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1. Introduction and preliminaries

Let K be a nonempty subset of a real Banach space E. Let T: K — K be
a mapping, then we denote the set of all fixed points of T' by F(T'). The
set of common fixed points of two mappings S and T will be denoted by
F=FS)NF(T). A mapping T: K — K is said to be:

(1) nonexpansive if
[Tz =Tyl < llz—yll (1.1)
for all x,y € K;

(2) quasi-nonexpansive if F(T) # () and
[Tz —pll < [lz—pl (1.2)

for all z € K and p € F(T);

925



526 GURUCHARAN SINGH SALUJA

(3) asymptotically nonexpansive [6] if there exists a sequence {ky} in
[1,00) with lim,,_, ky = 1 such that

[Tz =Tyl < knlle =yl (1.3)

for all x,y € K and n > 1;

(4) asymptotically quasi-nonexpansive if F(T) # () and there exists a
sequence {k,} in [1,00) with lim,, . ky, = 1 such that

[Tz —pl| < knllz—pll (1.4)

forall z € K, p € F(T) and n > 1;

(5) uniformly L-Lipschitzian if there exists a positive constant L such
that

[T"z = T"yl| < Lz -yl (1.5)
for all x,y € K and n > 1;

(6) asymptotically nonexpansive type [8], if

n—00 z,yeK

limsup{ sup (HT”&:—T"yH - H:r—yll)} < 0 (1.6)

(7) asymptotically quasi-nonexpansive type [14], if F(T) # 0 and

limsup{ sup (||T”x—pH - ||$—P||)} < 0. (1.7)

n—oo | z€K, peF(T)

Remark 1.1. It is easy to see that if F'(T") is nonempty, then asymptot-
ically nonexpansive mapping, asymptotically quasi-nonexpansive mapping
and asymptotically nonexpansive type mapping are the special cases of
asymptotically quasi-nonexpansive type mappings.

The class of asymptotically nonexpansive self-mappings was introduced
by Goebel and Kirk [6] in 1972 as an important generalization of the class
of nonexpansive self-mappings, who proved that if K is a nonempty closed
convex subset of a real uniformly convex Banach space and T is an asymp-
totically nonexpansive self-mapping of K, then T has a fixed point.
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Since then, iteration processes for asymptotically nonexpansive map-
pings and asymptotically quasi-nonexpansive mappings in Banach spaces
have studied extensively by many authors (see [2], [5], [7]-[20]). In 2002, Xu
and Noor [23] introduced and studied a three-step iteration scheme to ap-
proximate fixed points of asymptotically nonexpansive mappings in Banach
space. Cho et al. [3] extended the work of Xu and Noor to a three-step it-
erative scheme with errors in Banach space and proved the weak and strong
convergence theorems for asymptotically nonexpansive mappings. In 2003,
Sahu and Jung [14] studied Ishikawa and Mann iteration process in Banach
spaces and they proved some weak and strong convergence theorems for
asymptotically quasi-nonexpansive type mapping. In 2006, Shahzad and
Udomene [20] gave the necessary and sufficient condition for convergence of
common fixed point of two-step modified Ishikawa iterative sequence for two
asymptotically quasi-nonexpansive mappings in real Banach space. In 2009,
Sitthikul and Saejung [21] introduced and studied a finite-step iteration
scheme for a finite family of nonexpansive and asymptotically nonexpansive
mappings and proved some weak and strong convergence theorems in the
setting of Banach spaces. Recently, Chen and Guo [1] introduced and stud-
ied a new finite-step iteration scheme with errors for two finite families of
asymptotically nonexpansive mappings as follows:

