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1 Introduction

Today, we commemorate 25 years from the passing into the eternity of the great
Romanian geometer, the academician Gheorghe Vranceanu. Worldwide estimated
as one of the founders of modern Geometry, professor Gheorghe Vranceanu brought
through his work an outstanding brilliancy to the fame of Romanian mathematics.

Born in 1900 in the Valea Hogei village (belonging to the Doagele commune
from the Vaslui district), professor Gheorghe Vrianceanu conserved all his life the
charme of unequalled story teller in a sweet Moldavian accent.

After graduating from the Faculty of Mathematics in Tagi (1922), professor
Gheorghe Vranceanu obtained in 1924 a distinguished Ph.D. in Rome, under the
guidance of Levi-Civita, famous for his research in Geometry and Mechanics. The
thesis evaluation committee, with 11 members, was chaired by Vito Volterra and
awarded him (the maximum of) 110 points.

Influenced by Levi-Civita’s ideas, Gheorghe Vranceanu discovered in 1926 the
notion of non-holonomic space, which will bring him an early celebrity.

In the academic year 1927-1928, he obtained a Rockefeller grant to travel in
USA and to study in Harvard and Princeton universities. With this opportunity,
he met the outstanding American geometers G. Birkhoff and O. Veblen, linking
with them a longstanding friendship.

Between 1921 and 1970, Gheorghe Vranceanu belong to the teaching staff of
the universities of Tassy (1921-1929), Cernautzi (1929- 1939) and Bucharest (1939-
1970).

Like Gheorghe Tzitzeica, after the second World War Gheorghe Vranceanu was
Dean of the faculty, in a period of severe poverty and of risky political situation.
With tact and perseverance, Gheorghe Vranceanu made all his best to help the
faculty members to pursue a normal activity. We mention here the care of Gheorghe
Vranceanu for organizing and completing the library of our faculty.

Professor Gheorghe Vranceanu gave courses on Analysis, Analytical Geometry,
Mechanics, Projective Geometry, Differential Geometry, General Relativity and
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Global Differential Geometry. As teacher, his lectures were models of erudition
and clarity, following only the pure line of polishing the mathematical reasoning.
Concerning his teaching method, we quote academician Solomon Marcus ([4]):

He was our teacher in 1945-1946. He spoke freely, naturally, and disliked the
stage-like discourse, with special effects. It was no difference between his teaching
method and his current language. Consistent with this approach, he looked to avoid
artefacts, to develop the natural line of ideas. In contrast with the lectures of the
kind: 7definition - axiom - theorem - proof - corrolaries”, our great teacher, in
his lectures on Projective Geometry he gave us in 1945-1946, was beginning with
a problem, whose importance he was arguing and then was looking for the answer,
through natural but not always successful explorations. He was not using any written
notes. The theorem was crystallizing through bringing together the in-road facts; it
was not the starting but the ending point.

In our opinion, this characterization of professor Gheorghe Vranceanu catches
the true essence of his personality.

The textbooks of professor Gheorghe Vranceanu and his four volume monogra-
phy (translated in French and German) supported, for many years, the geometrical
training of students and researchers. Concerning his monography on Differential
Geometry, Kostake Teleman writes ([21],[5]): The lectures on Differential Geometry
of Gheorghe Vranceanu assert themselves, from the beginning, through the approach
of central problems in Geometry, which led to important, deep results and with many
possibilities of generalization. The book exposes especially the results obtained by
the author, many becoming clasical ones, concerning the theory of transformations
groups and the spaces with connection. There is no other monography on geometry
to contain so varied problems. A mathematician who loves geometry cannot but to
admire the professor Gheorghe Vranceanu’s manner to expose all these problems,
deepening all the important aspects and revealing the links between those chapters
of geometry.

The mathematical work of Gheorghe Vranceanu, containing more than 300
papers, is characterized by the depth of the notions he introduced and by the im-
portance of the solved problems. The scientific research of Gh. Vranceanu was
directed through: non-holonomic spaces, differential calculus of congruences, ana-
lytical mechanics, geometrization of partial differential equations of second order,
non-holonomic unitary theory, spaces with conformal connection, partial projective
spaces, Lie groups, global geometry, motion groups of spaces with affine connection,
spaces with constant connection, harmonic tensors, Riemannian spaces with con-
stant connection, the curvature of a differentiable manifold, Riemannian spaces in
geodesic correspondence, the embedding of Riemannian spaces in Euclidean spaces,
submanifolds of the sphere, spaces with nonlinear connection, the geometrization
of mechanical systems.

This simple enumeration of the research directions approached and in which
he brought remarkable contributions, gives us only a partial image of the true
dimensions of Gheorghe Vranceanu’s mathematical work.

