}
is nonzero. Clearly, |aA| = |A/I| < ∞. Also, we have |A/aA| < ∞ and
then |A| = |A/aA| · |aA| < ∞, a contradiction.

Clearly every RF-ring A verifies the ascending chain condition, and if
P is a nonzero prime ideal of A, then A/P is a field. It follows that every
RF-ring is a noetherian domain of Krull dimension equal to 1.

Proposition 1. Let A be a RF-ring, K its field of fractions, L a finite
extension field of K and B a subring of L such that A ⊆ B. If B is not a
field, then B is a RF-ring.

Proof. Let J be a nonzero ideal of B and b ∈ J , b 6= 0. Since [L : K] < ∞,
b is algebraic over K, and then we have a relation of the form

anbn + ... + a1b + a0 = 0, where ai ∈ A, for 0 ≤ i ≤ n, and an 6= 0.
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