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Abstract - This work is concerned with the extension of some recent ex-
istence results proved for a class of nonsmooth dynamic frictional contact
problem, to the case of a coefficient of friction depending on the slip veloc-
ity. Based on existence and approximation results for some general implicit
variational inequalities, which are established by using Ky Fan’s fixed point
theorem, several estimates and compactness arguments, relaxed unilateral
conditions with slip dependent friction between two viscoelastic bodies of
Kelvin-Voigt type are analyzed.

Key words and phrases : Implicit inequalities, set-valued mapping,
dynamic problems, pointwise conditions, Coulomb friction.

Mathematics Subject Classification (2010) : 35Q74, 49J40, T4A55,
74D05, T4H20.

1. Introduction

This paper deals with the analysis of a dynamic contact problem with some
relaxed unilateral contact conditions, adhesion, and slip dependent pointwise
friction, between two Kelvin-Voigt viscoelastic bodies.

The quasistatic unilateral contact problems with local Coulomb friction
have been studied in [1, 29, 30] and adhesion laws based on the evolution
of intensity of adhesion were investigated in [28, 10]. Also, the normal
compliance model, which can be seen as a particular regularization of the
Signorini’s conditions, has been considered by several authors, see e.g. [18,
16, 31] and references therein.

A recent unified approach including unilateral and bilateral contact with
nonlocal friction, or normal compliance conditions, in the quasistatic case
and for a nonlinear elastic behavior, has been proposed in [2].

In the dynamic case, viscoelastic contact problems with nonlocal friction
laws were considered in [17, 20, 21, 14, 6, 11] and the corresponding prob-
lems with normal compliance laws have been analyzed in [23, 18, 19, 5, 24].
Dynamic frictionless problems with adhesion have been studied by several
authors, see, e.g [33] and references therein, and dynamic viscoelastic prob-
lems coupling unilateral contact, recoverable adhesion and nonlocal friction
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have been investigated in [12, 8]. Using the Clarke subdifferential, vari-
ous variational contact problems can be analyzed by using the theory of
hemivariational inequalities, which represent a broad generalization of the
variational inequalities to locally Lipschitz functions, see [24, 25, 26] and
references therein.

Based on new abstract formulations and on Ky Fan’s fixed point theo-
rem, a static contact problem with relaxed unilateral conditions and point-
wise Coulomb friction was studied in [27]. The extension of this interesting
approach to an elastic quasistatic contact problem was considered in [7] and
to a dynamic viscoelastic contact problem with slip independent coefficient
of friction was investigated in [9].

This paper extends the results presented in [9] to the case of a coeffi-
cient of friction depending on the slip velocity, which enables to treat more
realistic situations.

The paper is organized as follows. In Section 2 the classical formulation
of the dynamic contact problem is presented. In Section 3 two variational
formulations are given as a two-field problem. In Section 4 a more general
evolution implicit variational inequality is considered and some auxiliary
results are proved. Section 5 is devoted to the study of a fixed point problem,
which is equivalent to the previous variational inequality. Using the Ky Fan’s
theorem, the existence of a fixed point is proved. In Section 6 this abstract
result is used to prove the existence of a variational solution of the dynamic
contact problem with slip dependent friction.

The applications presented in this paper concern the contact between two
linear viscoelastic bodies but these results can be extended to more general
constitutive laws, as, for example, the ones characterizing some elastovis-
coplastic materials investigated in [13].

2. Classical formulation

Let Q% be the reference domains of R? d = 2 or 3, occupied by two vis-
coelastic bodies, characterized by a Kelvin-Voigt constitutive law. Suppose
that the bodies have Lipschitz boundaries I'* = 90Q%, o =1, 2.

Let I'f;, I't and I'¢y be three open disjoint sufficiently smooth parts of
I'“ such that I'* = fg UTH Ufg and, to simplify the estimates, meas(I'g;) >
0, a =1,2. We shall assume the small deformation hypothesis and we shall
use Cartesian coordinate representations.

Let y*(x®,t) denote the position at time ¢ € [0, 7], where 0 < T < 400,
of the material point represented by x® in the reference configuration, and
u(x?,t) == y*(x*,t) — x denote the displacement vector of z at time
t, with the Cartesian coordinates u® = (uf,...,uj) = (a*,ug). Let €,
with the Cartesian coordinates ¢ = (g;; (u®)), and o, with the Cartesian
coordinates % = (of;), be the infinitesimal strain tensor and the stress
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tensor, respectively, corresponding to Q%, o = 1,2. The usual summation
convention will be used for i, j, k, =1, ...,d.

Assume that the displacement U* = 0 on I'fy x (0,7), a = 1,2, and
that the densities of both bodies are equal to 1. Let f; = (f1, 1) denote
the given body forces in Q' U Q? and fy, = (f3, £2) denote the tractions on
F}; U F%. The initial displacements and velocities of the bodies are denoted
by uwo = (u, ud), w1 = (ui,u?).

