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Abstract - Throughout this paper we shall deal with the functional equa-
tion in the title, for real a,b and b # 0. This functional equation was
completely solved in a previous paper. Namely we found all continuous so-
lutions of the aforementioned functional equation. In this paper we shall
establish bijections between the set of solutions and some special sets of
functions.
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1. Introduction

We consider the functional equation
fof(x)+af(z)+bx=0, xz€R (1.1)

where the signs of a and b are taken according to the conventions of [4].

In the first part of this paper (see [4]) we proved the existence and we
presented the general form of the solutions of the aforementioned equa-
tion. Namely, the aim of the first part of this paper was to establish what
conditions can guarantee the uniqueness of the continuous solution of this
functional equation. More precisely, if two solutions coincide on an inter-
val under some conditions, then they coincide everywhere. In the first part
we established what conditions must fulfill this interval in each case. Let
A = a® — 4b and let 71,79 be the solutions of the equation z? + az + b = 0.
We proved the following theorem:

Theorem 1.1. (see [4, Theorem 2.1]) Let us consider the functional equa-
tion (1.1) in case A > 0. Then the following statements hold.

(i) If 1 <1y < ry and two continuous solutions coincide on
/

b
I=1[d,V], IC(0,00) and — >3, then they coincide on (0, 00).
a
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A similar result holds if I C (—00,0).

If I =[0,d'] the solutions coincide on (0,00). A similar result holds if
I=[d,0].

(ii) If ro <11 < —1 and two continuous solutions coincide on

bl
I=[d,V], IC(0,00) and o > 12 (also if I C (—00,0) and I = [d’, V] and
/
% > r2), then they coincide on R.
If 0 € I the two solutions coincide on R.

(iii) If r1 < 1 < rg, let us consider two solutions f and g such that
f(0) # 0,9(0) # 0 and there exists a' > 0 such that fand g coincide on
[0,a’]. Then fand g coincide on R. We have a similar result for the case
[a’,0], ' <O.

The aim of the paper is to prove the existence of several bijections be-
tween the set of solutions of equation (1.1) and some special sets of functions.
We will consider three cases: 1 <r; <rg,ro <11 < —land0<r; <1< rg.

2. Algebraic properties of the solutions

A. Case 1l <r; <mro.

The set of continuous solutions of equation (1.1) (see [4, Theorem 1.2])
will be denoted in the sequel by S. From the Calibration Theorem (see [4]),
we have for a solution f of equation (1.1) the inequality

r(x—y) < flx) = fly) <ra(z—vy), VryeR (2.1)

We notice that the set of continuous solutions of equation (1.1) on (0, c0),
denoted by Sy, depends upon three parameters: xg > 0, x1 € [zory, zore]
and fo : [z, 71] — [21,72]. Here (2,),y is the sequence described in [4,
Theorem 1.2], and fj is continuous and bijective which fulfills the inequality
ri(z —y) < fo(x) — foly) < ra(z —y) for z > y.

Under these assumptions, it follows from Theorem 1.1 that, starting
with (zg, 21, fo) under the previous conditions, they uniquely determine the
solution on (0, 00), because two solutions which coincide on [z¢, z1] coincide
on (0,00), according to Theorem 1.1.

Notation 2.1. In the sequel we will use the following notation.
(i) V(xl) = {f() : [:170,:111] — [xl,xg] |a;1 S [7’1:60,7’2.1:0], To = axry — bIL’o,
fo continuous, bijective and fulfills (2.1) for x >y, x,y € [zo, z1]}.

(ii) V' = U V(z1).

x1€lzor1,x0,m2)
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(iii) Sy = {f : (0,00) — (0,00) | f is a continuous solution of equation
(1.1) on (0,00)}.

(iv) S_ ={f : (—00,0) — (—00,0) | f is a continuous solution of equation
(1.1) on (0,00)}.

(v) B=<h:[0,1] = [0,1] | (0) =0, h is continuous, increasing,

7“1’1} hz) = hy) [7“1

,1} for z,y € [0, 1], x >y}.
o r—Yy (]

h(1) € [

Lemma 2.1. There exists a bijection H : V — S..

