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Abstract - Using a groundstate transformation, we give a new proof of
the optimal Stein—Weiss inequality of Herbst
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and of its combinations with the Hardy inequality by Beckner
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and with the fractional Hardy inequality
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where I, is the Riesz potential, 0 < & < N and 0 < s < min(N, 2). We also
prove the optimality of the constants. The method is flexible and yields a
sharp expression for the remainder terms in these inequalities.
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1. Introduction

E. Stein and G. Weiss [21] have proved that for every N > 1 and a € (0, N)
there exists a constant C' > 0 such that for every ¢ € L2(RY),
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where I, is the Riesz potential defined for o € (0, N) and = € RN \ {0} by
Aa
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and the constant A, is

r(¥5e)

Aa = QQWN/QF(%) )
so that the Riesz potentials satisfy the semigroup property I, * Ig = Io43
for 0 <o < Nand 0 < <N — q, see [19, p.19] or [14, chapter 1.1].

The optimal constant in Stein—Weiss inequality (1.1) was computed by
I. Herbst [13], who proved the following

Theorem A. (I.Herbst, 1977 [13, Theorem 2.5]) For every N > 1 and
a € (0,N) it holds
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Herbst’s proof consists in writing the associated linear operator on the
space L?(RY) as a convolution for the dilation group of simpler operators.
A close inspection of his proof suggests that the equality is not achieved and
that almost extremizers of the inequality should be similar to the function
z € RY — |z|7/2. The proof was rediscovered independently under the
name of Pitt’s inequality by W. Beckner [4], who also obtained in [5] for N >
3 the optimal constant for the combination of the Stein—Weiss inequality
with the classical Hardy inequality,

xr
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which holds for every ¢ € HY(RN). Here H'(RY) is the homogencous
Sobolev space, obtained by completion of C2° (]RN ) with respect to the norm
Il g2 defined by [|pl|3,, = [en [Vel* dz.

Theorem B. (W.Beckner, 2008 [5, Theorem 4]|) For every N > 3 and
a € (0,N), it holds
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In the present note, we give a simple new proof of Theorems A and B.
Our proof is based on groundstate transformations in the spirit of Agmon—
Allegretto—Piepenbrink [1, 3, 18], which allow to derive sharp remainder
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representations in both inequalities. Herbst’s inequality (Theorem A) can
be deduced from the following identity

Theorem A’. If N > 1 and a € (0, N), then for every ¢ € L2(RYN) it holds
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Beckner’s inequality (Theorem B) is a consequence of its quantitative

version:
Theorem B'. If N > 3 and a € (0, N), then for every ¢ € H'(RN) it holds
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In the limiting case o = 0, I, is Dirac’s delta and we recover the Agmon—
Allegretto—Piepenbrink groundstate representation [1, 3, 18] for the classical
local Hardy’s inequality,

[ weran= (MS2) [ Bl V(e @)
RN 2 Ry |f? RN |z V-2 '

Our proof of Theorems A’ and B’ combines previously known ground-
state representations with a novel version of a groundstate representations
which is designed to handle the nonlocal term on the right-hand side. Our
method is flexible enough to establish the optimal constants and sharp re-
mainder representations in a family of nonlocal Hardy type inequalities,
which includes Theorems A’ and B’ as the limit cases. We prove

Theorem C. Let N > 1, a € (0,N), s € (0,2) and s < N. Then
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Here H*(R") denotes the homogeneous Sobolev space obtained by com-
pletion of C°(RY) with respect to the norm ||| 3 defined by
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The constant Dy, s ensures that lim ol|¢| o2 = @[l £2 and lims2|p]] 742

= ||Vyl|z2 [15]. In the limit o = 0, I, is Dirac’s delta and Theorem C yields
the fractional Hardy inequality,
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obtained by I. Herbst [13] and independently by D. Yafaev [22].

