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On the continuity of superposition operators
between higher-order Sobolev spaces in the
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Abstract - This paper is a completion of our previous work [6, 7] on su-
perposition operators between higher-order Sobolev spaces, where sufficient
conditions which ensure the well-definedness, the continuity, the bounded-
ness, and the validity of the higher-order chain rule for such operators were
given. We prove the continuity of these superposition operators in the su-
percritical case (see Remark 1.1).
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1. Introduction

Let g : R — R be a function, let n € N* and let {2 C R” be a bounded open
set. The superposition (or Nemytskij) operator generated by the function g
is, by definition, the operator denoted by N, that associates to each function
u : € — R the function Nyu : Q — R defined by

(Ngu) () = (gou) (x) =g (u(z), =€

For each k € N*, we denote by £F the k-dimensional Lebesgue mea-
sure. It is well-known that if g : R — R is continuous and u :  — R is
L"-measurable, then Nyju = g ou is L"-measurable as well. The same con-
clusion remains valid even when the hypothesis g : R — R is continuous”
is replaced with the weaker hypothesis ”¢g : R — R is Borel measurable”.

Within a series of papers, Marcus and Mizel [9, 10, 11] obtained necessary
and sufficient conditions for a function g to generate a superposition operator
N, having the following properties: N, is well defined from a Sobolev space
WP (Q) into another Sobolev space W14 (Q), with 1 < ¢ < p < o0, Ny is
bounded, continuous and satisfies in addition the first-order chain rule

di(gou)= (g ou)du L"ae inQ, foralli=1,...,n, (1.1)
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for all u € W1P (). Here and throughout this paper, 9; denotes the weak
derivative with respect to z;. Part of Marcus and Mizel’s results are also
reproduced in Appell [1].

Another essential result in the study of superposition operators between
Sobolev spaces is due to Bourdaud. In [2], he obtained necessary and suf-
ficient conditions on a function g such that N, : W™ (R") — W™P (R")
is well defined, with m € N, m > 2, and 1 < p < co. In their survey [3],
the authors noticed that when p = 1 and m = 2 < n, or mp = n, it is
not proved yet that those conditions on g also ensure the continuity and the
boundedness of N, : WP (R™) — W™P (R"™). Moreover, those conditions
do not generally ensure the validity of the higher-order chain rule for N, up
to order m inclusive, except for the degeneracy case ¢’ =

In [5], motivated by the intention to obtain a generalization of the well-
known Pohozaev identity, the authors generalized the results of Marcus and
Mizel. They obtained sufficient conditions for a function g to generate a
superposition operator N, having the following properties: N, is well defined
from a Sobolev space WP () into another Sobolev space W14 (Q), with
1 <q,p<oo, me N, Nyis bounded, continuous and satisfies in addition
the chain rule (1.1). In the supercritical case (see Remark 1.1 below), this
result reads as follows.

Theorem 1.1. Let Q C R™ be open and bounded, having the cone property,
let m € N*, and let g : R — R be a locally Lipschitz function.
1) If 2 <p < %5, withn >m (1 < p < 25 whenn = m), then

m—1’
Ny : WP (Q) — Whi(Q) for all 1 < ¢q < #p_mf Moreover,
Ny is bounded and the chain rule (1.1) holds for all u € W™P (),
where the product (¢’ o w) Oju is to be interpreted in the sense of de la
Vallée Poussin, namely it is considered to be zero whenever dyu (x) =

0, irrespective of whether (¢’ o) (x) is defined.

(i) If p = "5, with m > 2 and n > m — 1, then Ny : W™P(Q) —
WLa(Q) for all 1 < q¢ < oo. Moreover, N, is bounded and (1.1)
holds for all w € WP (Q) (with the usual convention on the product
(¢’ ou)du).

(iii) If "5 <p < oo, withm >2 (1 <p < oo whenn <m—1), then N :
WP (Q) — Wh(Q) for all 1 < g < co. Moreover, Ny is bounded
and (1.1) holds for all u € WP () (with the usual convention on the
product (¢’ o u) d;u).

(iv) If g* : R — R is a Borel measurable function such that g* = g’ L'-a.e.
in R, then in all cases (i)-(iii) the chain rule (1.1) can be rewritten as

di(gou)=(g"ou)Ou L"-a.einQ, forali=1,...,n,
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the convention on the product (g* o u) O;u being no longer necessary.

(v) The hypotheses which ensure the well-definedness of the operator N,
from W™P (Q) into WH4(Q), with 1 < p,q < oo, are sufficient to
ensure the continuity of Ny in each of the cases (i)-(iii).

Remark 1.1. According to Bourdaud [2], the Sobolev space W™P () is
said to be supercritical if the imbedding W™P () < L (Q) is valid.

In [7], the authors generalized Theorem 1.1. More specifically, they ob-
tained sufficient conditions for a function g to generate a superposition op-
erator N, having the following properties: N, is well defined from a Sobolev
space WP (Q) into another Sobolev space W4 (Q), with 1 < ¢,p < oo,
m,l € N, mp > n, |l < m, Ny is bounded, continuous, and satisfies in
addition the higher-order chain rule

|a|

D“ (g 9] ’LL) = Z Z Ca,k,a17_,.,ak (g(k) o U) Dalu . Daku
k=1 ocl—l—..._—‘rock:a (12)
| [#0
L"-a.e. in Q, for all & € N* with 1 < |a| </,

for all uw € W™P(€). Here and throughout this paper, c, 41 o+ € N
denotes a combinatorial constant and D® denotes the weak derivative with
respect to the multi-index a € N™.

The statement of this result is the following.

Theorem 1.2. Let Q C R™ be open and bounded, having the cone property,
let m,l € N, 1 < m, and let g : R — R be a function of class C*~1 with
g1 R — R locally Lipschitz.

