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Unique Solution for a Semilinear Periodic Problem

Dinu TEODORESCU

Abstract - In this paper we use a contractive method in the study of the semilinear
periodic problem

−u
′′
(t) + λu(t) + f (u(t)) = g(t); t ∈ (0 , 1 ); u(0 ) = u(1 ) = 0 ,

where f satisfies a Lipschitz condition, λ is a positive parameter and the free term
g is in L2(0, 1).
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1 Introduction

We consider the semilinear periodic problem

−u

′′ (t) + λu(t) + f (u(t)) = g(t); t ∈ (0, 1); (1)

u(0) = u(1) = 0, (2)

where f : R −→ R satisfies the Lipshitz condition |f (x) − f (y)| 6 α |x − y|
for all x, y ∈ R (α > 0) and f (0) = 0. We assume that the free term
g ∈ L

2
(0, 1) and the positive parameter λ satisfies the condition λ > α.

The problem (1), (2) is motivated by the logistic equation of population
dynamics, or by the vibration of a string with self-interaction, and has been
investigated by many authors (we refer for example to [1], [3], [4], [6], [7]).

In [1], the problem (1), (2) is studied using the Green function, the non-
linear term f satisfying the following conditions:

(A1) f is a function of C
1

and f (0) = f

′ (0) = 0,

(A2) h(u) := f (u)/u is strictly increasing ( h(0) := 0).

In [3] the nonlinearity f is decreasing, satisfies an inequality of the type

|f (u)| ≤ a |u|p + b, the free term g is continuous and λ = 0.
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