Suppose that the solids can be in contact between the potential contact
surfaces I‘lc and FZC which are parametrized by two C! functions, ¢!, ¢?,
defined on an open and bounded subset Z of R4~!, such that ¢! (£)—p?(€) >
0 V¢ € 2 and each I' is the graph of ¢® on = that is I'Y = { (&, ¢*(€)) €
Re: ¢ € Z}, a = 1, 2. Define the initial normalized gap between the two
contact surfaces by

P! (&) — £*(©)

MV e T

VE ez

and suppose that this initial gap is sufficiently small. Let m® denote the
unit outward normal vector to I'*, o = 1, 2. We shall use the following
notations for the normal and tangential components of a displacement field
v, a = 1, 2, of the relative displacement corresponding to v := (v!,v?)

and of the stress vector o*n® on r'z:
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’U%(ﬁ,t) = ,Uoz(g’ t) - U?\?(&?ﬂn ( )’ ’UT(f, t) = v%‘(ﬁa t) - v%(é—vt)a
oN o®(& t)n?(§)) - n(¢),

(
o7 (& 1) = o (& )n(§) — oy (&, 1)n(§),

for all £ € E and for all ¢t € [0,T]. Let ¢ := [uN] =gy — uy — u% be the
gap corresponding to the solution u := (u!,u?). Using a similar method as
the one presented in [3] (see also [11], [8 ]) we obtain the following umlateral
contact condition at time ¢ in the set Z: [uy] (§,t) = —g(£,t) <0 VE € E.

Let A%, B* denote two fourth-order tensors, the elasticity tensor and the
viscosity tensor corresponding to ¢, with the components A% = (Af;;)
and B* = (Bg"jkl), respectively. Assume that these components satisfy the
following classical symmetry and ellipticity conditions: Cf‘] Kl = C]azkl =Cpi € j
L>(QY), Vi, 5, k, =1, ...,d, Jace > 0 such that C w1 Tig Thl = aca TijTij
V1 = (1) verifying 7 = 754, Vi, j =1, ... ,d, Where Coip = Al C* =
A* or Cyy = By, C* =B Vi, j, k, l: 1, o d, a=1,2.

Let p = p(&,wp) be the slip rate dependent coefficient of friction and
assume that p: Z x R — R, is a bounded function such that for a.e.
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¢ € 2 u(&,-) is Lipschitz continuous with the Lipschitz constant, denoted
by C,,, independent of &, and for every v € R? (-, v) is measurable.
Let k, ¥ : R — R be two mappings with x lower semicontinuous and &
upper semicontinuous, satisfying the following conditions:
k(s) <E(s) and 0 ¢ (k(s),R(s)) Vs € R, (2.1)
Irp > 0 such that max(|&(s)],|R(s)]) <rg Vs eR. (2.2)
We consider the following dynamic viscoelastic contact problem.
Problem P,.: Find u = (u!,u?) such that u(0) = ug, w(0) = u; and, for
all t € (0,7),
4% —dive*(u®,u*) = f{ in Q°,
oc%(u* u%) = A% (u”) + B%(u*) in QF,
u®=0 on I'fy, on®* = f5 on I'¢, a=1,2,
o'n'+0’n’>=0 in Z,
£([un]) < on <E(fun]) in E,
lor| < p(ar)|lony| in 2 and

~ o~ —~ —~ —~
0 J O Ot = W
 — D T

|0’T| < /L(ﬂT) |O’N‘ = Ur = 0,
lor| = p(ir) |loy| =39 >0, ur = —dor,

where 0% = o%(u®,4%), a=1,2, oy :=0) and o7 = ok

Some contact and friction conditions, corresponding to particular x and
R, with a general coefficient of friction, are presented in the following exam-
ples.
Ezample 1. (Adhesion and friction conditions) Let sg > 0, M > 0 be
constants, £ : R — R be a continuous function such that k& > 0 with
k(0) = 0 and define

0 if s< —sg, 0 if s< —sgp,
K(s) =14 k(s) if —so<s<0, E(s)=< k(s) if —s50<s5<0,
M if s>0, M if s>0.

Ezample 2. (Friction condition)
In Example 1 we set k = sg = 0 and define

o (5) = 0 if s<0, Rar(s) = 0 if s<0,
EMAYT M it s>0, MY T M if s>o.

The classical Signorini’s conditions correspond formally to M = +o0.
Ezample 3. (General normal compliance conditions)

Various normal compliance conditions, friction and adhesion laws can be
obtained from the previous general formulation if one considers k = & = &,
where k : R — R is some bounded Lipschitz continuous function with
k(0) = 0, so that oy is given by the relation on = k([un]), see e.g. [8],
where the intensity of adhesion was also considered.
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3. Variational formulations

We shall consider two different variational formulations of problem P.. We
adopt the following notations:

H*(QY) := H*(Q%RY), a=1,2, H® := H*(Q') x H*(Q?),
(v, w) 55 = (', w') g s(QY)xH*(Q1) T (v?, w2>H*5(92)><H5(92)

Vo= (v ,2) H‘SV'w—(w ,w?) € H¥, VseR.