Q) If » <p< 4, withn>m-—-1+1(1<p< 5 whenn €

m—l
{m—1+1,...,m}), then Ny : W™P(Q) — Whi(Q) for all 1 <

q < %. Moreover, Ny is bounded and the higher-order chain
P

rule (1.2) holds for all w € W™P (Q), where the product (g(l) ou)
Oj,u...05u is to be interpreted in the sense of de la Vallée Poussin,
namely it is considered to be zero whenever one of the factors 0j,u (z) ,
..., 05,u (z) is zero, irrespective of whether (g(l) o u) (x) is defined.

(i) Ifp = 4, withm > 1+1 and n > m — 1, then Ny : W™P (Q) —
Wha(Q) for all 1 < q < oo. Moreover, N, is bounded and (1.2)
holds for all w € WP (Q) (with the usual convention on the product
(Y ou) 0ju...05u).

(iii) If - <p < oo, withm >1+1 (1 <p < oo whenn <m —1), then
Ny : WP (Q) — Wha (Q) for all1 < g < co. Moreover, N, is bounded
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and (1.2) holds for all u € W™P (Q) (with the usual convention on the
product (g(l) ou)dju...05u).

(iv) If g* : R — R is a Borel measurable function such that g* = g\
Ll-a.e. in R, then in all cases (i)-(iii), the chain rule (1.2) can
be rewritten with g* instead of ¢, the convention on the product
(g(l) o u) O0j,u ... 05u being no longer necessary.

(v) The hypotheses which ensure that the operator Ng from W™P (Q) into
Wha(Q) is well defined, with 1 < p,q < oo, are sufficient to ensure
the continuity of Ny in each of the cases (i)-(iii).

The proof of this result is given in [7] only for the first four points. The
aim of the present paper is to give the proof of the last point of Theorem 1.2,
i.e. to prove the continuity of the superposition operator N, : WP (Q2) —
Wha(Q), with 1 < p,q < oo, in each of the cases (i)-(ii).

We end this section with the following remark.

Remark 1.2. Formula (1.2) is formally identical to the well-known higher-
order chain rule used to compute higher partial derivatives of the composite
function gou when g : R — R and u : Q — R are sufficiently smooth (see e.g.
[4, Corollary 2.10, formula (2.9)]). In its turn, the result given by Corollary
2.10 in [4] generalizes the famous Faa di Bruno formula (see [8]). According
to our knowledge, there are several equivalent manners to express formula
(1.2) or formula (2.9) in [4] but, for our convenience, we prefer to use this
form taken from [12, Subsection 5.2.1, formula (6)]. It is worth noticing
the extra generality of formula (1.2) over formula (2.9) in [4]. While (2.9)
in [4] is obtained for functions g and u of class C', for obtaining (1.2), the
regularity conditions imposed on g are slightly weakened and those imposed
on u are much more general, namely

g is of class C'~! and g(lfl) is locally Lipschitz,
uw € W™P with m > 1.

In [4], interesting applications of formula (2.9) to stochastic processes and
multivariate cumulants are given. Due to its greater generality, it is expected
that formula (1.2) should allow the enlargement of the field of applications
(e.g., boundary value problems for nonlinear partial differential equations).

2. Proof of Theorem 1.2(v)

The following auxiliary result will be needed. It is a simple consequence
Holder’s inequality.
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Proposition 2.1. Let Q C R™ be an open set and let 1 < p1,...,pk,p < 00

satisfy
1 1 1
— ===,
b1 b P

For each i = 1,...,k, consider a function u' € LPi(Q)) and a sequence
) 77%00
{u%}n C LPi(Q) such that Hu —u HLp @ 0. Then
Hu,lluf;—uluk‘ 0.
Lr(Q)

Further on, we use the notation p; = nﬁ—’ip, provided that k,n € N*
1 <p<ooand kp < n. Now, we are able to give the

Proof of Theorem 1.2(v). We will prove the continuity of N, : WP ()
— Wha(Q), with 1 < p,q < 0o, in each of the cases (i)-(iii).

Let u € WP (Q) and (uy), o C WP (Q) satisty [luy — ullyym, »(Q) [y
0. We have to show that ||[Ngu, — Ngu||Wl7q(Q) 257 0. To this end, we will
show that

| D% (g ouy) —D*(go u)HLq(Q) — 0 for all « € N" with 0 < |o| < 1.

(2.1)
Let us prove (2.1) under the hypotheses of point (i), namely < p <
ml,w1thn>m—l+1(1<p< ; whenn € {m—1+1,. m}),and
1<¢< m. We split the proof mto four cases (see the proof of point
(i) in [7]):
1. 2 <p< -y, withn>m (1 <p< 5 when n=m),

2. p= g, withn>m—1,

n
3.

——, withn >m —hand h e {1,...,1-1} (1 <p<
—— when n =m — h),

4. p= "p, withn>m —hand he€{2,...,1 - 1}.

Case 1. —to, with n >m (1 < p < %3 when n =m).

We have 1 <q<pl,_; <pk_q. By Theorem 1.1(i,v), we deduce that
Ny : WP () — W (Q) is continuous. Thus, [|gou, — g o u”Wl,q(Q) — 0,
ie.

lg © uy _gou”Lq(Q) -0,
10j (gouy) =05 (gow)llpeq) =0, j=1....,n

Consequently, formula (2.1) is proved for 0 < || < 1.
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According to point (i), gou and gowu, satisfy the higher-order chain rule
(1.2). Hence, in order to prove (2.1) for 2 < || <[, it suffices to prove that

H (Q(k’) o un) Do‘lu77 .. .Do‘ku77 — (g(k) ) u) DY .. Do‘kuHLq(Q) —0 (2.2)

for all a € N® with 2 < |a| <[, all k € {1,...,5s = |a]}, all a},...,a* € N"
with ‘ai} #0and o' 4 ...+ of = a. To this end, we use Theorem 1.1(i,v)
and Proposition 2.1.

