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1. Introduction and known facts

Throughout the present paper, suppose R is a commutative unital ring and
G is an abelian group written multiplicatively as is customary when dis-
cussing group rings; in this way all our groups and subgroups are multi-
plicative. As usual, RG denotes the group ring of G over R with unit group
U(RG) and its subgroup of normalized units V (RG) = {

∑
g∈G rgg ∈ U(RG)

|
∑

g∈G rg = 1}, which will be in the focus of our further interest. Standardly,
U(R) and N(R) denote the unit group and the nil-radical of R, respectively,
and Gt the torsion subgroup of G with p-component Gp. Imitating [9], we
define P to be the set of all primes which is a subset of the set N of all
naturals, supp(G) = {p ∈ P | Gp 6= 1}, inv(R) = {p ∈ P | p · 1R ∈ U(R)}
and ∅ the empty set.

Moreover, following [8], we state the so-called idempotent subgroup of
V (RG). Specifically, we write

Id(RG) = {e1g1 + · · ·+ esgs|ei ∈ R, e2i = ei, eiej = 0,

∑
1≤i≤s

ei = 1, gi ∈ G, 1 ≤ i 6= j ≤ s ∈ N}.

This group is also named a group of idempotent units. All other notions
and notations are standard and follow essentially those from [8] and [9].
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A problem of major interest is to describe the units in commutative
group rings, that is, to characterize the group U(RG) up to an isomorphism
(see, for instance, [6] and [7]). However, at this stage, this question seems to
be insurmountable in general. So, some partial cases, like to characterize all
trivial units or more generally all idempotent units, are also very interesting
(see, for example, [2], [3] and [5]). A generalization of the idempotent units,
called idempotent-nilpotent units, was investigated in [4].

The purpose of this article is to consider one special decomposition of
V (RG) that is too close to being all its elements products of idempotent
units with p-torsion units. Especially, we obtain a complete answer for
rings of prime characteristic, say p. This somewhat generalizes in a more
conceptual way the results in [1].

We will now recognize one major assertion that will be used in the sequel.

Theorem 1.1. (see [2]) Let G 6= 1 and let char(R) = p be a prime. Then
V (RG) = Id(RG) if and only if N(R) = 0 and precisely one of the following
clauses holds.

(i) Gt = 1.
(ii) |G| = 2 and for all r ∈ R: 2r − 1 ∈ U(R) ⇐⇒ r2 = r.
(iii) |G| = 3 and for all r, f ∈ R: 1 + 3r2 + 3f2 + 3rf − 3r − 3f ∈

U(R) ⇐⇒ r2 = r, f2 = f and rf = 0.

2. Main results

First of all, we recollect some useful statements.

Proposition 2.1. Suppose that supp(G)∩inv(R) 6= ∅. If one has V (RG) =
Id(RG)Vp(RG), then G = Gt.

Proof. Let us assume in a way of contradiction that G 6= Gt. Hence there is
g ∈ G\Gt. Since the intersection between supp(G) and inv(R) is non-empty,
there exists a prime q such that Gq 6= 1 and q = q · 1R ∈ U(R). Therefore,
e = 1

q (1+a+a2 + · · ·+aq−1) is an idempotent, i.e., e2 = e, whenever a ∈ Gq

with the property aq = 1. Next, consider the element ug = 1 − e + eg.
Clearly 1− e+ eg ∈ V (RG) because (1− e+ eg)(1− e+ eg−1) = 1. So, we
can write 1− e+ eg = (r1b1 + · · ·+ rsbs)vp where r1b1 + · · ·+ rsbs ∈ Id(RG)
and vp ∈ Vp(RG). We furthermore observe that there is a natural number
k such that upk

g = 1− e+ egpk
= r1b

pk

1 + · · ·+ rsb
pk

s , that is,

1−q−1−q−1a−q−1a2−· · ·−q−1aq−1+q−1g+q−1ag+q−1a2g+· · ·+q−1aq−1g

= r1b
pk

1 + · · ·+ rsb
pk

s .
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It is self-evident that the left hand-side is written in a canonical form, and
that because the finite sum of orthogonal idempotents is again an idempo-
tent, which is also orthogonal with the remaining ones that are not members
of the sum, we may without loss of generality assume that the right hand-
side is in canonical form as well. However, the above equality is impossible
since in the left hand-side there is no orthogonal idempotents. This con-
tradiction substantiates our claim that G must be of necessity torsion, as
claimed. 2

The following technicality is our crucial tool in the reduction of the
general case to a well-known particular case established in [3].

Proposition 2.2. Suppose char(R) = p is a prime integer. The following
two points are true.