Define the Hilbert spaces (H, |.|) with the associated inner product denoted
by (.,.), (V, ||.]|) with the associated inner product (of H') denoted by (., .),
and the closed convex cones L2 (Z), L2 (E x (0,7)) as follows:
H := H° = L2(Q%RY) x L2(Q%RY), V := V! x V2, where
= {v* e H'(Q%); v* =0 ae. on ¢}, a=1,2,
L%2(E):={0 € L*(E); § >0 ae. in =},
LZ(Ex (0,7)) :={n € L*0,T;L*(E)); n >0 ae. in = x (0,7)}.

Let a, b be two bilinear, continuous and symmetric mappings defined on
H!'x H' - R by

a(v,w) = a'(vh, w!) + a?(v?, w?), b(v,w) = bl (v, w!) + b2 (v?, w?)
Vo = (vh,v?), w = (w', w?) € H', where, for o =1,2,
a®(v*, w*) = A%e(v”)-e(w?®) dz, b* (v, w?) :/ BY%(v*)-e(w®)dz.
QO{ [e%
Assume 9 € W(0, T; L2(Q%RY), 5 € W(0,T; (T3 RY), a =
1,2, wg, u1 €V, gy € L% (E), and define the following mappings:
T LAE) x (HY? R J(,0,w) —/ p(or) 6] fwr dg
Vi€ L2(Z), Vv = (v',v?), w = (wh,w?) € H,
feWLOO(OvT;Hl)v <fav>:2a:1,2/ f?v d.’IJ+Z/ fZ'U ds
Qe a=1,2

Vo= (vl,v?) € H, VYt €[0,T].

Assume the following compatibility conditions: [ugn] < 0, B([ugn]) = 0 a.e.
in Z and dp, € H such that

(pg, w) + a(up, w) + b(u,w) = (f(0),w) VweV. (3.1)
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For every ¢ € L%(0,T; L*(Z)) = L*(E x (0,T)), define the following sets:

AQ) ={ne L*0,T;L*(E));k0( <n<EKo( ae. in Ex(0,7)},

Ar(Q)={neL2(Ex(0,T));s, 0(<n<Fyo( ae. in Ex(0,T)},

A()={neLl2(Ex(0,T));F-o(<n<k_o( ae in Zx(0,T)},
where, for each r € R, 7y := max(0,7) and r_ := max(0, —r) denote the

positive and negative parts, respectively.

For each ¢ € L?(0,T; L*(Z)) the sets A(¢), A4+ (¢) and A_(¢) are clearly
closed, convex and nonempty, because the bounding functions belong to the
respective set. Since meas(Z) < oo and k, R satisfy (2.2), it follows that
for all ¢ € L?(0,T;L*(Z)) these three sets are also bounded in norm in
L>®(Z x (0,T)) by 7o, and in L*(0,T; L*(Z)) by r1 = 1o T"/? meas(Z)"/2.

A first variational formulation of the problem P, is the following.
Problem P}: Findu € C'([0,T]; H " )nW'2(0,T; V), A € L*(0,T; L*(2))
such that w(0) = wo, ©(0) = u1, A € A([uy]) and

T
((T), 0(T) — w(T)) .1 — (us, (0) — o) — /0 (it, & — 1) dt

T

—I—/ {a(u,v —u) +b(u,v —u) — (A, oxy — un) 2z } dt (3.2)
0

T T

+/ (IO 1,0+ kit — ) — J(A 1, i)} di > / (F,v — w)dt
0 0
Vo € L0, T; V)N WYH2(0,T; H), where 1> > % E>0.

The formal equivalence between the variational problem P! and the classical
problem (2.3)—(2.8) can be easily proved by using Green’s formula and an
integration by parts, where the Lagrange multiplier A satisfies the relation
A=ON.

Let ¢ : (L2(2))? x (V)* = R be defined by

¢(01,02,v,w) = —(61 — 02, wN)r2(z) + / p(or) (61 + d2) [wr| d€

= (3.3)
V (61,82) € (LA(E))?%, Vo = (v',v?), w = (w',w?) e V.

Since n € A(() if and only if (n+,n-) € A+ (¢) x A_((), it follows that the

variational problem P! is equivalent with the following problem.

Problem P2 : Findu € C'([0,T]; H ) nW2(0,T; V), X € L*(0,T; L*(Z))
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such that w(0) = ug, ©(0) = w1, (A4, \-) € Ay([un]) X A_(Jun]) and

(W(T), v(T) = w(T)) . — (u1,v(0) — uo)

T
+/0 {— (4,0 — @) + a(u,v —u) + bi,v —u)} dt

T (3.4)
4 [ 00w A v+ b= ) — 60 A k) d
0

T
2/ (f,v—wu)dt Yv € L®0,T;V)nWh%(0,T; H).
0

The existence of variational solutions of the problem P. will follow from
some general existence results that will be proved in the next sections.