Firstly, we fix « € N* with 2 < |a| =s <[—-1,wefix k € {1,...,s} and
we fix o!,...,aF € N* with ‘ai‘ # 0 and o' + ...+ of = a. By Theorem
1.1(i,v), we infer that N @) : W™P (Q) — WhPn-1(Q) is continuous. Thus,

Hg(k) le) un — g(k) (o) UHWLP:YL—I(Q) — 0, Whence
k k
o oy — g o ul Py 0 (2.3)
o)~ ()20 51

It follows from |lu, — uHWm,p(Q) — 0 that HDoﬂun - Dazunm7|ai|m(Q) —

0. On the other hand, since (m — |af|)p < (m —1)p < n, the Sobolev
imbedding
wr=letle () < 2Pl (@)

is valid. Therefore

HD“W7 _ DaiuH =0, i=1,... .k (2.5)
L ™l ()
It is not difficult to show that
k
1 1 1
+ < - (2.6)

* *
Pm-1 i3 Pm—jai| q

(see the proof of point (i), case 1, in [7]). By using Proposition 2.1, formulas
(2.3), (2.5), (2.6), and the fact that €2 is bounded, we obtain the validity of
formula (2.2) for 2 < |a| <1 —1.

It remains to be shown that (2.2) is valid in the case |a| = [ as well.
We fix o € R" with || = [. There is § € R" and j € {1,...,n} such that
18] =1 —1 and D* = 9;DP. According to point (i), we have

-1
DP(gow) = Z Z CBk,al,...,ak (g(k) ° U) D*v... D"y

k=1al4.. . +ak=p
%0
L"a.e. in Q, for all v e WP (Q).
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It follows that
D*(gov) =0;D" (gow)

-1
D S N (LI P
k=1al4. . +a*=p

40
+ (9% o) (6;0™ D™ v... D" vt ..+ D™ v D™ 0g D v )|
L"a.e. in Q, for all v e W™P (Q).

Hence, in order to prove (2.2) in the case || = [, it suffices to show that

H (g(k’H) o uy) GjunDO‘lu77 e Do‘kw7

2.7
- (g(k‘H) o u) 8juDO‘1u ...D°"y — 0, 27
L9(Q)
H (9™ o uy) 8; D uy D, ... D*"u
n) 9j U nee U
— ( (k) pot, pe? ok (2:8.1)
g ou)BjD uDYu...DYu — 0,
La(Q)
H (9™ o uy) Do‘lunajDOlzu77 . Do‘ku77 (2.82)
— (9" ow) D ud; D> u . DM 0, ”
La(Q)
H (g(k) o un) Dalun . Dak_lunajDakun (2.8.K)
— (g™ o) D¥u. .. Do‘kflu@jDaku‘ ) -
La(Q)

for all k € {1,...,1—1} and all a',...,a" € N with ‘o/| £ 0 and o' +
4o =8 Fixke{l,. .. ,l—1}and fix a',...,o" € N* with |ozi‘ #£0
and o' + ...+ aF = 5.
Formula (2.7) is a direct consequence of Proposition 2.1, formulas (2.4),
(2.5), (2.6), and the fact that Q is bounded.
It follows from ||u, — u||Wm,p(Q) — 0 that

H@Dalun — 8]‘Dal’u, — 0.

‘W"Hal\*lvp(g)

On the other hand, since (m — 1) p < n, the Sobolev imbedding
Wl =1p () < LPmeletln (@),

is valid. Therefore,

H8jDalun — @-Dalu * — 0. (2.9)

P
L m—|a1|—1 (Q)
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According to the above, since 1 < k <1 —1, we have

k k
Hg( ) 0 Uy — g( ) o unl’p:n—l(Q) — 0.

On the other hand, by mp > n, we get p;,_; > n. Thus, the Sobolev
imbedding
WhPn-1(Q) — L>(Q),

is valid. Consequently,

*) o0 — o) H _ 2.1
’g ou, — g ou LOO(Q)—H) (2.10)

Simple computations show that

1 LN

1
* + * ==
pm—|oc1|—1 i=2 pmf|ai| q

(2.11)

(see the proof of point (i), case 1, in [7]). Now, (2.8.1) is a direct consequence
of Proposition 2.1, formulas (2.5), (2.9), (2.10), (2.11), and of the fact that
Q is bounded. Formulas (2.8.2),..., (2.8.k) can be proved in the same way
as (2.8.1). Consequently, formula (2.2) is proved in the case |o| = [ as well.

Formula (2.1) is now proved under the hypotheses of point(i), case 1.

Case 2. p = "5, withn >m — 1.

We have 1 < ¢ < pr ;, < oo. By Theorem 1.1(ii,v), we deduce that
Ny : WmP (Q) — Wha (Q) is continuous. Thus, ||gou, —go uHWLq(Q) — 0,
ie.

lgou,—go uHLq(Q) — 0,
H8J<gou77>_BJ(QOU)HLQ(Q)_>07 .]:17777‘

Consequently, formula (2.1) is proved for 0 < || < 1.

According to point (i), gou and gowu, satisfy the higher-order chain rule
(1.2). Hence, in order to prove (2.1) for 2 < |a| < I, it suffices to prove (2.2)
for all @ € N” with 2 < || <[, all k € {1,...,5s = |a|}, all a},...,aF € N”
with ‘oﬂ" #0and o' +... + o = a. To this end, we use Theorem 1.1(ii,v)
and Proposition 2.1.

Firstly, we fix « € N with 2 < |a| =s <[—1, we fix k € {1,...,s} and
we fix o', ..., af € N" with [a/| #0 and o' + ...+ " = a.