Proof. Let fo € V. There exists x; € [zory1, zor2] such that fo € V(x1).
We define H(fp) = f, where f is the only function that fulfills the conditions
f(xo) = x1, f € S1 and f(x) = fo(z) for all x € [xg,x1] (see Theorem 1.1).
Then it follows that f fulfills (2.1), for all x > y > 0. Hence H is well
defined.

a) H is injective. Let fi, fo € Sy be such that H (fol) =fi; H (fg) = fo
and fi = fa. Let zp > 0 and z1 € [zxori,xore] be such that fi (xg) =
f2 (‘TO) = 21, f(} = f1|[acg,ml]; fg = fQ‘[xz,xl}‘ Because f1|[mg,ml] = fQ‘[xo,xlb it
follows that fj = fg, so H is injective.

b) H is surjective. Let f € Sy. We look for fy € V which fulfills the
condition H(fy) = f. Consider xg > 0; 21 = f(20); fo = flizo,er)s T2 =
f(z1); fo:[zo,z1] — [x1,22]. Let us prove that fo € V(z1). Because f € S
we have r1zg < f(xg) < rozp (see [4, Lemma 1.1]). So x1 € [rixo, razo].
Since f(f(zo)) = a - f(zo) — bxo, we have zo = ax; — bxrg. Because f
fulfills (2.1), it follows that fy fulfills (2.1) (this results from the fact that
fo = flizo,e1))- Hence H is surjective and it follows that H is bijective. 0O

Theorem 2.1. There exists a bijection F': B — S,.

Proof. Firstly we shall prove that there exists T : B — V, T bijective. Let
zo > 0 and 1 € [r1zg, roxol, x2 = ax1 — bxg.

Let h € B. If x € [z9,x1], there exists t € [0,1] such that ¢t = —

r1 — T2
and conversely. We define now ¢ with the aid of h:

. . Tro — T1 Tr — X _
oilonar] vl ple) = B (E200)
h(l)?“g —-b
h(l)Tg —a+1
x1 one has x1 € [rizo,rozp]). According to the definition of the set B,

h(1) e [21]

We can take z1 = xg (namely, we shall prove that for this
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—b
Let us consider g : [Tl, 1] — R, given by g(x) = mow. Then
79 zrg —a+1
J(@) = o (ro (zrg —a+1) — (am;g —b)ra) 2 —ary + 1o + bgg _
(xro —a+1) (xrog —a+1)
— 2o b—a+1 :iL'oTz(’r'l—l)(T'Q—l)
(zrg —a +1)° (zrg —a +1)?

It follows that g is increasing, so g(x) € [g <T1> ,g(l)} . We have
T2

, (7“1) _ zp(n—b)  _ mn (-

= = xoTr1-
T9 7’1—?”1—T2+1 1—7’2

Similarly we can prove that g(1) = zgre. Hence x1 € [xor1, Zor2).

We define T : B — V by T'(h) = ¢ .

a) We shall prove that T is well defined; more precisely, starting with
h € B and defining ¢ as above, let us prove that ¢ € V(z1). Obviously
¢ (xg) = x1 and ¢ (1) = x2; because h is increasing it follows that ¢ is
increasing. Hence ¢ is surjective and increasing, therefore ¢ is bijective.

(y) — p(z)

Let us prove that d € [r1,re], for y > z. By using the relations
y p—

{ x =z + t1 (1 — o)
Yy =xo + ta (21 — x0),

we deduce that y — x = (t2 — t1) (z1 — zg). Therefore y > z if and only if
to > t1. According to the definition of x1 it follows that

$1h(1)7’2 + xl(—a + 1) = Z‘()h(l)rg — xob.

One easily deduces the relation

1 o — X1
h(1) = - <m1 — xo) (2.2)
But
by = 2@ )
To — I T2 — 1
hity) = 2P o A
To — X1 T2 — T

It follows that

hta) —h(t)  h(1) (so(y) —90(33)> ' ( y—@‘) _

t2—t1 _(1‘2—231) y—x tg—tl
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_ply) —¢(@)  h(1) (w1 — 20) =
= X1 xo)i
y—x T2 — 21

(o)) Lomon om0 e gy

y—x rg T1—Xo $2—$1_T2 y—x

e P —sto) ()= 10)

Yy—x to—t
h(t2) — h(t1) o(y) — p(z)

to — t1 y—x
¢ € V(x1). Hence T is well defined. We shall prove that C' = [rq, ra], where

C = U U {M‘y>x, x,ye[:co,xl]}.

Yy xT

r
Since € [1, 1], one has € [r1,72] and therefore
T2

z1€lzor1,xore] @€V (21)

Obviously C' C [r1,72]. On the other hand, one has Cy C C, where

C = U U D(z1,p) with

x1€[xz0r1, ToT2] ¢ € W (1)

):{mm—¢w>
y—x
and W (1) = V (1) () { ¢ [0,1] — R | o(z) = pr + g}
We shall prove that Cy = [ri,79]. Let a € [xgr1, xora] be arbitrarily
taken. We look for ¢ linear having the form ¢(z) = px + ¢ such that p = a.
Hence ¢(xg) = z1, p(x1) = x2 if and only if pro+q = x1 and pxr;+q = x9.
Consequently p (z1 — x9) = 2 — x1, that is

D(x1790 |y>x,aj,y€ [1'0,1‘1]}

x9—x1 ary—bro—x1 (a—1)z1 — bz

r1 — X0 Ir1 — X0 1 — X ’

with x1 € [zor1, zore).