The quantitative version of Theorem C is

Theorem C'. Let N > 1, a € (0,N), s € (0,2) and s < N. Then for all
© € H¥/2(RN), it holds
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The groundstate representation of Theorem C’ implies that the infimum
in Theorem C is never achieved in H*2(RY). In fact, the form of the re-
mainder terms suggests that optimality in Theorem C is related to functions
¢ that satisfy ¢(z) ~ |z|~NV=9)/2 for z € RV \ {0}.

In the limiting case oo = 0 the nonlocal remainder term was obtained by
R.Frank, E. Lieb and R. Seiringer [11, section 4] (see also [12] and [6]) in a
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nonlocal groundstate representation for the fractional Hardy inequality,
2
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A nonlocal groundstate transformation for a local Schrédinger operator
is derived in Section 2, from which Theorems A, A’, B and B” are deduced in
Section 3. A general version of a groundstate representations for fractional
operators is then obtained in Section 4 below. The proof of Theorem C and
C’ is given in Section 5.

2. A nonlocal groundstate representation for a Schrodinger oper-
ator

Recall that if u > 0 is a solution of the local Schrédinger equation
~Au+Vu=0 in RY, (2.1)
then for all p € C°(RY) it holds

/RN|V902| +/RN V? = /}RN‘V(iNqu. (2.2)

This identity can be derived by simply testing the equation (2.1) against %2
and by integrating by parts.

Identity (2.2) is known as the groundstate representation of the Schrédin-
ger operator —A + V' with respect to a positive solution u. It was discovered
independently by W. Allegretto [3] and J.Piepenbrink [18]. We refer the
readers to the lecture notes [1, 2] by S. Agmon for a review of powerful ap-
plications of the groundstate representation in the context of general second
order elliptic operators on Riemannian manifolds.

In this section we are going to derive a version of the groundstate rep-
resentation for the nonlocal equation with a Schrodinger operator and an
additional integral operator in the right-hand side,

—Au+Vu= K(-,y)u(y)dy in RY.
RN
Nonlocal linear equation with such structure occur, for instance, in the anal-
ysis of nonlinear Choquard (Schrédinger—Newton) equations, where ground-
state representations become an important tool for proving decay bounds
on the solutions and nonlinear Liouville theorems [16].
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Proposition 2.1. Let Q C RN, u € HL (Q), A € L (Q; Lin(RY; RY)) be

loc loc

self-adjoint almost everywhere in Q, V € LL () and K : Q x Q — [0,00)
measurable such that for every x,y € Q, K(z,y) = K(y,z). If Vu € L{ (),
u~t € L2 (Q) and for every nonnegative p € CH(Q),

loc
[ awa - vor v = [ [ Kt dyds,

then for every ¢ € C1(Q),

/Q A[Vg] -V + V]gl? = /Q /Q K(z,y) (z) o(y) dy dz
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In the local case s = 2 an adaptation of groundstate representation
(2.2) to distributional solutions u € L] (RY) and singular potentials V €

Llloc(RN) was developed in [8, Lemma 1.4] (see also [7, Theorem 2.12], [10,

Lemma B.1], [16, Proposition 3.1]).

Proof of Proposition 2.1. First note that since A is locally bounded and
Vu € LY(Q), by classical regularization arguments, we can take nonnegative
and compactly supported ¢ € H'(Q) N L>(Q) as test functions. In particu-
lar, we can thus take 1 = ¢?/u as a test function. We compute, since A(r)
is self-adjoint for almost every x € €2, that

A[Vy] -V = A[Va] - V((pz) + A[V@)} ' V(f)

u u u

and since K is symmetric,

p(y)?
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) dy dx

this yields the conclusion. O
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3. Proofs of the inequalities of Herbst and Beckner

We first prove the quantitative version of Herbst’s inequality:
Proof of Theorem A’. Take u(z) = \x|_% and

Ia(m — y)
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By the semigroup property of the Riesz potentials (see [19]), for every y €

RN\ {0},
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RN\ {0}

1 1 1 /T(55%)\2 1
- —vrala(@—y)—=dy = T
/RN\{O} 2|5 ly| 2 2 <F< e >) ly| 2

2
By Proposition 2.1 with Q@ = RV \ {0}, A=0and V = FENJ"O‘; we have

the conclusion for ¢ € CHRN \ {0}). If p € L2(RY), one uses a classical
density argument, passing to the limit with the help of the inequality. O

We now show how Theorem A can be deduced from Theorem A’.