As in the proof of point (i), case 2 (see [7]) denote

L = {ie{l,....k}:|d'| =1},
L = {ie{l,....,k}:2< |of| < s}
We have
(m—‘o/‘)p = n ifiel,
(m—‘ai‘)p < n ifi€ls,
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whence we deduce the following Sobolev imbeddings

Wm*|“i P(Q)—=L"(Q) foralll <r<oo, ifie I,

wmletlp (@) < LPmoleil Q) if i € I,

On the other hand, it follows from |u, — uHWm,p(Q) — 0 that

HDO‘iun — Do‘iuH ; — 0.
wm=letlp ()
Therefore
HD“iun — DaiuH =0 foralll1<r <oo,ifiel,
i L (%) (2.12)
HDO‘un—Da“’ s =0 ifiel.
L mf|az|(Q)

By Theorem 1.1(ii,v), we infer that N,u : W™P(Q) — W (Q) is

continuous for all 1 < r < oo. Thus, Hg(k) o Uy — gk — 0,

Vo UHWLT(Q)
whence

—0, 1<r<oo, (2.13)
Lr(Q)

H (g(kﬂ) o un) Ojuy — (g(kﬂ) o u) @-u’

Hgm ouy —g® o u]

—0,1<r<o0, 5=1,...,n.
L(Q)
(2.14)
It is not difficult to show that

>~ L (2.15)

icly Pm—jai] 4

(see the proof of point (i), case 2, in [7]). By using Proposition 2.1 and
formulas (2.12), (2.13), and (2.15), we obtain the validity of formula (2.2)
for 2 <la| <l-1.

It remains to be shown that (2.2) is valid in the case |a| = [ as well.
We fix o € R" with || = [. There is § € R" and j € {1,...,n} such that
|8 =1 —1 and D* = 9;D. According to point (i), we have

-1
DP(gow) = Z Z CBk,al,... .k (g(k) ° v) D*v...D*v
k=1al4.. +ak=p
0
L"a.e. in Q, for all v e WP (Q).



464 GEORGE DINcA AND FLORIN ISAIA

It follows that
D*(gov) =0;D" (gov)

-1
S S e [(15000) gpop e
k=1

ol+..4+ak=p
[0

+ (g% o) (4,07 v... D" vt ...+ D™ v D™ 0g; D v )|
L"a.e. in Q, for all v e WP (Q).

Hence, in order to prove (2.2) in the case |a| = [, it suffices to show that

H (g% o uy) aj“nDalun E Dak“n

2.16
— (g(k+1) o u) 8juDa1u ...Dy — 0, ( )
La(Q)
H( *) ;D" u, D’ D
g o UTI) i un un Ce Un
2.17.1
f(g(k)ou) ajDaluDa2u...Daku‘ %07 ( )
La(Q)
H (¢®) o uy) D u,yd;Du,y ... D" uyy
5 o o) DOyt Doty Do (2.17.2)
—(g ou)D wdjD*wu...D u‘ — 0,
La(Q)
H (g(k) o un) Dalun . .Dak_lunajDakun
(2.17.X)

— (g(k) o u) Dy ... DakiluﬁjDo‘kuH — 0,
La(Q)

for all k € {1,...,1—1} and all o',...,a" € N" with ‘a"{ # 0 and o' +
4o =8 Fixke{l,. ..,l—1} and fix a',...,a" € N* with |oﬂ" #0
and o' + ...+ oF =p5.
Formula (2.16) is a direct consequence of Proposition 2.1 and formulas
(2.12), (2.14), (2.15), and the fact that € is bounded.
It follows from ||u, — u||Wm,p(Q) — 0 that

H(’*)jDalun — 8]'DQIUH — 0.

wm=let|=1r )

On the other hand, since (m — 1) p = n, the Sobolev imbedding
Wl |=1p () o LPmeletln (),

is valid. Therefore,

HajDalun — 8jDal’u,

ot —0. (2.18)
L m—lal‘—l (Q)
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According to the above, since 1 < k <1 — 1, we have

Hg(k) 0 Uy — g(k) o UHWLT(Q) —0 foralll <r < oo.

On the other hand, the Sobolev imbedding
W (Q) = L™ (Q),
is valid for all n < r < co. Consequently,

(k) _ g H , 2.1
Hg ou, —g"ou LOO(Q)—>O (2.19)

It is not difficult to show that

1 1 1
- . < - iflelyand I = ¢,
Pm—jatl-1 ey Pm—foi] 1

1 1 1
— Z . < - ifleland I} # ¢,
Pm—jot|—1ieiygay Pmtai] 1 (2.20)

) )
- ” S - if II = {1}7
Pm—jati-1 jepyuy Pmfar 4
1 1 1 .
— + Z - <—- if L 2 {1}.
Pr—jat)—1 iel\{1} Pt 1

(see the proof of point (i), case 2, in [7]). Now, (2.17.1) is a direct conse-
quence of Proposition 2.1, formulas (2.12), (2.18), (2.19), (2.20), and of the
fact that © is bounded. Formulas (2.17.2),..., (2.17.k) can be proved in
the same way as (2.17.1). Consequently, formula (2.2) is proved in the case
la| =1 as well.
Formula (2.1) is now proved under the hypotheses of point (i), case 2.
Case 3. "5 < p < ——p—, withn >m—hand h € {1,...,l -1}

m—~h
(1<p< —4— whenn =m —h).
We have 1 < ¢ < p ;, < co. By Theorem 1.1(iii,v), we deduce that
Ny : WmP (Q) — Wha (Q) is continuous. Thus, ||gou, —go uHWl,q(Q) — 0,

l.e.

g ©uy _gouHLq(Q) -0,
10j (gouy) =05 (gou)llpey =0, F=1,....n.

Consequently, formula (2.1) is proved for 0 < |o| < 1.