4. Existence results for some variational inequalities

Let Uo, (Vo, ||-II; {-,-)), (U, ||.||lv) and (Ho, ||, (-,.)) be four Hilbert spaces
such that Up is a closed linear subspace of Vj dense in Hy, Vo C U C Hy
with continuous embeddings and the embedding from Vj into U is compact.

Let B,(Z), By(Er) denote the closed balls with center 0 and radius r in

L>(Z), L*(Er), respectively, where Zp := = x (0,7 and r > 0.
Let ag, by : Vo x Vo = R be two bilinear and symmetric forms such that
AMa, My >0 ag(u,v) < Mq [[ull [[oll, bo(u,v) < M |[ul [|v]], (4.1)
Img, mp >0 ag(v,v) > mg ||v]|2, bo(v,v) > my|v||* Yu,v € V. (4.2)

Let [:Vp — L3(Z) and ¢g : [0,T] x (L2 (2))* x (Vp)? — R be two mappings
satisfying the following conditions:

3 k1 > 0 such that Vv, ve € Vp,
[1(v1) = L(v2)ll12(z) < Kallvr — v2llu,

Vit e [O,T], V1, v2 € L%_(E), Yo, vi, v2 € Vp,

Go(t; 71,72, v, 01 + v2) < do(t,71,72,0,v1) + do(t, 71,72, v,v2),  (4.4)
do(t,y1,7v2,v,0v1) = 0 ¢o(t,v1,72,v,v1), VO >0, (4.5)
do(t, 1,72, v,w) =0, Yw € Uy, (4.6)
¢0(0,0,0,0,v) =0, (4.7)
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Vr >0, 3 ka(r) >0 such that Viq,te € [0,T7,
V’}/l, Y2, 51) 62 S L2 ( )mB ( ) V’Ul,’Ug,’UJl,?,UQ S ‘/E))
|do(t1,v1, 72, v1, w1) — do(t1, 71,72, V1, W2)

+o(t2, 01, 62, v2, w2) — ¢o(t2, 61,02, va, w1 )| 9
< ka(r)([tr = tof + |71 — d1llz2m) + 12 — d2llr2z)
Flvr = vallv) lwr — wellu,
if (v, 7%) € (LA(E7))? forallneN
and (7f,7%) = (v1,72) in (L?(0,T; L*()))?, then (4.9)

T T
/ (ﬁO(S,’)’{L,")/SI,U,w) ds — / (bO(S?’YlvFYQ?Uﬂw) ds VU,UJ € L2(07T7 Vb)
0 0

Remark 4.1. i) Since by (4.5) ¢o(+,-,+,+,0) = 0, from (4.8), for w1 = w,
wg = 0, we have

Vti,ts € [0,T),Y 71, Y2, 61, 62 € L2 (E) N By (E), Y1, v, w € Vp,
|po(t1, 71,72, v1, w) — do(t2,d1, 2, v2, w)] (4.10)
< ko(r)([tr — to| + |lm1 = 61ll2m) + 172 — d2ll2z) + llvr — v2llv) lwlo-

ii) From (4.7) and (4.8), for t1 =t,t =0, 01 = d2 =0 and v1 = v, v3 =0
we derive
Vt € [0,T),V 7, 2 € LA(E) N B (), Vv, w1, ws € Vp,

‘QsO(t)’Ylv’YQ?v?wl) - (Z)Q(t7’}’1,’}/2,’l),’ZU2)| (411)
< ko(r)(t + Imllz2@) + h2llzz2@) + lvllo)lwr —wallv.

iii) If v, — v, Wy — w in L2(0,T;U), (v7,7%) € (L2 (Er) N By (Er))?, for
alln € N, and (v, 4%) — (7y1,72) in (L2(0,T; L*(Z)))?, then

T T
lim (Z)(](S ’717’727U’n7wm dS — / ¢0(3a717’72a’u7w) d87 (412)
0 0

n,m—oo

which can be proved by taking into account (4.11) in the following relations:
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| /0 (0057772 v ) — 05, 110722 v, )} |
< /0 05,2 Vs ) — o (5. 9735 s ) d
v {6005, 77 73 v 0) — o, 428, 0)} | ds
1 OT{tﬁo(s,%‘mS,v,w)—¢o(s,71,727v7w)}d8!
T
< /0 B () (P22 + 08Nz + [onllo) lwm — wlo ds

T
+/0 ka(r) (N7 lz2z) + 105 I 2z) + llvn — vllv)[wllv ds

T
1 / (00(5, 173 0, 10) — G0, 71,12, v, w)} d,
0

and passing to limits by using that (77'3), are bounded and (4.9).