(i) V (RG) = Id(RG)Vp(RG) ⇐⇒ V (LG) = Id(LG)Vp(LG) where
L = R/N(R).

(ii) Let N(R) = 0. Then V (RG) = Id(RG)Vp(RG) ⇐⇒ (1) Gt = Gp,
or (2) G = Gt 6= Gp and V (R(

∐
q 6=pGq)) = Id(R(

∐
q 6=pGq)).

Proof. (i) Consider the natural map ϕ : R → L. It can be linearly
extended in a natural way to the homomorphism Φ : RG→ LG with kernel
N(R)G, and its restrictions Φ : V (RG) → V (LG), Φ : Vp(RG) → Vp(LG)
and Φ : Id(RG)→ Id(LG).

Next, we shall show that in each of these cases Φ is a surjective homo-
morphism, that is, Φ is an epimorphism. In fact, that each element from
LG has a pre-image in RG is straightforward, so we concentrate on the
other three cases. Given v ∈ V (LG), hence by the above comments, there
is z ∈ RG with Φ(z) = v. Since there is v′ ∈ V (LG) with vv′ = 1 and
z′ ∈ RG with Φ(z′) = v′, we conclude that Φ(zz′) = 1 = Φ(1) which en-
sures that Φ(zz′ − 1) = 0. It now follows that zz′ − 1 ∈ N(R)G ⊆ N(RG)
and thus zz′ ∈ 1 + N(RG) ⊆ U(RG). Therefore, z ∈ U(RG). Moreover,
the pre-image z can be chosen to be of augmentation 1. Indeed, suppose
(r1+N(R))g1+· · ·+(rs+N(R))gs ∈ V (LG) with r1+· · ·+rs−1 = α ∈ N(R).
Hence it is clear that we can take z = −α · 1 + r1g1 + · · · + rsgs which has
aug(z) = −α + r1 + · · · + rs = 1. Finally, z ∈ V (RG) as desired. It is
worthwhile noticing that we have not used that R has prime characteristic.
However, this is needed for proving the surjection Vp(RG) → Vp(LG). But
it plainly follows from the preceding step taking into account that the kernel
of V (RG)→ V (LG) in this case is 1 + I(N(R)G;G) which is a p-group.

As for the last homomorphism Id(RG)→ Id(LG) it can be processed as
follows: Suppose Φ maps e1g1 + · · ·+ esgs into (e1 +N(R))g1 + · · ·+ (es +
N(R))gs where e1 + · · · + es − 1 ∈ N(R), e2i − ei ∈ N(R) and eiej ∈ N(R)
whenever 1 ≤ i 6= j ≤ s ∈ N. Thus there exists a positive integer t such
that ep

t

1 + · · ·+ ep
t

s = 1, (ep
t

i )2 = ep
t

i and ep
t

i e
pt

j = 0 for all different i and j.
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Denoting ep
t

i = e′i for every 1 ≤ i ≤ s, we observe that Φ(e′1g1 + · · ·+e′sgs) =
(e′1 +N(R))g1 + · · ·+ (e′s +N(R))gs = (e1 +N(R))g1 + · · ·+ (es +N(R))gs

because each ei + N(R) is an idempotent and hence ei + N(R) = (ei +
N(R))pt

= ep
t

i + N(R) = e′i + N(R) for any i with 1 ≤ i ≤ s. This
substantiates our claim that Φ : Id(RG)→ Id(LG) is, in fact, surjective.

So, we are ready to prove the equivalence.
”⇒”. By taking Φ in both sides of V (RG) = Id(RG)Vp(RG) and by

what we have shown above that Φ(V (RG)) = V (LG),Φ(Id(RG)) = Id(LG)
and Φ(Vp(RG)) = Vp(LG), we directly yield that V (LG) = Id(LG)Vp(LG)
as stated.

”⇐”. Conversely, write V (LG) = Id(LG)Vp(LG) and choose an arbi-
trary element x ∈ V (RG). Hence there is y ∈ V (LG) such that Φ(x) = y.
But y = zvp where z ∈ Id(LG) and vp ∈ Vp(LG). Again by what we
have established above, there are u ∈ Id(RG) and up ∈ Vp(RG) such that
Φ(u) = z and Φ(up) = vp. Thus Φ(x) = Φ(u)Φ(up) = Φ(uup), and hence
Φ(xu−1u−1

p ) = 1. This ensures that xu−1u−1
p ∈ kerΦ = 1 + I(N(R)G;G) ⊆

Vp(RG) which implies that x ∈ Id(RG)Vp(RG) as required.
(ii) Denote G′ =

∐
q 6=pGq.