According to point (i), gou and gou,, satisfy the higher-order chain rule
(1.2). Hence, in order to prove (2.1) for 2 < |a| <, it suffices to prove (2.2)
for all @« € N” with 2 < |o| <[, all k € {1,...,5s = |a|}, all &,..., aF € N"
with }ai‘ #0and o' +...+a* = a. To this end, we use Theorem 1.1(iii,v)
and Proposition 2.1.
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Firstly, we fix o« € N* with 2 < |a| =s <[1—1, we fix k € {1,...,s} and
we fix !, ..., of € N* with ‘ai’ 40and o'+ ...+ of = .
As in the proof of point (i), case 3 (see [7]) denote

L o= {ie{l,...,k}:1< || <h},
I = {ief{l,...,k}:h+1<]|a’| <s}.

We have

(m—‘o/‘)p > n ifi e I,
(m—’ai})p < n ifiels,

whence we deduce the following Sobolev imbeddings

wmle'le () 5 Lo @Q) ifie,

wmletle (@) < LPmolel (@) ifi e .

On the other hand, it follows from |u, — u||Wm,p(Q) — 0 that

D%y =DM| o
wmletlr(q)

Therefore

HDO‘iun—DaiuH 0 ifiel,
HDaiu Daiu‘ E@) (2.21)
-

p* , =0 ifie s
L ™1l

By Theorem 1.1(iii,v), we infer that N u) : W™P () — Whr(Q) is
continuous for all 1 < r < oo. Thus,

}g(k) O Uy — g(k) o uHW“(Q) — 0,
whence

(k) _ k) H < .
Hg ouy—gWoul 50, 1<r<o, (2.22)

H (g(k‘H) o “n) Ojuy — (g(k‘H) ) u) 8juHL —0,1<r<o0, 3=1,...,n.

()
(2.23)
Simple computations show that

>~ L1 (2.24)

icly Pm—jai] 4

(see the proof of point (i), case 3, in [7]). By using Proposition 2.1 and
formulas (2.21), (2.22), (2.24), we obtain the validity of formula (2.2) for
2<]a|<1—1.
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It remains to be shown that (2.2) is valid in the case || = [ as well.
We fix a € R" with || = [. There is § € R" and j € {1,...,n} such that
|8 =1 —1 and D* = 9;D?. According to point (i), we have

-1
DP (gov) = Z Z CBk,al,....ak (g(k) o v) D*v... D"y

k=1 ozl—i-...—l—akzﬁ
i

L"a.e. in Q, for all v e WP (Q).

It follows that

D*(gov) =9;D" (gov)
-1

=2, 2. CBkal.b [(g(kﬂ) ° U) 00D ... D" v

k=1al4. . +a*=p
|0
+ (9 ov) (4;0" 0D v... D" v+ ...+ D™ v D™ 0g; D v )|
L"-a.e. in Q, for all v e WP (Q).

Hence, in order to prove (2.2) in the case |a| = [, it suffices to show that

H (g(kH) o ) 8junD°‘1un e Do‘ku77

2.25
— (g**V ou) djuD ... D"y — 0, (225)
La(Q)
H (9™ 0 uy) 0,0 uy D,y ... D* uyy 2961
— (9™ o) g;D uDu.. . D"u| o, (226
La()
(k) al a? ok
H(g O“n)D un0; DY uyy ... D uy (2.26.2)
— (9" ow) D ugs D D%| 0, o
La(%)
H (9% 0 uy) Dy .. D 0,0
. " S (2.26 k)
— (g™ ou) D w...D* ud;D u’Lq(Q)%Oa

for all k € {1,...,1—1} and all a',..., 0% € N" with |a’| # 0 and o' +
. 4+a" =8 Fixke{l,...,l -1} and fix o!,...,a" € N" with |a’| # 0
and o' +...+oF = 3.

Formula (2.25) is a direct consequence of Proposition 2.1 and formulas
(2.21), (2.23), (2.24), and the fact that Q is bounded.



468 GEORGE DINcA AND FLORIN ISAIA

It follows from ||u, — uHWm,p(Q) — 0 that

) Oél _ ) Oél
HOJD uy — 0;D uHWmf‘allfl,p(Q)—)O.

On the other hand, since "+ < p < we have the Sobolev imbed-

dings

R
wm=let[=1e () < Lol Q) if 1€ I,
wm=letl=te (@) o [Pkl (@) if1e 1 and |ol| = b,

Wl =le (@) 5 () iflel; and |of| <h—1.

Therefore,

0D w. — §: D H —0 iflel,
o —0 ifl1€f and |0t =h, (2.27)
L m=let=1(q)

HajDo‘lun — 3jDO‘1u — 0 if1el; and ‘al‘ < h-1.

HajDalun — @-Dalu

‘LOO(Q)
According to the above, since 1 < k <1 — 1, we have

Hg(k)oun—g(k)ou —0 foralll<r < oo.

[
On the other hand, the Sobolev imbedding

WL (Q) = L (9),
is valid for all n < r < co. Consequently,

Hg(k) ouy —g® o uHLw(Q) - 0. (2.28)

It is not difficult to show that
1 1

1
T * =7
Pro—jot|=1 ey Pmelei] 4
1 1 1

——+Y <, iflehand |a|=h, (2.29)

Pr—jat|-1 i€k pml,w q
Z _ < -, ifleIland\al\Sh—l
ic€ly pm—|ai| 1

, if 1€ I,

(see the proof of point (i), case 3, in [7]). Now, (2.26.1) is a direct conse-
quence of Proposition 2.1, formulas (2.21), (2.27), (2.28), (2.29) and of the
fact that € is bounded. Formulas (2.26.2),..., (2.26.k) can be proved in
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the same way as (2.26.1). Consequently, formula (2.2) is proved in the case
la] =1 as well.

