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Abstract - We continue the study from [13] of the metric relations which
hold for some homeomorphisms f : D — D" between two domains from R™
satisfying a generalized modular inequality. This relations are in connec-
tion with the well known property of local quasisymetry of quasiconformal
mappings.
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If D C R" is a domain, we set A(D) the set of all path families I' from
D and if ' € A(D), we put F(I') = {p : R™ — [0, 00| Borel maps| [ pds > 1

5
for every v € T' locally rectifiable}. We define for p > 1, I' € A(D) and

w € Lj,.(D) the p modulus of weight w, ME(T) = ig{r) [ pP(x)dz. The
peE Rn

systematic utilization of the arbitrary weight p modulus in the mapping
theory was initiated by Cabiria Andreian in [1] and [2].

Let D, D" be domains in R” and f : D — D" a homeomorphism. We say
that f satisfies condition (N) if p,(f(A)) = 0 for every A C D with p,(A) =
0 (here p,, denotes the Lebesgue measure in R"). If z € D, we set L(x, f) =

limsupw and if B(x,r) C D, we set L(x, f,r) = sup |f(y) —
h—0 ly—zx|=r

F@), Wz, fr) = inf |f(y) — f(2)| and Hy(z) = limsup 2280 We say
ly—z r—0 CNED)

that f is K quasiconformal if M"T(F) < M, (f(T')) < KM,(T) for every I" €
A(D) (the geometric definition of the quasiconformality). This definition
is equivalent with the metric definition of the quasiconformality which says
that f is quasiconformal if there exists H > 1 such that Hy(x) < H for
every z € D. We recommend the reader the book [33] for some basic facts
concerning the theory of quasiconformal mappings.

We say that f is n-quasisymetric if there exists a homeomorphism 7 :

[0,00) — [0,00) such that % < n(gz:il) ifr,y,z€ D, x#y, x # 2.
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If f is n-quasisymetric, then H¢(x) < n(1) for every € D and hence f
is quasiconformal. Also, if f is quasiconformal and B(x,3r) C D, then
fI1B(x,r) : B(x,r) — f(B(z,r)) is n-quasisymetric and if f : R — R" is a
homeomorphism, then f is quasiconformal if and only if f is n-quasisyemtric.

An important class of continuous, open, discrete mappings which gen-
eralizes the class of quasiconformal mappings is the class of quasiregular
mappings (see [22], [23], [34] for some basic facts concerning this theory). In
the last 20 years were studied in [5-21], [24-32] more general classes of contin-
uous, open discrete mappings (the so called mappings of finite distortion).
For all of them a modular inequality of type ” M, (f(I")) < M}ém(f) (ry”

holds for every I' € A(D) and this is the main instrument which permits
to prove that a lot of the important facts from the theory of quasiregular
mappings still hold in this new classes of mappings. We must say that using
this modular method, Cabiria Andreian proved with 50 years before in 1959
in [1] that analogues of the theorems of Fatou, Nevanlinna-Frostman and
Beurling still hold for very general classes of plane homeomorphisms.

In some recent papers [9-13] we studied classes of continuous, open,
discrete mappings f : D C R® — R” for which a modular inequality of
type "M,y (f(T)) < v(ME(T))” holds for every I' € A(D) and some p > 1,
¢>n—1,we L}, (D) and a strictly increasing function = : [0, 00) — [0, 00)
with }g% ~v(t) = 0. We extended partially basic facts from the theory of
quasiregular mappings and from the classes of mappings of finite distortion
mentioned before. Using the modulus method, we gave Liouville, Picard,
Montel type theorems, equicontinuity results, eliminability and boundary
extension results and we gave estimates of the modulus of continuity. In the
last paper [13] we studied the metric relations which hold for some home-
omorphisms f : D — D" between two domains in R™ satisfying a modular
inequality of type ” My(f(T)) < v(ME(T))”. We continue this researches in
the present paper.

Let D C R" be a domain and f : D — R™ a map. We say that f is
ACL if f is continuous and for every cube () CC D with the sides parallel
to coordinate axes and for every face S of @ it results that f|Pg "y nQ:
Pgl(y)ﬂQ — R™ is absolutely continuous for a.e. y € S, where Pg : R" — S
is the projection on S. An ACL map has a.e. first partial derivatives and
if ¢ > 1, we say that f is ACL?if f is ACL and the first partial derivatives
are locally in L4. If ¢ > 1, we denote by Wli’cq(D,R”) the Sobolev space of
all functions f : D C R®™ — R™ which are locally in L? together with their
first order distributional derivatives. We see from Proposition 1.2 page 6 in
[23] that if f € C(D,R"™), then f is ACLY if and only if f € VVllo’Cq(D,]R").