It is extremely difficult to analyse the whole scientific work of academician



SOME ASPECTS OF THE DIDACTIC ... 23

Gheorghe Vranceanu. Therefore, we will limit ourserves to expose briefly two of
his contributions: the spaces of constant connection and the Riemannian spaces in
geodesic correspondence.

2  Spaces with constant affine connection

Academician Gheorghe Vranceanu says a space with an affine connection A,, is with
constant connection if there exists a system of coordinates z',..., 2", in which the
connection components F;k are constant.

With respect to an affine coordinate transformation

(%) ' = aj—xj +4d

(where a} and a' are constant and det(a}) # 0), the connection components trans-
form themselfs following the rule

Iafaj =T%.a!
SO I‘§  behaves, with respect to these transformations, like a type (1,2)-tensor. It
follows that a space with constant connection A, is determined, with respect to
preferred changes of coordinates (*), by a constant type (1,2)-tensor.

The spaces A,, with constant connection were called ([14]) Vrdnceanu spaces.
The following theorem was proved in [30]:

A space A, with constant affine connection is a Vranceanu space if and only
if A, admits a simply transitive and abelian motions group. The affine connection
of A, becomes constant in the coordinates with respect to whom this group is the
translations group.

Studying the spaces A,, with constant affine connection, Gh. Vrinceanu was
concerned with the (global) equivalence of such locally Euclidean space with the Eu-
clidean space E,. He found sufficient conditions in order A,, be globally equivalent
with F,,.

Around 1960, during a discussion between academician Gh. Vranceanu and aca-
demician Grigore Moisil, a natural method was indicated ([28]) (and subsequently
developped by Gheorghe Vranceanu in [29]) in order to associate, to each real finite
algebra a space with constant affine connection (the structure constants of the alge-
bra being the connection coefficients). Conversely, the coefficients of every constant
affine connection may be considered the structure constants, in a certain basis, of
a real finite algebra. In this manner, one may establish a correspondence between
certain algebraic and certain geometric properties. For example, a Vranceanu space
A, is locally euclidean if and only if the corresponding algebra is associative and
commutative.

Another important problem concerning the Vranceanu spaces is their classifi-
cation. For n = 2, this problem was solved by academician Gheorghe Vranceanu
in [30]. For n = 3 and in case the contracted connection vanishes, the problem was
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solved by P. Mocanu ([7]). The respective classification problem may be expressed
in an algebraic form, via the following result ([23]: A Vranceanu space A,, is equiv-
alent, in the large, with the Fuclidean space if and only if its associated algebra is
commutative, associative and nilpotent.

K. Teleman gave (][23]) a method which allows the determination, by recurrence
with respect to the dimension, of all the finite dimensional, commutative and as-
sociative algebras, hence of all the locally Euclidean Vranceanu spaces A,. The
theorem of Teleman proves the following are equivalent:

(i) the determination of finite dimensional, commutative and associative alge-
bras;

(ii) the determination of linear, abelian, locally transitive groups acting on the
affine complex space;

(iii) the determination of linear, abelian, locally transitive groups acting on the
projective complex space;

(iv) the determination of locally Euclidean Vrdnceanu spaces;

(v) the determination of spaces with affine connection which are projectively
Euclidean and have constant associated Thomas connection.

The results obtained by Gheorghe Vranceanu in the study of spaces with con-
stant connection were quoted and used in Romania and abroad ([14]- [18], [23]-[25]).

The ideas introduced by Gheorghe Vranceanu in the study of spaces with con-
stant connection proved very useful in defining and studying the deformation al-
gebra of two linear connections, domain with many written papers and interesting
results ([10]).

3 Riemannian spaces in geodesic correspondence

The well-known theorem of Beltrami asserts ([30]): if a Riemannian space V;, admits
a geodesic representation on a V., space with constant curvature, then V,, is also
with constant curvature.

Siniukov ([31]) proved: if a Riemannian space V,, (n > 3) admits a non-trivial
geodesic representation on a symmetric (Cartan) V. space, then V,, and V, are
spaces with constant curvature.

Gheorghe Vranceanu gave a simpler proof of the theorem of Siniukov, by first
proving the following result ([31]):

Let V,, and V,, be two Riemannian spaces in non-trivial geodesic correspon-
dence, (n > 3). Suppose V,, is an Binstein space and V., is a symmetric (Cartan)
space. Then V,, and V,, are spaces with constant curvature.

In [31], Gheorghe Vranceanu generalizes the Levi-Civita’s results on the geodesic
correspondence of the Riemannian spaces. He determined all the Riemannian spaces
V,, which admit a non-trivial geodesic correspondence on another Riemannian space

V. and proved that these spaces may belong to n families, following the property
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of the correspondence vector to have non-vanishing components on the orthogonal
congruences, common to the spaces V;, and V,.
Moreover, Gheorghe Vranceanu proves:

if Vi, and V,, are in a trivial geodesic correspondence (and V,, is irreducible),
then the metrics of Vy, and V,, are homothetic.