Let K be a nonempty convex subset of a Banach space E with K +
K C K. Let {S;}¥,, {Ti}Y,: K — K be 2N asymptotically nonexpansive
mappings. Then the sequence {z,} defined by

r1 = z€K,
xsl()) = In,
A = allTa + (1 )T + o)
P = a21reM 4+ (1 - a?)S5a, +u?,
YD = ol VIl 4 (= oIS+ oY
A9 = T + (1 - o) + o)
Tny1 = N, Vn>1, (1.8)

where {ay(f)} C [0,1] and {ugf)} are bounded sequences in K for all i € I =
{1,2,...,N}, and the weak and strong convergence theorems are proved,
which improve and generalize some results in [21].
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Letting ul) =0 for all n > 1,4 € I in (1.8). We have the following:

r1 = z€K,
xszo) = In,
A = aDTEAD (1 - o)
v = aPTal) + (1 - alP) S5y,
e = afVUTR Gl 4+ (1 - oY) Sh g,
e = aMTR N1 (1 — oMY SR,
Tny1 = =N, Vn>1, (1.9)

where {(Jz?(f )} C [0,1] for all « € I and the author [1] proved weak convergence
theorem of iteration scheme (1.9).

The aim of this paper is to establish some weak convergence of the iter-
ation scheme (1.9) to converge to common fixed points for two finite fami-
lies of uniformly L-Lipschitzian and non-Lipschitzian asymptotically quasi-
nonexpansive type mappings in the framework of uniformly convex Banach
spaces. The results presented in this paper improve and extend the corre-
sponding results of Chen and Guo [1] and Sitthikul and Saejung [21] to the
case of more general class of nonexpansive and asymptotically nonexpansive
mappings because both these mappings include in the class of asymptoti-
cally quasi-nonexpansive type mappings.

In order to prove the main results of this paper, we need the following
concepts and lemmas.

Let E be a Banach space with its dimension greater than or equal to 2.
The modulus of convexity of F is the function dg(e): (0,2] — [0,1] defined
by

. 1
ou(0) =int {1.- |36+ )| lall =1, Il =1, = o = 1 .

A Banach space E is uniformly convex if and only if dg(g) > 0 for all
e €(0,2].

Recall that a Banach space F is said to satisfy Opial’s condition [11] if,
for any sequence {z,} in E, x, — = weakly implies that

limsup ||z, — z|| < limsup ||z, — y|
n——aoo n—ao0

for all y € E with y # x.
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A Banach space E has the Kadec-Klee property [21] if for every sequence
{zp} in E, x, — = weakly and ||z,| — ||z| it follows that |z, — z|| — 0.

Lemma 1.1. (see [22]) Let {a,} and {b,} be sequences of nonnegative real
numbers satisfying the inequality

py1 < ap+by, n>1.

If Y700 by < 00, then limy, o ay exists. In particular, if {an} has a subse-
quence converging to zero, then lim, . a, = 0.

Lemma 1.2. (see [18]) Let E be a uniformly convexr Banach space and
0 <a<t, <p<1foraln e N. Suppose further that {x,} and {y,}
are sequences of E such that limsup,,_, ||z,| < a, limsup,,_, [|yn] < a
and limy, o0 [thzy + (1 — ty)ynl| = a hold for some a > 0. Then it holds
limy, o0 |7 — yn|l = 0.

Lemma 1.3. (see [21]) Let E be a real reflexive Banach space with its dual
E* has the Kadec-Klee property. Let {x,} be a bounded sequence in E and
Dy q € wy(zy) (where wy(zy,) denotes the set of all weak subsequential limits
of {zn}). Supposelim, o |[tx, + (1 —t)p — q|| exists for allt € [0,1]. Then
p=gq.

2. Main result

In this section, we first prove the following lemmas in order to prove our
main theorems.

Lemma 2.1. Let E be a real Banach space and K be a nonempty closed
conver subset of E. Let {S;}¥1, {Ti}Y,: K — K be 2N asymptotically
quasi-nonexpansive type mappings with F = N\~ F(S;) N F(T;) # 0. Let
{zn} be the sequence defined by (1.9), where {ag)} C [0,1] for alli € I. Put
Ain = max{ sw_ (|TFz,—pll = |2 —pl ) V
peF, n>1
sup_ (|18 = pll = llow —pll ) VO: 1< <N} (21)

peF, n>1

such that Y 2 | Ain < 0o for all i € I. Then the limit limy o0 ||z, — q/|
exists for all g € F.
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Proof. Let g € F. Then from (1.9) and (2.1), we have

|t —a| = [ zren+ (- al)sta,
< al | Tfwn — gll + (1 = D) IS0 — gl
< | lan = qll+ Awa] + (1 = o) | 0 - gll + A
< o — gl + Amn. (2.2)