Assume that fo € Wh(0,T;Vp), u’, ul € Vy are given, and that the
following compatibility condition holds: %(I(u®)) = 0 and 3Ipy € Hy such
that

(po, w) + ag(u’, w) + by (u, w) = (fo(0),w) Yw e V. (4.13)

We consider the following problem.
Problem Q:: Find v € Wy, A € L?(0,T;L?*(Z)) such that u(0) = u°
w(0) = ul, (A, A2) € Ay(l(u)) x A_(I(u)) and

(W(T),v(T) —u(T))yrx v — (u1,v(0) — ug)

T
—i—/ {—(0,0 —a) + ap(u,v — u) + bo(t, v — u)} dt
0
T
+/ {0t Ay Ay ity 0+ kit — 1) — ot Ay A, ki) } dt
0

T
z/ (fo,v —u)ydt Vv € L>(0,T;Vp) N WY%(0,T; Hy),
0

where Wy := C([0, T]; U") n WH2(0,T; Vp).
The sets Ay(¢), A_(¢) and A(¢) have the following useful properties,
proved in [8], see also [27].

Lemma 4.1. Let ¢ € L*(0,T; L*(Z)) and (n1,m2) € A+ (¢) x A_(¢). Then
mne = 0 a.e. in Ep and there exists n € A(C) such that ny = n1, n— = 12
a.e. i =r.
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Based on the previous lemma, consider the following problem, which has
the same solution u as the problem ()1, and the solutions A, A9 satisfy the
relation A = A1 — A9, where A is a solution of Q)1 .

Problem Q2 : Find u € Wy, A1, Ay € L%(0,T; L*(Z)) such that u(0) = u",
w(0) = ub, (A, A2) € Ay (I(u)) x A_(I(u)) and

<1l<T),U(T) — u(T)>U/>< U — (ul,v(O) — UO)

T
-1-/0 {0, v —4) + ap(u,v — u) + bo(,v — u)} dt

. (4.14)
+/ (60(t, A1, Aay ity + kit — u) — dolt, Ay g, i, ki) } dt
0

T
- / (fo,v —u)dt Vv e L¥(0,T;Vo) N W(0,T; Ho).
0

For the convenience of the reader, an existence and uniqueness result
proved in [11] will be restated here under an adapted and more general form
that will enable to study problem Q.

Let B: Vo — R and ¢ : [0,7] x V§§ — R be two sequentially weakly
continuous mappings such that

ﬁ(O) =0 and ¢1(t,z,v,w1 + w?) S ¢1(tuzvvaw1) + ¢1(tvzavaw2)a (415)

o1(t, z,v,0w) = 0 P1(t, z,v,w), (4.16)

$1(0,0,0,w) =0 Yt € [0,T], Vz, v, w, w2 € Vp, V6 >0, (4.17)
Jdks > 0 such that vtLQ S [O,T], V’LLLQ,ULQ,U) e W,

o1 (t1, ur, v1, w) — P1(t2, u, v2, w)| (4.18)
< k[t — ta| + |B(ur — u2)| + [lv1 — vallv) [lwll,

dk4 > 0 such that VtLQ S [O,T], VULQ,ULQ,U)LQ € W,
|o1(t1, ur, v1, w1) — P1(t1, wr, vi, we) + @1(te, ug, v2, wo) (4.19)
—¢1(t2, u2,va,w1)| < ka ([t1 — t2| + [lur — uzl| + |lv1 — v2lvr) lwr — wal.

Let L € W1(0,T;Vp) and assume the following compatibility condition
on the initial data: 3p; € Hy such that

(p1, w)4ap(u®, w)+bo(ul, w)+¢1(0,u’, ut, w) = (L(0),w) Yw € V. (4.20)

Consider the following problem.
Problem Q3 : Find u € W22(0,T; Ho)NnW12(0,T; V) such that u(0) = u",

w(0) = u!, and for almost all ¢ € (0,7)
i, v —U) + ag(u,v — ) + bo(,v — 0
( ) + ao ) + bo( ) (4.21)
+o1(t,u,w,v) — ¢1(t,u, 4, u) > (Lyv—u) Yov € V.

We have the following existence and uniqueness result.
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Theorem 4.1. Under the assumptions (4.1), (4.2), (4.15)-(4.20), there ex-
ists a unique solution to the problem Q3.