The ideas of Vranceanu on Riemannian spaces in geodesic correspondence are
being used by many Romanian and foreign geometers. In the last three decades,
by the Vranceanu’s method, were studied the geodesic correspondence of two Rie-
mannian spaces, with different geometric conditions imposed to the curvature, to
the concircular or to the conharmonic tensors, respectively.

We mention that P. Venzi wrote a Ph.D. thesis following the results of Gheorghe
Vrénceanu on the geodesic correspondence of Riemannian spaces ([26]). Another
Ph.D. thesis was writen in Kazan University, in 1993, by A. Aminova ([1]).

The method of Vranceanu in the study of the Riemannian spaces in geodesic cor-
respondence proved useful also in the study of subgeodesic correspondence, which
was developped in Romania during the last 30 years([11]).

4 Conclusions

The results established by professor Gheorghe Vranceanu entered for a long time in
the international scientific heritage. They influenced, directly or indirectly, many
Romanian or foreign geometers, being sometimes starting points for new researches
made by: Thomas, Wagner, K. Yano, Walker, Nomizu, Kobayashi, Egorov, Ra-
sevsky, Petrov, Blascke, Helgason, E. Cartan. The scientific work of professor
Gheorghe Vranceanu influenced, during half a century, the geometrical research
worldwide.

Gheorghe Vranceanu imposed himself as one of the great modern geometers,
through the vastity of approached problems, their diversity, the ingenious solutions,
the fecund methods, the novelty of the spirit and the permanent effort to promote
the modern ideas.

In our country, many researchers proved their enthousiasm for mathematics,
devoting their activity in the domains of geometry initiated by Gh. Vranceanu. We
mention: K. Teleman, St. Petrescu, R. Blum, N. N. Mih&ileanu, C. Simionescu,
I. Teodorescu, A. Popovici, A. Dobrescu, P. Mocanu, Th. Hangan, T. Postelnicu,
V. Dumitrag, P. Stavre, M. Stoka, G.G. Vranceanu, M. Tarind, G. Margulescu, V.
Vodnev, A. Hristev, I. Popovici, D. Smaranda, R. Iordanescu, A. Turtoi, S. Ianus,
Al. Mihai, M. Dediu, V. Boju, L. Nicolescu.

The students of professor Gheorghe Vranceanu found new and various ways
of study in the most important domains of Differential Geometry. Their results
proved the fertility of Gheorghe Vranceanu’s ideas.

Many Romanian researchers used, in their work, papers of academician Ghe-
orghe Vranceanu. We mention: M. Haimovici, G.T. Gheorghiu, A. Haimovici, O.
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Gheorghiu, R. Miron, C. Udriste, R. Rosca, Gh. Gheorghiev, T. Mihailescu, M.
Anastasiei.

Romanian geometers, all over the world, bring their homage to the me-mory of
professor Gheorghe Vrianceanu, who formed many teachers and contributed in an
essential way to the development of the modern school of geometry and, implicitely,
to the growth of the Romanian scientific fame.

If Tzitzeica, Myller, Mayer contributed to the foundation of Kleinian geome-
tries, Gheorghe Vranceanu remains the founder of the new directions, of global
Differential Geometry in Romanian mathematics. His contributions, together with
those of the geometry school he created in Bucharest, and with the contribution
of his spiritual students in Iassy, Craiova, Cluj-Napoca and Timisoara, made a
resolute step toward the worldwide appreciation of the Romanian geometry.

The remarkable scientific research and the topical of the approached problems
by professor Gheoghe Vranceanu, lead to the conclusion that he may be considered
the very founder of modern Differential Geometry in Romania.

References

[1] AMINOVA A.V., On geodesic mappings of the Riemannian spaces, Tensor N.S.,
46 (1987), 179- 186

[2] ANDONIE G. ST., Istoria matematicii in Romdnia, T.2, Ed. Stiintifica,
Bucuresti, 1966

[3] GHEORGHIEV GH., MIRON R., Gheorghe Vrianceanu, fondator al geometriei
moderne in Romania, Gazeta Matematicd, 10(1979), 361-363

[4] Marcus S., De la Valea Hogei la Princeton, Academica, nr. 8-9 (116-117),
iunie-iulie 2000, 39

[6] MIHAILEANU N., Istoricul Facultatii de Matematicd din Bucuresti (1863-1948),
Ed. Did. Pedagogica, Bucuresti, 1967