Proof of Theorem A. Take n € C((0,00); [0, 1]) such that n =1 on (0,1),
n =0 on (2,00). Define for A > 1,
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By scale invariance, it suffices to note that
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Since

lim luy|* = oo,
A—oo JRN

the conclusion follows. O

Now we consider Beckner’s inequality:
Proof of Theorem B’. We begin as in the proof of Theorem A’, taking for

every z,y € RV \ {0}, u(x) = |;,;|—NT and

Io(z —y)
K(r,y) = — a3 —ars-
lz| 2 |y| 2

We compute now, by the semigroup property of the Riesz potentials, for
every y € RV \ {0},

/ K(z,y)u(z)dx = o
RN\ {0} 2

On the other hand, we have for every = € RV \ {0},

—Au(m)z (N;2)2 }\urga
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the conclusion follows from Proposition 2.1, taking

1
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and a density argument. O
We finally show how Theorem B follows:
Proof of Theorem B. Choose n as in the proof of Theorem A, and define

now
1 1
ux(w) = n(|$)\|)n</\|x‘) |x|¥

One has, as in the proof of Theorem A,
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In order to conclude, note that if A > 1,
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whose right-hand side does not depend on A. a

4. A nonlocal groundstate representation for the fractional Lapla-
cian

A version of a nonlocal groundstate representation for the fractional Lapla-
cian (—A)%/? with 0 < s < 2 was introduced by R.Frank, E.Lieb and
R. Seiringer in [11, section 3] and [12], where (amongst other things) it was
used to obtain an alternative proof of the fractional Hardy’s inequality (1.2).

In this section we are going to derive a version of the groundstate rep-
resentation for the nonlocal equation with a fractional Laplacian in the left
and an integral operator in the right-hand side.

Proposition 4.1. Let N > 1, s € (0,2) and s < N. Let K : RN x
RN — [0,00) be measurable symmetric, that is K (x,y) = K(y,z) for almost
every x,y € RN. Let u € Llloc(RN) and assume that

u(z) 1 (N
/I\RN W dx < 0 and o K(,y) U(y) dy S LlOC(R )

If for every nonnegative 1 € C°(RY) it holds

) @) —v) . PR
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and u=' € L (RYN), then for every ¢ € H¥?(RN) it holds
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In the case K(z,y) = 0 the above result improves upon [11, Propo-
sition 4.1], where instead of fIR{N %dw < o0 a stronger assumption
u € H*/?(RN) was required. A similar improvement was obtained recently
in [9, Lemma 2.10]. In Section 5 we will use the groundstate representa-
tion with respect to a function u(z) = |z|~(N=9)/2 ¢ Hl‘l/cz(RN), so such
improvement is indeed important.

Proof of Proposition 4.1. First note that since u=! € Lfooc(]RN), for
arbitrary ¢ € C°(RY) we have ¢ = ¢?/u € L°(RY).

Let n € C°(RY) be such that suppn C By, [pvn =1 and 5 > 0. For
§>0and z € RY, let ns(x) = Vn(z/5) and let 1j5(x) = ns(—x). Given
p € CX(2) and § > 0, we can thus take 15 = 7j5 * nfju € C(Q) as a test
function in the equation. We will handle each of the terms separately.