The proof, which will be presented in a forthcoming paper, is based on a
similar method to that used to prove the Theorem 3.2 established in [11]
and on a useful estimate, see [22] or [32], which, when applied to the spaces
Vo € U C Hp, implies the following result: for every € > 0 there exists
C. > 0 such that

lully < €ellul] + Ce|u| Yu € V. (4.22)

Lemma 4.2. Assume that (4.1), (4.2), (4.4), (4.5), (4.7), (4.8) and (4.13)
hold. If r > 0 then, for each (v1,72) € (WH(0,T; L*(E)))? N (LA (Er))* N
(Br(Er))? with 71(0) = 72(0) = 0, there ezists a unique solution u = u(y, -,
of the following evolution variational inequality: find u € W*2(0,T; Ho) N
WL2(0,T; Vy) such that u(0) = u°, 4(0) = u', and for almost all t € (0,T)

(i, v — ) + ap(u,v — ) + bo(t,v — @
) . ( . ) . (4.23)
+¢)0(t,’)/1,’)/2,u,’0) - ¢O(t,’71a’Y2>U7U) Z <f(),7) - ’LL> V/U € ‘/0
Proof. We apply Theorem 4.1 to 8 =0, L = fy and
le(t,Z,U,lU) = d)o(t,’}q(t),’)’g(t),l},ﬂ]) Vit € [07T]a VZ, v, W € Vv(]

Since ¢ satisfies (4.4), (4.5) and (4.7), one can easily verify the proper-
ties (4.15)-(4.17). Also, (4.13) and (4.17) imply the condition (4.20).
Using (4.8), for some ko = ko(r) > 0 we have

VtLQ S [O,T], Vul,g, V1,2, W12 € Vo,
|1 (t1, ut, v, wr) — @1(ty, w1, v, wa) + ¢1(ta, uz, v2, w2) — ¢1(t2, ug, v, w1)|

= |¢o(t1, 71(t1),72(t1), v1,w1) — go(t1,v1(t1), v2(t1), v1, w2)|
+o(t2, 71(t2), 2(t2), v2, wa) — o(ta, v1(t2), V2(t2), v2, w1)|

< ka([ts — to| + [[n1(t1) = () 2@ + I2(t1) — v2(t2)ll 22z
+vr = vallv)[lwr — wallv

< ka((1+ Gy + C)[ta — to| + [Jv1 — valo)|lwr — wel|u,

< k5[t = tof + [[v1 — vollu) [wr — wollu,

where C,,, C,, denote the Lipschitz constants of 71, 72, respectively, and
ks =k (14+C,, +C,).
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Thus,

|o1(t1, ur, v1,w1) — ¢1(t1, wr, v, w2) + ¢1(t2, uz, v2, we)
—o1(t2, ug, vo, w1)| < ks(|t1 — ta| + [Jv1 — val|v) |lw1 —we|lo  (4.24)
Vitie €[0,T], Yui a2, vio, wiz € Vo,

and, since by the continuous embedding Vj C U there exists Cyy > 0 such
that [w|y < Cyllw|| Yw € Vp, it follows that ¢; satisfies (4.19) with
ky = ksCy.

Taking in (4.24) w; = w, wy = 0, by (4.16) with § = 0, we obtain

|p1(t1, w1, v1, w) — P1(te, ug, vo, w)| < ks(|t1 — to] + o1 — U2HU)HUJ||U(4 2)
Vtie €[0,T], Yui, vig, w €V, .

and using the continuous embedding Vy C U, it follows that ¢; satisfies
(4.18) with k3 = k5Cy.

Now, taking in (4.24) t; =t,to2 =0, u3 = 2, v1 = v, ug = vy = 0, by
(4.17) we have

|¢1(t,z,v,w1) - ¢1(ta Z>U7w2)| < k5(t + ”UHU)le - w2||U

(4.26)
Vt €[0,T], Vz, v, w2 € V.

As the embedding from Vj into U is compact, from (4.25) and (4.26) it
follows that ¢ is weakly sequentially continuous.

By Theorem 4.1 there exists a unique solution u = u,, ,) of the varia-
tional inequality (4.23). O

Also, we have the following result, which is similar to Lemma 3.3 in [9)].

Lemma 4.3. Consider r > 0, (y1,72), (61,02) € (W1*(0,T; L*(Z)))? N
(L2(Z7))* N (B(E7))? such that v1(0) = 42(0) = 61(0) = §2(0) = 0 and let
Uy y2) s U(51,55) DE the corresponding solutions of (4.23). Then there exists a
constant Co > 0, independent of (v1,72), (01, 62), such that for all t € [0,T]

|u("f1,’y2)(t) - ﬂ(51,52)(t)|2 + Hu(71,72)(t) - u(61,52)(t)||2

t
+/0 (71 2) = T(61,62) ”2 ds

! . . . . (4.27)
< C’0 A {¢0(57 Y15 725 Uy y2) u(51,52)) - d)o(s’ V1725 Uy 72) u(’)’l,"fz))

+d)0(57 517 527 u((sl,(sg)a u('ﬂ,’yg)) - ¢0($7 517 527 u((51,52)’ u(él,ég))} ds.
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5. An equivalent fixed point problem

Since D(0, T; L2(Z)) is dense in L?(0,T; L?(Z)), which is classically proved
by using the convolution product with suitable mollifiers, it follows that for
every v € L% (Z7) N By (Er), there exist r > 0 and a sequence (y"), in
W1e°(0,T; L*(Z)) N L2 (Er) N B.(Er) such that v"(0) = 0, for all n € N,
and v" — v in L%(0,T; L?(Z)).