[6] MIRON R, Geometrul Gheorghe Vranceanu, Academica, 8-9 (116-117), iunie-
iulie 2000, 36-36

[7] MocaNuU P., Asupra clasificirii spatiilor A3 cu conexiune constant local eu-
clidiene, Com. Acad. RPR, 1(3) (1951), 239-243

[8] MocaNU P., Espaces & connexion affine constante équivalentes en grand avec
lespace euclidien, Com. Acad. RPR, 2(1952), 389-395

[9] NicoLescu L., Gheorghe Vranceanu, Buletin Matematic, Insp. Sc. Bucuresti,
6(1995), 82-83

[10] N1cOLESCU L., Sur la géométrie de 'algebre associée a un champ tensoriel du
type (1,2), Tensor N.S., 38(1982), 235-241



SOME ASPECTS OF THE DIDACTIC ... 27

[11] NicoLescu L., Les espaces de Riemann en representation subgéodésique, Ten-
sor N.S., 32(1978), 183-187

[12] N1coLEScCU L., Sur la representation géodésique des espaces de Riemann, An.
Univ. Bucuresti, Matem., XXVIII (1979), 69-74

[13] N1coLEscu L., Contributii ale academicianului Gheorghe Vranceanu in ge-
ometria diferentiald, Academica, 8-9, iunie-iulie 2000, p.40

[14] Popovict 1., IORDANESCU R., TURTOI A.- Gradudri simple Jordan gi Lie
considerate in geometria diferentiald, Ed. Academiei RSR, Bucuresti, 1971

[15] Popovict 1., Spatii cu conexiune constantd, in ”Conexiuni pe wvarietdti
diferentiabile”, Tip. Univ. Bucuresti, 1980, 153- 204

[16] Porovict 1., Proprietdti globale ale conexiunii asociate algebrei numerelor
complexe, St. Cerc. Matem., 21 (1965), 463- 470

[17] Popovict 1., - Contributions & I’ étude des espaces & connexion constante,
Rev. Roum. Math. Pures Appl., 23(1978), 1211-1225

[18] Popovict 1., TURTOI A., Sur les espaces bidimensionnels & connexion con-
stante, Bull. Soc. Sci. Mat. RSR, 23(71), 4(1979)

[19] PripOoAE G.T., Contributiile academicianului Gheorghe Vranceanu la dez-
voltarea teoriei relativitatii, Academica, 8-9, iunie-iulie 2000, 41

[20] TELEMAN K., Gheorghe Vranceanu - aga cum l-am cunoscut, Academica, 8-9,
iunie-iulie 2000, p.38

[21] TELEMAN K., Acad. Gheorghe Vranceanu, Gazeta Matematica, s. A, 12
(1961), 641-659

[22] TELEMAN K., Asupra unei teoreme a lui Borel-Lichnerowicz, Rev. Roum.
Math. Pures Appl., 3(1) (1958), 107-115

[23] TELEMAN K., Asupra spatiilor cu conexiune afini constanta si local euclidiana,
St. Cerc. Matem., 18(6) (1966), 783-797

[24] TEODOREscU I.D., Clasificarea afind a spatiilor As(x,y) cu conexiune afind
constanta, An. Univ. Bucuresti, S. st. nat., 25 (1960), 103-129

[25] TEODORESCU I.D., Asupra clasificarii spatiilor Ay cu conexiune afind con-
stantd, local euclidiene, An. Univ. Bucuresti, S. gt. mat., 17(1958), 23-27

[26] VENzI P., On geodesic mapping on Riemannian and pseudo-Riemannian man-
ifolds, Tensor N. S., 32(2) (1978), 192-198

[27] VRANCEANU GH., Spatii cu conexiune afind constanta local euclidiene, Com.
Acad. RPR, (1951), p.29

[28] VRANCEANU GH., Propriétés globales des espaces & connexion affine, Bull.
Math. Soc. Sci. Math. Phys. RPR, 2(4) (1958), 475-478



28 L. NicoLescu, G.T. PRIPOAE

[29] VRANCEANU GH., Spazi a connessione affine e le algebre di numeri ipercom-
plessi, Ann. Sc. Norm. Sup. Pisa, 12, I-1I (1958), 5-20

[30] VRANCEANU GH., Legons de géométrie différentielle, Vol. LII, Bucuresti, 1957

[31] VRANCEANU GH., Sur la representation géodésique des espaces de Riemann,
Rev. Roum. Math. Pures Appl., 1(3) (1956), 147- 165

Liviu Nicolescu, Gabriel Teodor Pripoae
University of Bucharest, Faculty of Mathematics and Informatics
14 Academiei st., RO-010014, Bucharest, Romania
E-mail: Inicol@geometry.math.unibuc.ro
gpripoae@fmi.unibuc.ro