We write g1(x) = W, g1 : [xor1, xore] — R. Then
d (@) = (a—l)(x—wo)—((aQ— 1) — bxg) _ :c[)(b—a—i—Ql) S0, (24)
(x — z0) (x — x0)

It follows that g; is increasing (g1 T). We have

2
Tory — X1
gi(wor) = —1——— =1

rory — Xo
and similarly g1 (zor2) = re. Because g; is continuous and increasing, it
follows that gi([zor1, zor2]) = [r1,72]. Hence, for all a € [xory, zor2] there
exist p and p(x) = pz + ¢, such that p = a.
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Consequently C; = [r1,72] and C = [ry,r9] .

b) We shall prove that 7" is injective. Let hi,ho € B, hy # hgo. Let us
prove that T'(hq1) # T (h2), T (h1) = ¢, and T (hg) = @,, where ¢,y € V.
There exist x1 and ] such that p; € V(x1) and ¢y € V().

1) If x1 # 2 we have ¢, (z9) = x1 and py () = x| with 21 # 2, hence
we have ¢; # p,.

2) If o, g € V(21) one has z1 = 2 and so zo = . On the other hand,

1 _ 1 I

hi(l) = — <$2 :El) = — <3:,2 xl) = ho(1). Because hy # ha, there
T9 Tr1 — X0 9 xl — X0

exists a € (0,1) such that hy(«) # ha(a). We choose x,, = 2o+ a (21 — x0),

Zo € (z0,x1). It follows that

To — I To — X To — I
gol(xa): 2 ! -h1< 0>+$1= 2 L ~h1(a)+x1.
hi(1)

Tr1 — X0 hl(l)
Similarly
xh — @}
eala) = (T2 - ha(e) 424

Since z1 = 2, 2 = x4 and hi(«) # ha(a), it follows that p;(z4) # pa(Ta)-
Hence ¢, # ¢y, which implies that T is injective.

c) We shall prove that T is surjective. Let ¢ € V; there exists x; such
that ¢ € V(x1). Let us prove that there exists h € B such that T'(h) = ¢.

Because ¢ € V(x1), it follows that TN ¢ [0,1], for all z € [zg,x1]. We
Tr1 — X0
denote t = —— 20 ; t €[0,1]. Let us define
Tr1 — X0
t(a1 — z0)) — - 1
h(t) = (gp(a:o Ttz — 7)) :c1> (:vg x1> - — for any t € [0,1].
To — T r1 — X0 2

Let us prove that h € B. Obviously h is continuous, h is increasing,

1 _
h(0) = 0 and A(1l) = — <x2 xl). Since z2 = ax; — bxo one has

T2 \T1 — X0
1 — Dz —b
h(l) = — <(a J11 =050) e o (2.2), i @1 € (o, raro], one has
r9 1 — Xo
1 —
il <£C2 xl) € [?"171]’ for all z1 € [rzo,razo]. Hence h(1) € [7”1’1]‘
T2 \T1 — Z0 T2 o

Thus it follows that h(1) is well defined. Let 0 < ¢; < to < 1 and write

{ x =z +t1 (1 — x0)
Yy = w0 + t2 (x1 — x0) .

Due to (2.3) we have:

o)) _,, ()=t

Yy—x to — 11
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- h(t2) — h(t
Consequently M € [r1,72], which implies M € E, 1}
y—T to — t1 T9
and thus it follows that h € B. Let us prove now that T'(h) = ¢. We have

o = (i) () (=) -

B o(z) — a1 To — X1 i
B ( A1) ) (w —xo> PN
L2 — I1 .
, it follows that T'(h)(t) = ¢(z). We deduce that

(21— w0) 72
T(h) = ¢, which means that T is surjective. In conclusion, 7" is bijective.

We define F=HoT; H:V -5, T:B—V andso HoT :B — 5,.
Since H and T are bijective, it follows that F' is also bijective. a

Since h(1) =

Remark 2.1. In the same way it can be proved that there exists a bijection
F,:B—S5_.

Corollary 2.1. There exists a bijection F': B x B — S.