”⇒”. If G is p-mixed, i.e., Gt = Gp, we are done. So, assume that
Gt 6= Gp. We next claim that G is torsion and to this aim we consider
two situations. First, if supp(G) ∩ inv(R) 6= ∅ we apply Proposition 2.1 to
infer that G is torsion, indeed. If now supp(G) ∩ inv(R) = ∅, then because
char(R) = p is a prime integer, we deduce that inv(R) = {q 6= p|p ∈ P},
that is the set of all primes but p, and supp(G) = {p}, that is the set of a
single element p. Consequently, Gt = Gp which is a contradiction. Finally,
G = Gt as expected.

Furthermore, given x ∈ V (RG′) whence x ∈ Id(R(G′ × Gp))Vp(RG) =
Id(RG′)Id(RGp)Vp(RG) = Id(RG′)Idp(RG)Vp(RG) = Id(RG′)Vp(RG).
Thus x = yz where y ∈ Id(RG′) ⊆ V (RG′) and z ∈ Vp(RG). But
xy−1 ∈ V (RG′) ∩ Vp(RG) = Vp(RG′) = 1 and hence x = y ∈ Id(RG′)
as required. So we conclude that either G′ = 1 or G′ 6= 1, G = Gp ×G′ and
V (RG′) = Id(RG′) as asserted.

”⇐”. Write G = Gp × G′, hence it is easily checked that V (RG) =
V (RG′)Vp(RG) = Id(RG′)Vp(RG) = Id(RG)Vp(RG) because Id(RG′) ⊆
Id(RG). This substantiates our claim.

By the way, note that Id(RG) = Id(R(Gp ×G′)) = Id(RGp)Id(RG′) =
Idp(RG)Id(RG′) ⊆ Id(RG′)Vp(RG) whence we obtain Id(RG)Vp(RG) =
Id(RG′)Vp(RG). 2

We now have at our disposal all the machinery needed to prove the
following chief result.

Theorem 2.1. Suppose char(R) = p is a prime integer. Then V (RG) =
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Id(RG)Vp(RG) if and only if exactly one of the following clauses is valid.
(i) Gt = Gp.
(ii) G = Gp × G2, |G2| = 2 and for all r ∈ R: 2r − 1 ∈ U(R) ⇐⇒

r2 − r ∈ N(R).
(iii) G = Gp ×G3, |G3| = 3 and for all r, f ∈ R: 1 + 3r2 + 3f2 + 3rf −

3r−3f ∈ U(R) if and only if r2−r ∈ N(R), f2−f ∈ N(R) and rf ∈ N(R).

Proof. According to Proposition 2.2 (i), we may without loss of generality
assume that R is reduced, i.e., N(R) = 0. So, in view of Proposition 2.2
(ii) we deduce that either Gt = Gp, which is exactly point (i), or G = Gt 6=
Gp and V (RG′) = Id(RG′) where we put G′ =

∐
q 6=pGq. Therefore, the

theorem from [2] stated in Section I plus some folklore ring theoretic and
group theoretic facts allow us to infer that points (ii) and (iii) hold too. 2

Remark 2.1. It is worthwhile noticing that the ring part in point (c) is
equivalent to the condition that the equation X2 + XY + Y 2 = 1 + N(R)
has only trivial solutions in R/N(R).

As an immediate consequence, we derive the following.

Corollary 2.1. (see [1]) Let char(R) = p be a prime. Then V (RG) =
GVp(RG) if and only if G = Gp or G 6= Gp, R is indecomposable and at
most one of the following is valid.

(i) Gt = Gp.
(ii) p = 3, U(R) = ±1 +N(R) and G = G3 ×G2 with |G2| = 2.
(iii) p = 2, U(R) = 1 + N(R), the equation x2 + xy + y2 = 1 + N(R)

possesses only trivial solutions in R/N(R) and G = G2 ×G3 with |G3| = 3.

Proof. What we need to show is that R is indecomposable whenever
G is not p-torsion that is a routine exercise. In fact, if g ∈ G \ Gp and
r ∈ id(R)\{0, 1}, then 1− r+ rg ∈ V (RG) and so we can write 1− r+ rg =
avp for some a ∈ G and vp ∈ Vp(RG). Thus there is k ∈ N such that
1−r+rgpk

= apk
, which is obviously wrong. This shows that id(R) = {0, 1}

as wanted. Furthermore, Theorem 2.1 manifestly works. 2

We close the work with two challenging problems.

Problem 1. Find a necessary and sufficient condition for the truthfulness
of the equality

V (RG) = Id(RG)Vt(RG).

Problem 2. Find a criterion for the validity of the equalities

V (RG) = Id(RG)V (RGp)
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and

V (RG) = Id(RG)V (RGt).
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