Formula (2.1) is now proved under the hypotheses of point (i), case 3.

Case 4. p= " withn>m —hand h € {2,...,] -1}

We have 1 < ¢ < pf , < co. By Theorem 1.1(iii,v), we deduce that
Ny : WP (Q) — W (Q) is continuous. Thus, ||g o uy — g 0 |y = 0,
Le.

lgoun—go U”Lq(g) -0,

||6j (goun) _aj (QOU)HLq(Q) -0, 7=1,...,n.

Consequently, formula (2.1) is proved for 0 < || < 1.

According to point (i), gou and gowu,, satisfy the higher-order chain rule
(1.2). Hence, in order to prove (2.1) for 2 < |a| <, it suffices to prove (2.2)
for all @ € N” with 2 < |o| <[, all k € {1,...,5 = |a|}, all &!,..., aF € N"
with }ai’ #0and o' + ...+ a* = a. To this end, we use Theorem 1.1(iii,v)
and Proposition 2.1.

Firstly, we fix « € N* with 2 < |a| =s <[—1, wefix k € {1,...,s} and
we fix ol, ..., o € N with ‘ai’ #0and o' +... +aof =a.

As in the proof of point (i), case 4 (see [7]) denote

L = {ie{l,...,k}:1<|a'| <h},
I = {ie{l,....k}:|a'| =h},
Iz = {ie{l,....k}:h<|d| <s}.

We have

(m—’o/‘)p > n ifi e I,
(m—‘o/‘)p = n ifié€l,
(m—‘ai‘)p < n ifiel;s,

whence we deduce the following Sobolev imbeddings

wmlele (@) o Lo (Q) ifie I,

wnle'le () < L7 (Q) forall 1 <r < oo, if i € I,
Wty (@) o Pl (@) i e I,
On the other hand, it follows from |u, — uHWm,p(Q) — 0 that

HDaiun — Do‘iuH ; — 0.
wmletlr (@)
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Therefore
HDaiun—DaiuH 0 ifiel,
| | )
HDa wy pa u‘ - 0 forall1<r<oo,ificl, (2.30)
|D%uy =D b w0 ific
L ™l

By Theorem 1.1(iii,v), we infer that Nyw) : W™ (Q) — W (Q) is

continuous for all 1 < r < oo. Thus, }g(k) o Uy —g(k) ouHW“(Q) — 0,
whence
Hg(k) ouy — g* o u’ iy 0 1ST <00, (2.31)
H (g(k“) o “n) Ojuy — (g(k“) o u) 3juHL @ =0, 1<r<oo,j=1,...,n.
(2.32)
It is not difficult to show that
1 1
» < - (2.33)

ity Pm—|ai] q

(see the proof of point (i), case 4, in [7]). By using Proposition 2.1 and
formulas (2.30), (2.31), (2.33), we obtain the validity of formula (2.2) for
2<|a]<Il-1.

It remains to be shown that (2.2) is valid in the case |a| = [ as well.
We fix a € R" with || = [. There is § € R" and j € {1,...,n} such that
18] =1 —1 and D* = 9;DP. According to point (i), we have

-1
DP (gow) = Z Z Cl kol .ak (g(k) o U) D*v... D"y

k=1 a1+..‘.+akzﬁ
a0
L"-a.e. in Q, for all v € W™P (Q).

It follows that

D (gov) = 9;D" (gow)

-1
Z Z CB.k,al,....ak [(g(kﬂ) o v) Oijalv ... Daku

k=1 al+. . +a*=p
0

+ (g(k) o v) <8jDalvDo‘2v .Dv+ .+ D0, .Do‘kilv(‘)jDo‘kv)]
L"a.e. in Q, for all v e WP (Q).
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Hence, in order to prove (2.2) in the case |a| = [, it suffices to show that

H (g(l‘“‘l) o Uy) ajunDo‘lun . DO‘km7

2.34
_ (g(k+1) o u) ajuDo‘lu o Do‘ku — 0, ( )
La(Q)
H( (%) 8; D u, D Dot
g% o uy) 0;D* upD* uyy . . . Uy
N 1 ) A (2.35.1)
~(9® ow) 90 uDu.. D[ 0,
La(Q)
H (g(k) o un) DalunajDa2un e Do‘kun
) 1 . . (2.35.2)
—(g()ou)Da uwd; DY u. .. DY u‘ — 0,
Li()
H (g o uy) D™ u, ... D, 0;D u,
(2.35.k)

~ (W ou) Du... D gD | o,
L9(9)

for all k € {1,...,1—1} and all a',...,a* € N with ‘o/| £ 0 and o' +
4o =8 Fixke{l,. .., l—1}and fix a',...,o" € N” with |ozi‘ #£0
and o' + ...+ oF = 8.

Formula (2.34) is a direct consequence of Proposition 2.1 and formulas
(2.30), (2.32), (2.33).

It follows from ||u, — u||Wm,p(Q) — 0 that

H@Dalun — 8]‘Dal’u, — 0.

‘Wm*\al\*lvp(sz)

On the other hand, since p = -+, we have the Sobolev imbeddings
wm=lot=Le Q) oy [Pnletl-r Q) if 1€ I,
wlet =1 () < [Pmelell-1 Q) if 1€ I,
Wl =l (@) s 17 (Q) forall 1 <r < oo, if 1€ and |o!| =h—1,
Wl -le () 5 1°(Q) if1el; and |0} <h—2.
Therefore,

|00y — 8,0 ~0 ifle s,

Lp:n—‘a”—l(g)
8; D" u, — 9; D" H . 50 iflel,
H g T O Lim=led =1 (q) ' 2
Hé?jDo‘lun—ﬁjDaluHL @ —0 forall 1 <r < oo, if1 € I; and ‘al‘:h—l,
HajDalun — BjDaluHL @ —0 if1e Iy and ‘al‘ < h-—2.