Proof. According to Theorem 2.1, there exists F} : B — S bijective and
there exists Fy : B — S_ bijective. We now define F' as follows:

Fi(h)(x), >0
F(h)(@) = { FQEhQ;Exg, <0,
where h € B x B, h = (h1, h2).

a) We shall prove that F' is injective. Since h # b/, it follows that hy # h)
or hg # hi,. We deduce that Fy (hy) # Fi (k) or F» (he) # F5 (R)), because
Fy, F, are injective. Hence F'(h) # F(I).

b) We shall prove that F' is surjective.

Let f € S. Then f(z) = { ggg’ i i 8

According to Theorem 2.1, there exists Fy : B — Sy which satisfies
the relation Fy(hy) = f; and F» : B — S_ which satisfies the relation
Fy(hg) = fa (recall that Fy, Fy are surjective). Then

[ R()@), 220
FON = )+ 20
which shows that F'(h) = f. O

B. Case rp <11 < —1.

The set of solutions of equation (1.1) is given by [4, Theorem 1.3]. From
the Calibration Theorem, we have for a solution f of equation (1.1) the
inequality

—ri(z—y) < flz) = fly) <—r(z—y), Va,yeR (2.5)
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Let us observe that the set of solutions on R depends upon three param-
eters: x9 > 0, 21 € [wore,xor1], fo : [0, 22] — [23,21], Where (z,),.7
is the one of [4, Theorem 1.3] and fj is continuous, bijective and satisfies
(2.5) for x,y € [zo,x2]. From these statements it follows from Theorem 1.1
that starting with (xg,x1, fo) under previous conditions, these parameters
uniquely determine the solution on R, because two solutions which coincide
on [z, x2] coincide on R, due to Theorem 1.1.

Notation 2.2. In the sequel we will use the following notation.

(i) V(x1) is the set of functions fo : [z, z2] — [x3,21] with z; €
[roxg, r1xo], where x, 410 = —axp41 — by, for n = 0,1 and fp is continu-
ous, bijective and satisfies (2.5).

Mv= U Vo).

z1€[zor2,T0T1]
(i) S = {f : R — R | f is a solution of equation (1.1)}.
(iv) B has the same meaning like in the case A.

Lemma 2.2. There exists a bijection H : V — S.

Proof. Let fy € V. There exists x1 € [zora, zor1], such that fo € V(x1).
We define H(fy) = f, where f is the unique function which fulfills the
conditions f(xg) = x1, f € 5, f(x) = fo(z) for all x € [zg,x2]. Then it will
follow that f satisfies (2.5), for all x > y ; x,y € R, so H is well defined.

a) We prove that H is injective.

Indeed, let f3,f3 € S be such that H(f}) = H(f3) on R. Hence
H (f(}) = f1; H (fg) = fo. Let z9g > 0, z1 € [CCQTQ,ZL‘QTl], To = —ax] — bxg.
Then f1 (x0) = f2 (x0) = 215 f§ = fillwowa]s & = f2lizo,es) SINCE f1l[ag,20] =
f2l{zo,24]> We have f& = f2 and it follows that H is injective.

b) We prove that H is surjective.

Indeed, let f € S. We look for fy € V with H(fy) = f. Let 2y > 0. Write
1 = f(zo); x2 = f(x1); x3 = f(x2). Define fo : [z, z2] — [z3, 1], given
via fo(z) = f(z). Let us prove that it holds fo € V(x1). Since f € S, it
follows that rexg < f(xg) < rizo (see [4, Lemma 1.2]), so x; € [razg, rizo].

Because f(f(zp)) = —a- f(zo) — bz, we have o = —ax; — bz and because
f(f(x1)) = —a - f(z1) — bxy, we have x3 = —axy — bry. Since f satisfies
(2.5) and fo = f|[zg,as), it follows that fo satisfies (2.5). Consequently H is
surjective, therefore it is bijective. O

Theorem 2.2. There exists a bijection F': B — S.

Proof. Firstly we shall prove that there exists a bijection T': B — V,
T. Let 29 > 0 and z1 € [raxg, r1279]. Consequently xa, x3 are given by the
relations zs + ax1 + bxg = 0; x3 + axs + bx1 = 0.
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Let h € B. We now try to define ¢ : [xg, x2] — [z3,2z1]. We notice that
T ¢ [0,1]. Therefore there exists t € [0, 1]
0

x € [xg, z2] if and only if
such that t = — 20

. Hence t € [0,1] if and only if z € [zg, xz2]. We can
To — X0
define now ¢ as follows:

r3 — X1 Tr — X0
: = h
¢ : [0, 2] — [x3,71], () h(1) <I2 — 930> + 1
¢ (x0) =x1; @ (22) = 3.
Since 3 — 1 < 0 and A is increasing, it follows that ¢ |.
Zo (’I”Qh(l)(l + b) + ab)

1—a?+b—arsh(1)
for this x; one has x1 € [rozg, r120)).

