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A compactness criterion for quotients associated
to linear actions
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Abstract - Using analytic and symplectic stability, we study the compactness of
some geometric quotients corresponding to linear actions. We apply these results for
representations of quivers, proving that the compactness of the associated quotients
depends only on the combinatorics of the quiver.
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Introduction

In the present note we will be concerned with linear problems, i.e. we will
study some aspects related to the action of a connected reductive complex
Lie group G on a finite dimensional complex vector space W through a
representation ρ and to the construction of associated spaces of orbits.

In the first section of the paper we recall the corresponding definitions for
symplectic, analytic and GIT-stability. In the general set-up, the analytic
and symplectic stability depend on a symplectisation of the G-action and
we point out that, for linear problems, it depends only on a parameter τ
varying in a finite dimensional real vector space. The stability concepts make
possible the construction of orbit spaces, since the restriction of the action to
the semistable locus yields a geometric quotient. Moreover, such a quotient
admits an alternative description as a symplectic reduction and, using this
fact, we study the compactness of these quotients. An important result of
the paper is stated in Proposition 2: it relates this topological property to the
study of the properness of a certain map, related to the symplectic approach
(the canonical moment map µcan). In the last section we focus our attention
to a special class of linear problems. Starting with a pair (Q, S) consisting
of a quiver Q and of a subset S of the set Q0 of vertices of Q, one obtains
in a natural fashion a linear problem, which is called quiver factorisation
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