Again using (1.9)-(2.2), we obtain

[o? = = [a@z5a) + (1 - oa?)S5a, 4
< o ||13ad) — of|+ (1 - ) S5 20 — al
< o[ |2 —af + Az0) + (1= a@) | Iwn — gl + Azn
< o[ llan —all + Ain| + (1= aP) 2 — gl + Azs]
< llon = all + a2 Ary + Az,
< lzn = gll + Arp + Aon. (2.3)

Continuing the above process, we get that

7
e —a < en—al + 3 g (2.4
k=1
In particular,
N
lnri—al = [ —q|| <l =gl + 3 Arm.  (25)
k=1

Since by assumption of the theorem ) >7 | A;, < oo foralln > landi € I, it
follows by Lemma 1.1, we have that lim,_,« ||z, — ¢l exists. This completes
the proof. O

Lemma 2.2. Let E be a real uniformly convex Banach space and K be a
nonempty closed convex subset of E. Let {S;}N |, {Ti}Y,: K — K be 2N
uniformly L-Lipschitzian asymptotically quasi-nonexrpansive type mappings
such that F = (Y., F(S;) N F(T;) # 0. Let {x,} be the sequence defined by
(1.9), where {ag)} C [a,1 —a] for some a € (0,1) and all i € I. Put
A = max{ sw (7w =l = lea —pll ) v
peEF, n>1

sup_ (57w —pll = o —pll ) VO: 1<i < N}
peEF, n>1
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such that > >
0 for alli € I

-] -

mn

Proof. By Lemma 2.1, we know that lim, . ||z, — ¢|| exists. So we can
assume that

Jim [z, — gl = d (2.6)

for all ¢ € F, where d > 0 is nonnegative number. It follows from (2.4) and
(2.6) that

lim sup ||2V =1 — qH <d (2.7)
n—oo
and so
limsupH ) —qH <d. (2.8)
n—oo
Also,
lim_)sup |Shxn —q| < d. (2.9)

Further, from (1.9) and (2.6), we have

d = lim ||z —q|

n—oo

= lim [ofM (TR —q)
n—oo

+ (1= aM)(Skzn — gl
By Lemma 1.2, we get that

lim ‘S’K,xn — Tﬁx;N_l)H =0
n—o0

and

lim ‘T]\‘,a:gv_l) - qH =d.

n—o0

From (2.7), we have

n—o0

d = liminf HT;@ng*U - qH

< liminf[Hm%N_l) — qH + Any)

n—o0

= liminf Ha:%N_l) — qH < lim sup H:EﬁzN_l) — qH <d

n—0o0 n—00

and so

lim Hx,gN*U - qH —d. (2.10)

n—o0
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It follows from (2.4) and (2.6) that

lim sup a;;N*” — qH <d.

n—o0

Further, we know that

lim sup HT}&,,IxELN*Q) - qH <d (2.11)
n—oo
and
limsup ||Sy_ 12, — ¢|| < d. (2.12)
n—o0

From (1.9) and (2.10), we have

_ (N-1
d nlg]gonn

= lim [laf" V(7] 2 —q)
n—oo

+ (1= aM ) (S 1@ — ). (2.13)

) —q||

It follows from (2.11)-(2.13) and Lemma 1.2 that

lim ’S]’\L,flxn - T]&,la;;N*”H =0.
n—o0

Continuing the above process, we obtain the result of Lemma 2.2. This
completes the proof. O

Lemma 2.3. Under the assumptions of Lemma 2.2, if
lim ||z, — S]'z,|| =0 (2.14)
n—oo
foralli €1, then
lim ||z, — Tiz,|| =0, Vi€ I.
n—oo