(2.36)
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According to the above, since 1 < k <1 —1, we have

Hg(k)oun_g(k)ou —0 foralll <r < oo.

[
On the other hand, the Sobolev imbedding
W (@) < L% (9),

is valid for all n < r < oo. Consequently,

g(k) oU, — g(k) ou — 0. (2.37)
H K HLOO(Q)

It is not difficult to show that

1 1 1
— 1t - <= iflelzand I = ¢,
Prmfatl-1 jernqiy Pm—foi] 1
1
— - < - iflelsand Is # ¢,
Pr—jall=1 ey Pm—tai] 4
1 .
! . S iflel={1}, (2.38)
pm—|041|—1 i€ls pm—\oﬂ (i
S . <= iflel 2 {1},
Prjat|-1 i€l Pin—ja 1 !
Z . < - ifle I
icly Pm—lai| 4

(see the proof of point (i), case 4, in [7]). Now, (2.35.1) is a direct conse-
quence of Proposition 2.1, formulas (2.30), (2.36), (2.37), (2.38) and of the
fact that € is bounded. Formulas (2.35.2),..., (2.35.k) can be proved in
the same way as (2.35.1). Consequently, formula (2.2) is proved in the case
la| =1 as well.
Formula (2.1) is now proved under the hypotheses of point (i), case 4.
Next, we prove (2.1) under the hypotheses of point (ii), namely p =

n

gy with m > 1+ 1and n > m—1[, and 1 < ¢ < co. By Theorem

lgou,—go uHWLq(Q) — 0, i.e.
lgoun—go uHLq(Q) -0,

105 (9 0 uy) — 0} (QOU)HLQ(Q) =0, j=1,...,n.

Consequently, formula (2.1) is proved for 0 < || < 1.

According to point (ii), gou and gou,, satisfy the higher-order chain rule
(1.2). Hence, in order to prove (2.1) for 2 < |a| <, it suffices to prove (2.2)
for all a € N® with 2 < |a| <[, all k € {1,...,5s = |a]}, all a},...,a* € N"
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and Proposition 2.1.

Firstly, we fix a € N with 2 < |a] =s <1—1, we fix k € {1,...,s} and
we fix al,..., oF € N” with ‘ai’ #40and o' +...+ " =a.

As in the proof of point (ii) (see [7]) denote

L o= {ie{l,...,k}: 1<’ <1-2},

I, = {ie{l,...,k}:’o/‘:l—l}.
Since

(m—|a')p=(m—s)p>(m-1)p=n,

the following Sobolev imbedding holds
wmlele (@) < £ (Q).

On the other hand, it follows from |u, — uHWm,p(Q) — 0 that

1 i
D%y =D 0
wmletle (@)

Therefore

HD%,7 - DaiuHL L (2.39)

continuous for all 1 < r < oo. Thus, Hg(k) Ounfg(k) OUHWM(Q) — 0,
whence

-0, 1<r<oo, (2.40)

(k) _ (k) ’
Hg ouy—g®ouf

H (g(k‘H) o un) Ojuy — (g(k+1) o u) @uHLT(Q) —0,1<r<oo0,j=1,...,n.

(2.41)
By using Proposition 2.1 and formulas (2.39), (2.40), we obtain the va-
lidity of formula (2.2) for 2 < |a| <1 —1.
It remains to be shown that (2.2) is valid in the case |a] = [ as well.
We fix a € R" with |a| = 1. There is § € R™ and j € {1,...,n} such that
|8 =1—1and D* = 9;DP. According to point (ii), we have

-1
DP(gow) = Z Z CBk,al,....ak (g(k) ° v) D*v...D*v

k=1al4.. +ak=p
%o
L"a.e. in Q, for all v e WP (Q).
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It follows that

D*(gow) =9;D" (gov)

-1
ST e (55 00 un D%
k=1ol4.. . 4ak=4

i 0
+ (g(k) o v) (8]-D0‘111Da2v .Dv 4.+ D, .Dak_lvajDakv)]
L"-a.e. in Q, for all v e W™P (Q).

Hence, in order to prove (2.2) in the case |a| = [, it suffices to show that

H (g(k‘H) o uy) ajunDalun . D"‘ku77

2.42
— (g% o) QjuDu... D" u — 0, (242
L9(Q)
H (g(’f) o un) 3jDO‘1u,7Da2un . Do‘km7 (2.43.1)
— (9™ ou) 0D uD*"u ... Daku‘ — 0, o
L9(Q)
H (g™ o uy) D u, ;D . .. Do‘ku77 (2.43.2)
~ (9% ow) D ud; D% .. DM|| 0, o
La(Q)
H (9% 0 uy) Dy .. D 0,0
. K s (2.43.k)
—(g ou)D w...D ud; DY u — 0,
La(Q)

for all k € {1,...,1—1} and all a',..., 0" € N" with |a’| # 0 and o' +
4+ af =8 Fixke{l,. .., l-1}and fix a!,...,a" € N* with !0/‘ #0
and o' + ...+ oF = 8.

Formula (2.42) is a direct consequence of Proposition 2.1 and formulas
(2.39), (2.41).

It follows from ||u, — u||Wm,p(Q) — 0 that

HajDo‘lun — 6jDalu — 0.