Theorem 5.1. Assume that (4.1),

cach (1.72) € (L (Er) 0 By (Er))?
(Whe (0,T; 2(2)))? N (L2.(20))?
(1278) — (1,72) in (L2(0,T; L2(2)))2, A1 (0) = 13(0) = 0, and let ugop o)
be the solution of (4.23) corresponding to (V{,vy), for every n € N. Then
(u(ﬂwg))n is strongly convergent in Wy, its lzmit, denoted by u = u(y, ~,);
is independent of the chosen sequence converging to (y1,7v2) with the same
properties as (V', V5 )n and is a solution of the following evolution variational
inequality: u(0) = u’, 1(0) = u!,

—~
i
[\
S—
/\
..1;
:\_/
A
\_/
IS
3
S
—~
N
}_L
w
SN—
>
&
S
e
=

(@(T),v(T) = u(T))vrxv — (u',v(0) —u?)

/{ 0 — 1) 4+ ap(u,v — u) + by, v —u)}dt (5.1)
—i—/[) {gbo(t,’yl,’yg,u,v—u—i—ka)—¢0(t,’yl,’yg,u,k1l)}dt

T
> [ o —ujdt Yo e L¥0.73%) NW0.15 Hy).
0

The proof, based on Lemmas 4.2, 4.3 and on some compactness results
established in [32], is similar to the proof of Theorem 3.2 in [9], so that will
be not presented here.

Now, let @ : (L% (Zr) N By, (Er))? — 2 (FL(Er)NBro(E1)* \ (i} be the
set-valued mapping defined by

(I)(71772) = A+(l(u(’Y1,’yz))> X A—(l(u(’ﬂ,’m)))

(5.2)
for all (’yl,’)/Q) S (Li(ET) N BTQ(ET))2’

where w(,, ~,) is the solution of the variational inequality (5.1) which corre-
sponds to (7y1,72) by the procedure described in Theorem 5.1.

It is clear that if (A1, A2) is a fixed point of @, i.e. (A1, A2) € (A1, A\2),
then (u(x, 1), A1, A2) is a solution of the problem Qs.

Consider a new problem, which consists in finding a fixed point of the
set-valued mapping @, called also multivalued function or multifunction,

which will provide a solution of problem Q7.



292 MARIUus Cocou

The existence of a fixed point of the multifunction ® will be obtained by
using a corollary of the Ky Fan’s fixed point theorem [15], proved in [27] in
the particular case of a reflexive Banach space.

Definition 5.1. Let Y be a reflexive Banach space, D a weakly closed set in
Y, and F : D — 2V \ {0} be a multivalued function. F is called sequentially
weakly upper semicontinuous if z, — z, yn € F(z) and y, — y imply
y € F(z).

Proposition 5.1. (see [27]) Let Y be a reflexive Banach space, D a con-
vex, closed and bounded set in'Y, and F : D — 2P\ {0} a sequentially
weakly upper semicontinuous multivalued function such that F(z) is convex
for every z € D. Then F has a fized point.

Note that since Y is a reflexive Banach space and D is convex, closed and
bounded, we don’t need to assume that Y is separable, see [4, 27].

Theorem 5.2. Assume that (2.1), (2.2), (4.1)-(4.9) and (4.13) hold. Then
there exists (M, X2) € (L2(E7) N By (E7))? such that (A1, A2) € P(A1, A2).
For each fived point (A1, A2) of the multifunction ®, (u(x, x,), A) with X =
A1 — A2 is a solution of the problem Q.

Proof. The proof is similar to the proof of Theorem 3.3 in [9] but, for the
convenience of the reader, we shall present it. By Lemma 4.1, if (A1, A2) €
D(A1, A2), then (u(y, x,), A) is clearly a solution to the problem Q1.

We apply Proposition 5.1 to Y = (L*(0,7;L*()))?, D = (L2(Zr) N
By (Z7))? and F = ®.

The set D C (L?(0,T; L*(Z)))? is clearly convex, closed and bounded.
Since for each ¢ € L?(0,T; L*(Z)) the sets A (¢) and A_(¢) are nonempty,
convex, closed, and bounded by ¢, it follows that ®(v1,72) is a nonempty,
convex and closed subset of D for every (y1,72) € D.

In order to prove that the multifunction ® is sequentially weakly upper
semicontinuous, let (7{',73) — (v1,72), (11,72) € D, (1, m3) € (47", 7%)
Vn eN, (nf,n5) = (n1,72) and let us verify that (n1,72) € ®(y1,72). By
Theorem 5.1, there exists a sequence (92,45), in (W5H*(0,T; L*(Z)))? N
(L2 (Z7))* N (Br(Er))?, for some r > 0, such that (v7,74) — (37,95) — 0,
37(0) = 3(0) = 0 and

H’LL(,%L’%L) — U(7?775)||WO < % for all n € N, (5.3)
where u(4n sn) is the solution of (4.23) corresponding to (47',43), U(yp 43y 18
the solution of (5.1) corresponding to (7{",74) and to the procedure which
enables to define ®(~7,~4).