Proof. Since lim,,_ ||S]'T)n — Tina;g_l)H = 0 for all 4 € I by Lemma 2.2.
It follows from (2.14) that

lim
n—oo

o — TZ%S;—”H —0 (2.15)

for all 4 € I. Next, from (1.9), we have

o = 2niall < af |on = THal®™ || + (1 = ) 2, - Shaal).
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Using (2.14) and (2.15), we have

lim ||z, — Zpy1|| = 0. (2.16)

n—o0

Since limy, o0 || 2n, — T zy|| = 0 by (2.15) and

[n = Ti'@pl| < ) Tn — Tinﬁgil)H + HTinxgil) —Ti'an
< )xn—ﬂ"a:g_l)u —i—LH:L‘gf_l) -z
< ’ Ty — Ti"mgffl)H + Lol ’ Tzl —

+L(1 - al7) ||SP 2y — | (2.17)
for all i =1,2,...,N. From (2.14), (2.15) and (2.17), we have
JLH;O [@n — T an|| =0 (2.18)

for all ¢ € I. It follows from (2.16) and (2.18) that

|20 — Tiznl < |z — 2pa || + Hffn—i-l - Tz‘n+1$n+1||
|7 g = T | 4+ (| T o — |
< lop — 2pa|l + Hanrl - Tz‘n+1$n+1|| + L ||zn41 — 24|
+L || Ty — 20|
< 1+ L) |lzn — zpgall + Hanrl - TinJrlxn+1H

VLT 2 — ) - (2.19)

Using (2.16) and (2.18), we get that

lim ||z, — Tyz,| =0,
n—oo
for all 4 € I. This completes the proof. O

Lemma 2.4. Under the assumptions of Lemma 2.2, if
le =Tyl < [|Six — Tayll (2.20)
forallx, y € K andi € I, then

lim ||z, — Siz,| = lim ||z, — Tix,| =0, Vi e I.
n—o0 n—o0

Proof. By (2.20), we obtain that

e
< ‘ SPa, — T~ H (2.21)
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for all i € I. It follows from (2.21) and Lemma 2.2 that

lim ||S;z, — 7}7‘3:%_1)‘ = lim ||z, — ﬂ”mfj—l)H = 0. (2.22)
n—oo n—oo
Since
|xn — Sizn| < ’ Ty — E"xﬁf‘”H + ’ TPzl — S, (2.23)
Using (2.22) in (2.23), we obtain
lim ||z, — Sizn| =0 (2.24)
n—0o0

for all 4 € I. Also,

oo = SPaall < | T7al " - S},

—

2.25)

Using (2.22) and Lemma 2.2 in (2.25), we obtain

lim ||z, — Sj'z,|| =0 (2.26)
n—oo
for all i € I. Thus lim, ||z, — Tizy|| = 0 for all i € T by Lemma 2.3.
This completes the proof. O

Theorem 2.1. Under the assumptions of Lemma 2.4, if E satisfying Opial’s
condition. Assume that the mappings I — S; and I — T; for all i € I,
where I denotes the identity mapping, are demiclosed at zero. Then the
sequence {x,} converges weakly to a common fixed point of the mappings

{T17T27...’TN751752,...7S’N}.

Proof. Let ¢ € F, from Lemma 2.1 the sequence {||x,, — ¢||} is convergent
and hence bounded. Since E is uniformly convex, every bounded subset of
E is weakly compact. Thus there exists a subsequence {z,, } C {z,} such
that {z, } converges weakly to ¢* € K. From Lemma 2.4, we get that

HILH;O Hmnk - SZm”k” =0 and 11131010 ”‘Tnk - Tl‘rnkH =0

for all ¢ € I. Since the mappings I —S; and I —T; for all ¢ € I are demiclosed
at zero, therefore S;¢* = ¢* and T;q* = ¢*, which means ¢* € F. Finally,
let us prove that {z,} converges weakly to ¢*. Suppose on contrary that
there is a subsequence {z,;} C {x,} such that {x,,} converges weakly to
p* € K and ¢* # p*. Then by the same method as given above, we can
also prove that p* € F. From Lemma 2.1 the limits lim,_, ||z, — ¢*|| and
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lim,, 00 ||2n — p*|| exist. By virtue of the Opial condition of E, we obtain

lim ||z, —¢"[| = lm |z, — ¢
n—o0 N —00

< lim ||z, —p*|
N —r00

lim ||z, — p*||

n—oo

= lim |z, —p"|
TLj—)OO

. *
< g e, — '
nj—r00

= lim |z, — ¢"|
n—oo

which is a contradiction so ¢* = p*. Thus {z,} converges weakly to a

common fixed point of the mappings {71, 75, ...,Tn,S1,S2,...,Sn}. This
completes the proof. O