We can take x1 = (namely, we shall prove that

According to the definition of the set B, it holds h(1) € [Tl, 1} .
2

xg (r2(1 +b)x + ab)
—arex+1—a2+b"

We now consider g : [7‘17 1} — R, given by g(z) =
T2

1—a?+b
Taking into account that Rl > 1, it will follow that g is well defined.
ary

n
It is well known that the function x +— is strictly decreasing if and

pr+q

men < 0. We have

only if

ro + 7"17'% —7“%7"2 — 7"%7’1

2

r% +rire 1 -1 77“3 —7rire

(14+0)r2 ab _
—ary  1—a?>+b |

ro + 7‘17% ro — r%rg

r% + rirg 1— 7"%

:7’2(1—7’%) (1—r§)<0.

1+rirg 79
1+ 79 1

:7“2(1—7“%)'

Therefore it follows that g is decreasing. Then, for x € [rl, l] , it will follow
T2

that g(x) € [g <2> ,g(l)] But ¢ <2> = xzor1 and g(1) = zor2, SO

x1 € [xore, ToT1).

Let us define T'(h) = ¢; T : B — V.

a) We shall prove that 7" is well defined. More precisely, starting with
h € B and defining ¢ as previously, let us show that ¢ € V(x1). Obviously
¢ (x9) = x1 and ¢ (x2) = x3. Since h is increasing it follows that ¢ is de-
creasing. Therefore ¢ is surjective and decreasing, i.e. is bijective.
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oY) — p()
T —y

{ x = xo+t1 (x2 — o)
y = xo + ta (x2 — x0),

Let us prove that € [r1,re], for z > y. By the equalities

we get x —y = (t1 — t2) (x2 — x0) . Hence = > y if and only if ¢; > to. We

have So(yg)c - j(x) _ a:sh(—l)xl , (h(tii :?Q(tﬁ) _ <talj - ;2>

_ xlh(—l)xs _ <h(t2:lf;(t2)> , (mixo) .

According to the definition of x1, it follows that

zorah(1)(1 4 b) 4+ abzy = 21 (1 — a? + b) — azir2h(1).

We deduce
_$1(1—a2+b)—abxo_i r] — X3
h(1> - 72 (1’0(1 + b) + aa:l) - T9 (JZQ — .CCQ) ) (2.6)
Consequently W @ ) )
ely) —elx) _ (h(t1) — h(t .
£6)— el <t1 — ) ) (2.7)
hity) = hta) _ 11 e(y) — ¢(z)

, 1|, it follows that
tl — t2 T9 r—1Y
Hence ¢ € V(x1) and then it follows that T is well defined.

We shall prove that if

c= U U {(p(‘y)_gp(z)‘y>w; xaye[wo,m]},

Since € [—ry,—ra).

y—x
x1€[zore,zor1] @EV (21)

then C' = [rg,71]. It obviously holds C' C [rg,r1]. On the other hand, one
has C7 C C, where

Ci = U U D(x1,¢) with

z1€[x0T2, TOT1] P € W (21)

_ ey) — o)
)= (H =

W (z1) =V (21) ({9 :[0,1] = R | p(z) = pz + q}.

D(z1,¢ |y >, x,y € [xo,x2]} and

We shall prove that C; = [ro,71]. Let o € [ramg, r1z0]. We look for ¢
linear (p(z) = pr + ¢) such that p = a. So ¢(xg) = x1, p(x2) = z3, that is
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pro+q = x1,pr2+q = x3. These equalities imply that p (x2 — z9) = x3—x1.
The latter relation is equivalent to

_ r3— 11 _xl—xg_:cl—xl(aQ—b)—abmo _:cl(l—a2+b)—ab:v0

To — Ty  To— T2 o + ax1 + bxg - axy + (b+ 1)zp

9

z1 € [roxo, T10) - : 2 1)
1—a”+b)x— abxg

We consider g1 : [zor2, zo7T1] — R, given by g1 (x) =

b+1 _T1T2+1
a ) ritr

ax + (b+ 1)z

> ry. Hence ¢; is well defined. We now

Obviously — (
establish the monotony of g;. One has

_ g2 _
‘1 a“+b ab (412 —a?=

a b+1

=(@a+b+1)(b+1—a)=(r—-1)(r5 —1) >0,

. . . . Lo (7“ if -r 1)
and it follows g; increasing. It is clear that g1 (zor1) = ——F——=- =171
o (7“1 — 1)
wo (r§ —12) , . . . -
and g (ror2) = —5——- = ra. Since g; is continuous and increasing, it
To (r2 — 1)

follows that g1 ([xore, zor1]) = [re,r1]. Consequently, for all « € [zor2, zor1]
there exists ¢ linear (p(z) = pz + ¢) such that p = a. Hence C; = [ro, ]
and it follows that C' = [rg,71].

b) We shall prove that T is injective.