’Wm—‘a”—l,p(ﬂ)

On the other hand, since p = ", we have the Sobolev imbeddings
wmletl=Le Q) < L(Q) if 1 eI,

mled[=lr () < L7 (Q) forall 1 <r < oo, if 1€ I
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Therefore,
Dy, — 9; D H if 1¢1
Hc‘)] Uy — 0; D u L) — 0 if 1€ I, (244
H@Dalun — ajDaluHL - —0 foralll<r<oo, ifl € L.
According to the above, since 1 < k <1 — 1, we have
Hg(k) 0 Uy — g(k) o uHWu(Q) —0 foralll <r <oo.
On the other hand, the Sobolev imbedding
W (Q) = L (Q),
is valid for all n < r < co. Consequently,
Hg(k) o Uy — g® o uH — 0. (2.45)

L>(9)

Now, (2.43.1) is a direct consequence of Proposition 2.1, formulas (2.39),
(2.44), (2.45), and the fact that Q is bounded. Formulas (2.43.2),...,
(2.43.k) can be proved in the same way as (2.43.1). Consequently, formula
(2.2) is proved in the case |a| =1 as well.

Formula (2.1) is now proved under the hypotheses of point (ii).

Finally, we prove (2.1) under the hypotheses of point (iii), namely " <
p<oo,withm>1l+1(1<p<oowhenn<m-—1I),and 1 <¢q < co. By
Theorem 1.1(iii,v), we deduce that N, : W™P () — W14 (Q) is continuous.
Thus, ||[gou, —go UHWLQ(Q) — 0, i.e.

llgo Uy —go UHLq(Q) — 0,

||6j (goun) _aj (QOU)HLq(Q) -0, 7=1,...,n.

Consequently, formula (2.1) is proved for 0 < |o| < 1.

According to point (iii), gou and gowu,, satisfy the higher-order chain rule
(2.1). Hence, in order to prove (2.1) for 2 < |a| <, it suffices to prove (2.2)
for all o € N™ with 2 < |a| <[, all k € {1,...,5 = |a]}, all &}, ..., 0" € N"
with |af| # 0 and o' +... + a* = a. To this end, we use Theorem 1.1(iii,v)
and Proposition 2.1.

Firstly, we fix « € N* with 2 < |a| =s <[—1,wefix k € {1,...,s} and
we fix o', ..., of € N with ‘ai‘ #40and o' +...+o* = a.

It follows from ||u, — uHWm,Z,(Q) — 0 that

HDaiun — Do‘iuH ; — 0.
wmletlr ()
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On the other hand, since
(m—|a')p>(m—s)p>(m—1)p>n,

the following Sobolev imbedding holds

wmletle (@) < 12 (Q).

Therefore v _
HD%U . D%H 0. (2.46)
L>(Q)
By Theorem 1.1(iii,v), we infer that N u) : W™P () — Whr(Q) is

}g(k) O Uy — g™ o uHW“(Q) — 0,

continuous for all 1 < r < oo. Thus,

whence

Hg(k) O Uy — g(k) o UHLT(Q) -0, 1<r<oo, (2.47)

()
(2.48)
By using Proposition 2.1 and formulas (2.46), (2.47), we obtain the va-
lidity of formula (2.2) for 2 < |a| <1 —1.
It remains to be shown that (2.2) is valid in the case |a| = [ as well.
We fix a € R" with || = [. There is § € R" and j € {1,...,n} such that
8] =1 —1 and D% = 9;DP. According to point (iii), we have

-1
DP(gow) = Z Z CBk.al,.. ok (g(k) o U) D*v...D*"y

k=114 +ak=p
a0
L"-a.e. in Q, for all v e WP ().

It follows that

D*(gowv) =9;D" (gov)

-1
Z Z Cakal,..ak [(g(kH) o v) 8ij°‘1v .. D%y

k=1o'4.. . 4ak=p
o

+ (g(k) o v) (8]-D°‘111Da2v .Dv 4.+ DY, .Dak_lvajDakv)]
L"a.e. in Q, for all v e WP (Q).

Hence, in order to prove (2.2) in the case |a| = [, it suffices to show that

H (g*+D o uy) Bjuy D uyy . .. D uy

2.49

— (g%t o) djuD*u. .. D*"u — 0, (249
L1(Q)
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k

H (9™ o uy) 9;D* uyD*uyy . .. D" uyy

2.50.1
— (g(k) ) u) 8jDO‘IUDO‘2u . Daku‘ — 0, ( )

L9(Q)

H (¢®) o uy) D uyd;Dw, ... D" uyy
®) o 4) D¥ud Dy DO (2.50.2)
— (9™ ou) DY w0;D* u...D* u — 0,
La(Q)
H (9% 0 uy) Dy .. D 0,0
P (2.50.)
— (9™ ou)D¥w...D* ud;D u’Lq(Q)%Oa

for all k € {1,...,1—1} and all a',...,a" € N" with |o/| # 0 and o' +
4+ af =8 Fixke{l,. .., l—-1}and fix a!,..., " € N" with |ai‘ #0
and o' + ...+ oF = 8.

Formula (2.49) is a direct consequence of Proposition 2.1 and formulas
(2.46), (2.48).

It follows from ||u, — u||Wm7p(Q) — 0 that

HajDo‘lun — 8jDa1u — 0.

‘Wm*\al\*lm(ﬂ)

On the other hand, since p > - we have the Sobolev imbedding

m—1’

wmlet e ) o Lo Q) if1e 1.

Therefore,
Oél Oél
Hajp Uy — 8;D uHLw(Q) - (2.51)
According to the above, since 1 < k <[ — 1, we have
Hg(k) 0 Uy — g™ o uHW“(Q) —0 foralll<r < oo.
On the other hand, the Sobolev imbedding
W (Q) = L (),
is valid for all n < r < co. Consequently,
Hg(k) o Uy — g*) o uH — 0. (2.52)

L>(Q)

Now, (2.50.1) is a direct consequence of Proposition 2.1, formulas (2.46),
(2.51), (2.52) and of the fact that € is bounded. Formulas (2.50.2),...,
(2.50.k) can be proved in the same way as (2.50.1). Consequently, formula
(2.2) is proved in the case |a| =1 as well.
Formula (2.1) is now proved under the hypotheses of point (iii).
Theorem 1.2 is completely proved. O
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