Lemma 2.5. Let E be a real uniformly convex Banach space and K be a
nonempty closed convex subset of E. Let {S;}N1, {Ti}¥,: K — K be 2N
uniformly L-Lipschitzian asymptotically quasi-nonexrpansive type mappings
such that F = (Y, F(S;) N F(T;) # 0. Let {x,} be the sequence defined by
(1.9), where {ag)} C [a,1 —a] for some a € (0,1) and all i € I. Put

A = max{ swp (T2, —pl = llea —pl ) v
peF, n>1

sup_ (118720 — pll = o —pll ) VO 1 <0 < N}
peF, n>1

such that Y7 | Aiy < 00 for all i € I. Then limy, o |[tz, + (1 —t)p — q||
exists for all p, g € F and t € [0,1].

Proof. By Lemma 2.1, we know that {z,} is bounded. Letting
an(t) = [[tzn + (1 —t)p — 4|

for all t € [0,1]. Then lim, o an(0) = [[p—q| and lim, , an(l) =
lxn — q|| exists by Lemma 2.1. It, therefore, remains to prove the Lemma
2.5 for t € (0,1). For all z € K, we define the mapping R, : K — K by

x%l) _ Q%I)nggglo) +(1— ag)) T Zn,
.'E1(12) = a1(12)T2n93$11) +(1- O‘n2))53m”’
N = aNITE NV 4 (1 - oY) SE i,

Ro(z) = aM1RaW™=Y 41— aM)sha.

n
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It is easy to prove
[Bnz = Boyll < [l = yll + Ann, (2.27)
for all x,y € K, with > > | Ayy, < 0o. Setting
Spm = Rptm-1Rnsm—2-..Rn, m>1 (2.28)
and
bn,m = [|Sn,m(tzn + (1= 8)p) = (S, m@n + (1 = 1)Snmg)| - (2.29)
From (2.27) and (2.28), we have

n+m—1
1Sn,mz = Snmyll < lz—yll+ > A (2.30)
k=n
for all x,y € K and Sy, mTn = Tptm, Sn,mp = p for all p € F. Thus
Anm(t) = ”tmn—i-m + (1 —t)p— QH
< bpym + 1S, m(trn + (1= 1)p) — ||
n+m—1
< bpmtan(t)+ Y Ak (2.31)
k=n

By using [4, Theorem 2.3],we have

< ¢ |z = pll = IS0, mTn = Sn,mpl))

< ¢ lzn = pll = |n4m =+ = Sn,mpl))

6~ (e = pll = (1ntm = 2 = |Sump =), (2:32)

A

bn,m

IN

and so the sequence {by, ,,} converges to 0 as n — oo for all m > 1. Thus,
fixing n and letting m — oo in (2.32), we have

limsup anin(t) < 67 (llan—pll = (Jim_llow = pl = 1Snmp =2l ))

m—o00
n+m—1

+an(t)+ Z Akn, (233)
k=n

and again letting n — oo, we obtain

limsupan,(t) < ¢ 1(0)+ hrr_l}inf an(t)+0= lirginf an(t).

n—oo

This shows that lim,_,~ an(t) exists, that is,

lim [[tz, + (1 —t)p—q||

n—oo

exists for all ¢ € [0, 1]. This completes the proof. O
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Theorem 2.2. Let E be a real uniformly convexr Banach space such that its
dual E* has the Kadec-Klee property and K be a nonempty closed convex
subset of E. Let {S;}N1, {T;}Y,: K — K be 2N uniformly L-Lipschitzian
asymptotically quasi-nonexpansive type mappings such that F' = ﬂf\il F(S;)N
F(T;) # 0. Let {xy,} be the sequence defined by (1.9), where {oq(f)} C [a,1—d]
for some a € (0,1) and all i € I. Put