Let hi,he € B with hy # he. Let us prove that T'(hy) # T'(hg). Next,
we will denote by ¢; the function T'(h1) and by ¢, the function T'(hs), and
1,9 € V. There exist 1, 2} such that ¢; € V(z1) and ¢, € V(z)).

1) If 1 # ), then p;(zo) = x1 and ¢y(x9) = ), with &1 # 2/, so

P17 P
2) If 21 = ) hence ¢,y € V(x1), we have zo = zi, with obvious

1 o 1 R |
notations. But hi(1) = — (xl x3> = — (xl xf’) = hg(1). Since
79 o — T2 T9 xro — (E2

hi # hg, there exists a € (0,1) such that hj(a) # ha(a). We choose

To = T0 + (T2 — %0); Ta € (70, T2)-
We shall prove that () # po(ar). One has

T3 — X To — L0 xr3 — 1
Y1 (ac ) hl(l) 1 <x2 _x0> + 21 hl(l) 1(06) +

In the same way
/ /
T3 — T /
-h + z.
©2 (2a) ha(1) 2(@) + 2
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Since z1 = 2}, x3 = 2% and hy(«) # ha(«), it follows that ¢ (za) # @9 (Ta)-
Consequently ¢; # ¢y and it follows that T is injective.

¢) We shall show that T is surjective. Let ¢ € V; there exists z; such
that ¢ € V(x1). Let us prove that there exists h € B with T'(h) = ¢. Since

@ € V(xy), it follows that T ¢ [0,1] for = € [xp,z1]. We can write
o — X0
t=—""0 0,1
L2 — Lo

o(r) — a1 . @ — 3
xz—x1 1o (zo— 2)

p(r) — 21
(.’172 - 330) T2 )

1) Let us prove that h € B. Obviously h is continuous and increasing.

1 _
One has h(0) = 0 and h(1) = . (zl i3> (see (2.6)). According to (2.7),
2 \Zo — T2

We define h(t) =

. Hence h(t) =

if #1 € [zor1, xor2), it follows that h(1) € [Tl, 1} . Consequently h is well
r2
defined in 1.

Let 0 <t <ty <1, and write

x =z + t1(z2 — x0), Yy =x0+ t2(z2 — x0).

- h(ta) — h(t
One has the equality ly) = vlz) =1y (i)t(l)> (see (2.7)). Hence
y—z 2— U

_ h(te) — h(t
M c [TQ,Tl] if and Only if M S |:Tl, 1:| and h € B.
y—2x to — 1 T2

2) Let us prove that T'(h) = ¢. One has

o) = (5) () 0 =
N (xlxi ;;f)l 1 (;Z(f)x;)x.lrz +a1 = o).
To — X2

2

Consequently T'(h) = ¢ and T is bijective.
We define F=HoT,H:V - SandT:B—-V,soHoT :B — §S.
Since H and T are bijective, it follows that F' is also bijective. i

C.Case 0<r <1<mrs.

The set of solutions is given by [4, Theorem 1.4]. Let us observe that the
set of solutions on R, for which f(x) > =z, depends upon two parameters:
x1 > 0 and the function fy : [0,21] — [z1,22], where (), ., is that one
of [4, Theorem 1.4] and fj is continuous bijective and verifies the relation
(2.1). Under these conditions it follows from Theorem 1.1 that, starting with
(21, fo) under previous conditions, these parameters determine uniquely the
solution on R, which additionally fulfills the condition f(0) = x; (because
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two solutions f and g with f(0) = ¢(0) = z; which coincide on [0, z1],
coincide on R according to Theorem 1.1).

Notation 2.3. In the sequel we will use the following notation.
(i) V(z1) = {fo : [0,21] — [z1,ax1] fo is continuous, bijective, increasing,
fo satisfies (2.1)}.
@H V= U Vi)
21€(0,00)
(iii) S+ ={f : R — R f is (strictly) increasing and is solution
of equation (1.1), f(z) > x}.
(iv) B={h:1[0,1] — [0,1],h(0) = 0, h is continuous, increasing,
ity —1 h(z) — h(y)

h(1) , e {1] >y By € [0,1]}-
T2 r—1Y T2

Lemma 2.3. There exists a bijection H : V — 5.

