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The Formula of Faà di Bruno and Higher Order
Derivatives of Inverses
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Abstract - The first part of the the paper is dedicated to an elementary proof of
Faà di Bruno’s formula. The final part of the paper is dedicated to a new formula
giving the expression of the n-th derivative of the inverse function.
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1 Introduction

Throughout this paper, N will be the set of natural numbers, R will be
the set of real numbers and I, J will be real intervals (i.e. non degenerate
intervals of real numbers). For f : I → R and x ∈ I, we shall write f ′(x) =
Df(x) = D1f(x); f ′′(x) = D2f(x); f ′′′(x) = D3f(x); f (n)(x) = Dnf(x) for
1 ≤ n ∈ N.

Let I, J be real intervals, g : I → R, f : J → R such that g(I) ⊂ J . We
can construct the composition of g and f , which is the function f ◦g : I → R,
given via (f ◦g)(x) = f(g(x)). Recall that, in case g is n times differentiable
at x ∈ I and f is n times differentiable at g(x), it follows that f ◦ g is n
times differentiable at x and one has

(I)





D(f ◦ g)(x)=D1(f ◦g)(x) = D1f(g(x)) ·D1g(x)
D2(f ◦g)(x)=D1f(g(x)) ·D2g(x) + D2f(g(x)) · (D1g(x)

)2

D3(f ◦g)(x)=D1f(g(x)) ·D3g(x) + 3D2f(g(x)) ·D1g(x) ·D2g(x)+
+D3f(g(x)) · (D1g(x)

)3

a. s. o.
Using Part 2, we shall give in Part 3 an elementary proof of the formula

of Faá di Bruno, which gives the general expression of Dn(f ◦ g).
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