Ay = max{ sup (HTZWH —pl = llzn —pH) V.
peEF, n>1
sup_ ([187n = pll = o —pll ) VO 1 <0 < N}
peEF, n>1

such that Y7 | Ay < oo for all i € I. If the mappings I — S; and I —
T; for all i € I, where I denotes the identity mapping, are demiclosed at
zero, then {x,} converges weakly to a common fized point of the mappings

{Tl,Tg, Ce ,TN,Sl,SQ, .. .,SN}.

Proof. By Lemma 2.1, we know that {z,} is bounded and since E is
reflexive, there exists a subsequence {zy;} of {x,} which converges weakly
to some p € K. By Lemma 2.4 we get that

lim Hxnj — SiaznjH =0 and lim Hxn] — TlanH =0

n—oo n—oo
for all ¢ € I. Since the mappings I — S; and I —T; for all ¢ € I are demiclosed
at zero, therefore S;p = p and T;p = p for all © € I which means p € F.
Now, we show that {x,} converges weakly to p. Suppose {z,,} is another
subsequence of {z,} converges weakly to some ¢ € K. By the same method
as above, we have ¢ € F and p, q € wy(x,). By Lemma 2.5, the limit

lim [[tz, + (1 —t)p—q||
n—oo

exists for all ¢ € [0,1] and so p = ¢ by Lemma 1.3. Thus, the sequence {x,}
converges weakly to p € F. This completes the proof. O

Remark 2.1. Our results extend and improve the corresponding results of
[1] to the case of more general class of asymptotically nonexpansive mappings
considered in this paper.

Remark 2.2. Our results also extend and improve the corresponding re-
sults of [21] to the case of more general class of nonexpansive and asymp-
totically nonexpansive mappings considered in this paper.

Example 2.1. Let E = [—m, 7] and let T be defined by

Txr =z cosx
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for each x € E. Clearly F(T) = {0}. T is a quasi-nonexpansive mapping
since if x € E and z = 0, then

|Tz — z| = |Tx — 0| = |x|| cos x| < |z| = |z — 2],

and T is asymptotically quasi-nonexpansive mapping with constant sequence
{kn} = {1}. Hence by Remark 1.1, T" is asymptotically quasi-nonexpansive
type mapping. But it is not a nonexpansive mapping and hence asymptoti-

cally nonexpansive mapping. In fact, if we take x = § and y = 7, then

s

Te —Ty|l = —cosz—ﬂcosw =,
2 2
whereas
|z — \:‘E—W‘:—
YI=13 2"

Example 2.2. Let £ = R and let T be defined by

T 1 :
_ [ Fcosy, if x #0,
(=) { 0, ifz=0.

If z # 0 and Tz = x, then x = 3 cos % Thus 2 = cos % This is imposssible.
T is a quasi-nonexpansive mapping since if z € F and z = 0, then

|z]

1
Tz — 2| = [Tz — 0] = %Hcos? < S <lal = e -2,

and T is asymptotically quasi-nonexpansive mapping with constant sequence
{kn} = {1}. Hence by Remark 1.1, T" is asymptotically quasi-nonexpansive
type mapping. But it is not a nonexpansive mapping and hence asymp-
totically nonexpansive mapping. In fact, if we take x = % and y = %,

then

1 3 1 1
|Tx — Ty| = ’37(308?7[- — gcomr’ =5
whereas
| | 2 1 1
x€r — = |l— — —| = —
y 3 0w 3T

3. Conclusion

By Remark 1.1 it is clear that if F(T") is nonempty, then asymptotically
nonexpansive mapping and asymptotically quasi-nonexpansive mappings
are asymptotically quasi-nonexpansive type mappings, thus the results pre-
sented in this paper are good improvement and generalization of correspond-
ing results of [1, 21] and many others from the current literature.
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