As (47, 9%) = (71,72) in (L2(0,T; L*(Z)))?, Theorem 5.1 implies also
that uge 5n) — u( in Wy, and by (5.3) and the triangle inequality, we
obtain

71,72)
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u('y{l,'yg) — U(yy 70) in W(). (5.4)
By Lemma 4.1, the relation (nf,n5) € ®(77,7%) is equivalent to
m' —nz € Al(ugyp 4z))) (5.5)
which may be rewritten as
kol, <ni —ny <Kol, ae.in Zp, (5.6)

for all n € N, where [,, :== l(u(ﬂwg)), and also under the following equivalent

form:
[motus [ -np< [wou, (5.7)

for every measurable subset w C Z¢ and for all n € N.
Using (5.4), (4.3), the semi-continuity of x and %, the relation (2.2),

the convergence property [ (n} —n5) — / (m — n2), and passing to limits

w w
according to Fatou’s lemma (see also [27]), we obtain

[mottugm) < [m-m) < [Roltuan) 63

for every measurable subset w C E7, which implies (n1,72) € ®(y1,72). O

6. Existence of a solution to the contact problem

Theorem 6.1. Under the assumptions of Section 3 there exists a solution
of the problem P}.

Proof. We shall prove that there exists at least a solution (w, Ay, A_) of
the problem P2 which will provide a solution (u, \) of the problem P} with
A=Ay — A,

We apply Theorem 5.2 to Uy = H{ = H} (Q1;RY) x HH(Q%RY), Vy =V,
U=H' Hy=H,ay=a,by="b, u’ =ug, u' =uy, ¢po = ¢, fo = f and to
the mapping [ : V — L%(Z) defined by I(v) = [vy] Vv € V.

Since .A%kl, B € L>(Q*) Vi, j, k, Il =1,...,d, a = 1,2, we obtain
(4.1).

The condition meas(I'g;) > 0, the ellipticity properties of the coefficients
A%kl, Biajkl and the Korn’s inequality imply that there exist mg,my > 0
such that

a® (v, vY) > m [|[v*|3e, b (VY vY) > m v |3e Yo € VY a=1,2,
and we obtain

a(v,v) > m, HU”Q, b(v,v) > my HvH2 YVveV, (6.1)

where m, = min(m},m?2), m, = min(m;, m?).

Also, the properties (4.3)-(4.7), (4.9) and (4.13) can be easily verified.
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Now, let Cy, be a positive constant such that [|v||(2z))¢ < Cir||v| g+ for
all v € H*. Using (3.3), the following estimates hold:

Yr >0, Vyi, v, 01, 09 € L%_(E) ﬂBr(E), Voi, v, wi,we €V,
|¢(717727/017 ’lUl) - ¢(717727/017 w2) + ¢(617 527 ’U2,U72) - ¢(615 52,'02,’11)1)’

— |~ (1 ) e / n(1r) (1 +72) wir] dé

+(m1 = 72, waN) r2(z) — / p(vir) (1 + 2) [war| d§

—(01 = 02, wan) 2(m) + /H p(var) (01 + 02) (war| d€

+(01 — 02, WIN) [2(=) — / p(var) (01 + 02) [wir| d|

< |(y1 =72 = 01 + 2, win — wan) 2(z)|

" / ((wr7) — p(o2r)) (1 + 72) (wrr| — war) de]

+| [ w(var)(m 472 — 61 — 02) (Jwir| — |war]) dE|

< (llm = d1llz2E) + 2 = d2llz2@)) llwin — wan|lr2eE)

+ /_ Culvir — var| (1| + [2]) [wir — war| d§

4 [ iozr) (= 61+ 2 = dal) [ — war dg
< (In = dllzzz) + e = 02llz2z)) lwr — wall(12(z))e
+27"CM/_ |lvg — v jwy — we|dE

+Mu[<|wl 51|+ 2 — Bal) fwr — ws] de

< (ln = dllzz) + e — 02ll2z)) lwr — wall(2(z))e
+2rCyllvr — v2 (2(@y)e w1 — wall(p2(z))e

+Mu(llv1 = 01llz2z) + |2 — d2lr2z)) [lwr — w2l (12(z))
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< @+ MuCu)(llm = d1ll2=) + 2 — d2llz2(z)) [lwi — wol B
+2rC,CE ||lv1 — va || w1 — wa|fe,

and so (4.8) is satisfied with ko(r)=max(1 + M,Cy,,2rC,C?.), where M, is
an upper bound of u. O

Note that the same method can provide a unified approach to study
more complex dynamic surface interactions, for which the evolution of the
intensity of adhesion is governed by a variational inequality or a differential
equation, see e.g. [33], [31], [12], [8].
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