Since u € Li (RY), we have 15 * u — u in L _(RY) and almost ev-

erywhere in RY as § — 0. By our assumption and Lebesgue’s dominated
convergence, we obtain

/RN v K(z,y)u(x) (775 * Ufju)(y) dy da
2

[ (o [ K uta) o) E iy

2
— /]RN x K(z,y)u(x) %(y) dy dz,

as 0 — 0. Since K is symmetric, as in the proof of Proposition 2.1, the
latter could be transformed as

(y)’
/RN ox K(z,y)u(x) () dy dz

1 e(y)* p(z)
=5 L L K (s 50+ w22

:/ K(z,y) p(z) p(y) dy dz
RN JRN
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) dy dx
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In the left-hand side, by a change of variable

2

(1)~ ) (0 20) ~ O+ D)
LL. o

|z — y|NFs

2

/ / / ) — u( (775( z) 5*u($—2) nd(—z)nf*u(y—z)) 42 dody
RNJRNJRN

‘x _ y‘N—i-s
o ©?
(ns(w)u(e — w) = ns(w)uly — ) (5 (2) - 2 1))
:/ / / dw dz dy
RNJRNJRN |l’ —y|Nts

2
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Similarly to [11, Proposition 4.1], we obtain

2
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L .
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|IL‘ _ |N+s
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_}/ / )2 —]( N 2 (y)| ulx) ®) e ay,
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as § — 0, again by Lebesgue’s dominated convergence theorem. ]

5. Proofs of the inequalities in fractional spaces

In order to deduce the quantitative groundstate representation of Theo-
rem C’ from its more general version of Proposition 4.1.

Proof of Theorem C’. In Proposition 4.1, take

wp)= —— and  K(zy) = Cyae—2=Y
]2 |3 |y] *2
Since by [15],
e(y)) (u(z) — u(y)) o = s
/RN /RN \x_y,ms dﬂ?dy/R P(8) €17 u(€) dg
o 1
I’Y(g) = Wa

where the Fourier transform ¢ is defined for every ¢ € R by

5(E) = 1 z)e 8T dy
¢(8) = L /RN p(x) dz,
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we compute

o)) (ulx) — u(y)
/RN /RN =gl dody

- /R B el L () e

N+s L
28(;21&3)2 [ Bl Iage 61
I‘(Ni-s
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On the other hand, by the semigroup property of the Riesz potentials
[19], for 0 <a<f <N

1 1 o/ TR\ 1
(1o ) = (eke)

]

By Proposition 4.1, we reach the required conclusion for ¢ € C°(RY). If
o € H¥ 2(RN), one uses a classical density argument, passing to the limit
with the help of inequality (1.1). |

We now show how optimality of the constant Cy o s can be deduced using
the remainder terms of the groundstate representation of Theorem C'.

Proof of Theorem C from Theorem C’. Take n € C((0,00);[0,1]) such
that n =1 on (0,1), n = 0 on (2,00). Define for s € (0,2) and A > 1,

ooy =1()a(s)

We shall estimate the remainders in Theorem C'.
For o € (0, N) we obtain

Io(x—y N—s N=s 2
Talun) i= / / ﬁm@)m = un(y)ly "7 P dedy
wy S (o3 |y\
< 2/ / N+a - N)+a dy
B Je\5, m 9™

x_
I / / —Ea Yz dy.
Bijx JRN\Byox |z] 72 [y| 2

By scale invariance, it suffices to note that

Io(x—vy
/ / —LEQ N)+a dzdy < oo,
By Sy Ja 5 |y
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in order to conclude that

lim sup Jq (uy) < oo.

A—00

For 0 < s < min{2, N} we obtain

N-—s N—s 2
- IUA(JJ)L’U\ 2 —ux(y)lyl 7 |
Rs(uy) == g s dx dy,
RN JRN 7|x_ ‘N-i—s

. indy
B JEN\B, 2] 72w —y |N+s

/ / ~dzdy.
By JEN\By oy |2] 77 |2 — y|N+S|y|
As before, note that
1
~ ~— dx dy < oo,
By JRN\ B |:1;|T|;L‘—y|N+s P}
in order to conclude by scale invariance that for s € (0,2),
lim sup Rs(uy) < oo.
A—00
Finally, note that
2
! [ua(z) = ()
1m N dx dy
A—oo JrN JRN ]a: — y[ +s
1 1 P
= — — —| dzdy = oo,
/]RN /]RN [z —yN ) |y
so the conclusion follows. |
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