Proof. Let fy € V. There exists 1 > 0 such that fy € V(z1). We define
H(fo) = f, where f is the unique function which fulfills the conditions
f(zo) =1, f € St and f(z) = fo(x) for all x € [0, z1]. Then it follows that
f satisfies (2.1), for all z > y > 0. Hence H is well defined.

a) We shall prove that H is injective. Let f1, fo € S; with H (fol) = f1;
H(fg) = fo and f; = fo. Let 1 > 0, such that f1(0) = f2(0) = =1,
fo = Hloegs J§ = folpe- Since filp,z,) = f2ljo,.2,) it follows that f§ = f3,
so H is injective.

b) We shall prove that H is surjective. Let f € S;. We look for fo € V
with H(fo) = f. Take x1 = f(0); fo = fljoz,); T2 = f o f(0); then one has
fo : [0,z1] — [x1,22]. We shall prove that fo € V(x1). Since f € Sy, it
follows that x; > 0. The equation f(f(0)) = a- f(0) —b-0 implies x2 = ax;.
Since f verifies (2.1), fo verifies (2.1), because fo = f|o,)- Hence H is
surjective and then it follows that H is bijective. (]

Theorem 2.3. There exists a bijection F': B — S,.

Proof. Firstly we shall prove that there exists T : B — V, T bijective.
Consider x1 > 0 and put zo = az.

Let h € B. If © € [0, 2], then there exists ¢t € [0,1] such that ¢t = =z
z1
Consequently ¢ € [0, 1] if and only if x € [0, z1]. We now define ¢ by

x
@ :[0,21] = [z1,a21],  p(x) = 2172h (331> + 1.

For x = x1 it holds

(a—1)

T2

o(x1) = zroh(1) + 21 = z172 - + 21 = ax1 = 2o.
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Hence p(z) € [x1,ax1], because ¢ is increasing.
We define T': B — V by T'(h) = ¢.
a) We shall prove that T is well defined. More precisely, starting with
h € B and defining ¢ as above, let us prove that ¢ € V(z1).
Obviously ¢(0) = =1 and ¢ (1) = ax;. Since ¢ is increasing, continuous,
©(0) = z1 and ¢(x1) = ax1, it follows that ¢ is bijective.
p(y) — o(x)
y—x
x = tyx1, y = toxy, where t1,t9 are in [0,1]. One has y —x = (to — t1) 21
and y > x if and only if o > t;. Then we have:

{ o(y) = x1r2h(tz) + 21

p(x) = z1roh(ty) + 21

and it follows ¢(y) — p(z) = z17m2 (h (t2) — h (t1)). We deduce that
p(y) —p(z) h(t2) — h(t1) <t2 — t1) B
— T =xry- . =

y—z B to — 11 y—x

Let us prove that € [r1,7re]. For 2y > y > x > 0 put

h _
_ hlte) —ht) L
to — 1 1

In conclusion, it holds

e(y) —p(x) _  (h(tz) — h(t1)
y—x _T2< ta—t )

€ [r1,r2]. Hence

Since M 71], we have M

lo —t1 T2 y—x
¢ € V(z1). Then it follows that T is well defined.
We shall prove that if

c- U U U=y e o),

x1€[0,00] peV(21) Y

then C' = [r1,r2]. We have C' C [r1,72] and it remains to prove the inclusion
[r1,72] C C. We look for functions ¢ : [0, z1] — [z1,az1] (a = r1 +r2) of the
form )
[ rz4+ec xzel0,2)
olz) = { re+d xelx),x],
m J—
where r # 7’ and we study what values can take the ratio M,
x J—
where 0 < y < x < 2/, in order to have ¢ € V (z1). Consequently the
following necessary conditions are compulsory: ¢(0) = z1, ¢ (z1) = axy,
ray +c=r'zy + and r1 <r, " <ry. Consequently
C=2I C=2
r’'z1+c =az; which implies d=(a—1")x
ray +c=r'z) +¢/ raf + a1 =r'2) + (a — 1)z
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It follows that
, m(l—a+1")
.Tl = - 5 .-
r—r

Hence one has
1—a+7

0 <} < if and only if ——— >0
=

and
z1(1—a+1") 1—a+17

; < if and only if ——— <0.
r—r r—r

l—a+r<0 r<a-—1
l—a+71>0 ’SO{ ' >a—1.
and 7’ € (a—1,72]. Hence if r < 7/, then r can take any value from the
interval [r;,a — 1).

If v/ < r, then {

If 7/ > r, then { Then r € [r1,a —1)

l—a+7r>0 r>a—1
l—a+1<0 ’SO{ ' <a-—1.
and ' € [r1,a — 1). Therefore if r > 1/, then r can take any value from the
interval (a — 1,7g].

Our next objective is to prove that ¢ € V(x;). We observe that it is
enough to prove that

Then r € (a — 1,7r9]

0 < a < f <a; implies that 71 (8 — a) < ¢(8) — p(a) < r2(f — ).
If o, 5 € [0,2)] or o, B € [2], x1] it is obvious that
ri(6 —a) < o) = pla) <728 - @),

according to the previous considerations.
Let us suppose that a < 27 < . We shall prove that the inequality
o(B) — () < ry(f — ) holds. Indeed, one has

ola)=ra+c=ra+z,p(B)=r'B+c =13+ (a—1")z1,
deducing that ¢(5) — () < ro(f — «) if and only if
B+ axy —r'r1 —ra— 1 < 1reff — M.
The latter inequality is equivalent to

ﬁ>ar2—r z1(a—1"—1)

ro — 1! rg — 1!

Since 3 > ), it is sufficient to prove that

, ro — 7T a—1r' —1
T >« )T\ |-
Tg — 7T Tog — T




260 TRAIAN CRISTIAN GIDEA

By replacing x, we get the inequality

1—a+7r ro — 1T a—1r"—1
| ——— | > ; + 1 -
r'—r To — T To — T

By direct computation one shows that this is equivalent to

Ty —T TQ — T

1-— ! .
n (b=t r) G = T

The latter inequality is equivalent to

(1 —a+ r’)
a<zi|—),
=
that is a < 2. We already know that this is true, so (3) —p(«) < ra(f—a).
We prove now that ¢(3) — p(a) > r1(8 — «), that is

B+ axy —r'ry —ra—x1 > 1B —ra.
This relation is equivalent to
r—r r—a+1
6> L) b (—0 ).
r—ry r—ry
Since # > x1, it is enough to prove that
r—r r—a+1
m’1>a</ 1>+x1</ .
T —T1 Tr—T
By replacing x|, we get the equivalent inequality
1—a+7r' r—r r—a+1
xl(/ >>a</ 1>+£C1</ .
r—r r—or r—or
It is easy to check that this relation is equivalent to
rTr—7"r1 r—nr
x1(1—a+1 >
a ) (r' —r)(r' —r) (r’—rl)’

that is @ < ). From our hypothesis we know that this inequality is true.
Hence

p(B) — pla) = (6 — ).
Thus we have ¢ € V (z7).
We have proved also that: [ri,7r2] — {a — 1} C C.
Obviously, choosing ¢(z) = (a — 1)z + z1, we have

¢(0) =21, ¢(z1) =azr, and W =a—1
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Since a — 1 € (r1,12), it follows that ¢ € V(x1). Hence [r1, 2] C C. Then it
follows that C' = [ry, ra].

b) Let us prove that T is injective. Let hy, ho € B with hy # ha. We
shall prove that T'(hy) # T (hg). Put T (h1) = ¢, and T (h2) = @4, where
©1,p9 € V. There exist x1 and | such that p; € V(z1) and ¢, € V(2)). If
z1 # 2} we have ¢;(0) = 1 and p,(0) = 2, so ¢; # ¢y. If 21 = 2/, hence
©1, P9 € V(z1) we have xo = xf, = az1. Since hy # ha, there exists « € (0,1)
such that hi(a) # ha(a). We choose 2o = z1 - «, hence z, € (0,21). We
have

¢1(7a) = T1m2h1 (@) + 71,
po(Ta) = wir2ho () + o).

Since 21 = ] and hi(«) # ha(a), we deduce that ¢;(z4) # ©o(2a). Conse-
quently ¢, # ¢, and we deduce that T is injective.

c¢) Let us prove that T is surjective. Let ¢ € V; there exists 21 such that
¢ € V(z1). Let us prove that there exists h € B such that T'(h) = ¢. For

any = € [0, 1], write ¢t = L e [0,1]. We define A : [0,1] — [0, 1] via
I

o(txy) — 1

h(t) =
(t) -

1) Let us prove that h € B. Obviously h is continuous and increasing.
— -1
One has h(0) =0, h(1) = ploy) = a1 = 27" Hence h is well defined at
172 T2
t=1 Let 0 <t <ty <1, and write x = t1x1, y = tox1. According to

relation (2.8) we have:

oy) —el@) _ <h(t2) - h(t1)> .

Yy—x to —t1

— h(t2) — h(t
Hence #ly) = () € [r1,ro] if and only if hitz) = h(t) € [7"1’ 1] and this

y—z lo —t1 T2
implies that h € B.

2) Let us prove that T'(h) = . One has

7)) = ara (P ) = o)

271

Consequently it follows that T'(h) = . Thus it follows that T is surjective
and finally that T is bijective.

We define F=HoT, H:V - S, andT:B—V,so HoT: B — S,.
Since H and T are bijective, it follows that F' is also bijective. ]
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