If fe€ L' (D) and AC D is measurable, we set f f(z)dz = [ f(z)dz/p,(A)
A A

and we also denote it by fa. We say that a map f € L'(D) is in the
BMO(D) class if there exists M > 0 such that fB(m ") |f(2) = fB@mldz <
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M for every ball B(z,r) C D. If D C R" is open, E,F C D, we set
A(E,F,D) = {y:[0,1] — R" path|y(0) € E,v(1) € F and v((0,1)) C D}
and if z € R" and 0 < r < R, we set I'y . g = A(B(z,7),S(z, R), B(z, R) \
B(z,r)). We denote by V,, the volume of the unit ball in R™, by w,_; the

area of the unit sphere in R” and if A € L(R",R"), we set [(A) = |i]|r1f1 |A(x)].

If f: D — D is a homeomorphism between two domains from R” and
g is its inverse, we see that py : B(D) — [0, 00] given by us(A) = un(f(A))
for every A € B(D) is a set function and hence ,uf(x) exists a.e. and p’
is a Borel function and we define a.e. the ¢ inner dilation of f, Ky ,(f) by
Krq.(f)(z) = L(f(x),g)u}(m) If f is differentiable in « and Jy(x) # 0, we

see that K 4(f)(x) = l(|j‘f((::)))|q‘ (See also [13] for more details).

Given r > 0, let ®,(r) be the set of all rings A = R(Cp, C1) such that
0 € Cp and there exists a € Cy N S(0,1) and such that oo € C; and there
exists b € S(0,r)NC (see also [33], page 33-36). As in [4], we set Hy, 4(r) =

B igf( )Mq(I‘A) for ¢ > 1 and r > 0. Here I'y = A(Cp, C1,R") if A is a ring
€Pn(r

A = R(Cy,C1). Then Hy, 4 : (0,00) — (0, 00) is decreasing and if n—1 < ¢ <
n there exists a constant Q(n,q) > 0 such that Hy, ,(r) > Q(n,q)(1 —r""9)
for every 0 < r < 1 and H,, 4(r) > %((Tﬂ +2)2 — )i > 1. If
q = n, we set Hy, = Hy, and we see from [34] that H,, : (0,00) — (0, 00)
is a decreasing homeomorphism. We see from Theorem 9 in [4] that if
n—1<qg<nand A= R(Cy,C4) is a ring such that a,b € Cy, ¢,00 € C,
then M,(I'4) > |b — a|”_an7q(%). We see from [3] that if z € R",
0<a<b, D= B(z,b)\ B(z,a),n—1< q, E,F C D are disjoint such that
S(z, t)NE # ¢, S(x,t)NF # ¢ for every a < t < b, then My(A(E, F, D)) >
C(n,q)(b" % —a" %) if ¢ # n and M,(A(E,F,D)) > C(n) ln(%), where
C(n,q) is a constant depending only on n and ¢ and C(n) is a constant
depending only on n. Throughout this paper we shall keep the notations
Q(n,q), C(n,q), C(n) for the constants from the papers of Caraman [3-4].
o0

o0
We also denote by [, = > ,%n and t, = ) ﬁ for n > 2.
=1 k=1
In [7] and [8] we gave the following estimates of the modulus of I'; ;. g:
Lemma A. Letn >2,p>1, 2 € R*, 0 <r < R, w € LYB(z,r)) and
suppose that one of the following conditions hold:

1) sup [ w(z)dz/6P =M < oco.
0<6<RB($,5)

2) sup f |w(z) —wp(nldz =M < occ.
0<6<RB($,5)

Then, if condition 1) holds, it results that M5(Ty . r) <

If condition 2) holds and n > 3, then

Ve (M + fB(%R) w(2)dz)l, + Me”tn).
(InIn(52))"

MePl,,
R
(In In( 76))P

Mc:)’b (Fac,r,R) <
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If condition 2) holds and n = 2, then

Vae (M +  f  w(z)dz)ls
B(z,R) Voe M

(Inln(%e))2 * Inln(fe)”

MZ2(Typr) <

The following theorem from [13] ensures very general conditions in order
that a homeomorphism f : D — D’ between two domains from R” to satisfy
some generalized modular inequalities:

Lemma B. Let n > 2, ¢ > 1, D, D" be domains in R", let f : D — D" a
homeomorphism satisfying condition (N), let g be its inverse and suppose
that g is ACLI. Then My(f(T')) < M} 1) ( ) for every I' € A(D) and if

fLy 9)%dy < oo for every open setG CCD then fKIq (f)(z)dr < o

for every open set G CC D. Also, if 1 < g <p and

pP—q

P

/ Kpo(f) (@) P dg < o,

then My(f(I")) < C’MP(F)% for every T € A(D).

Theorem 1. Letn>2, n—1<qg<n,p>1, D,D be domains in R,
w € L}, (D), v : [0,00) = [0,00) be increasing with %ir%’y(t) = 0 and let
—

f:D — D" be a homeomorphism such that My(f(T)) < v(ME(T)) for every
[ € A(D). Then, if |y — z| < |z — x| < R and B(z,R) C D, we see that

£ (2) = f(2)]
[f(y) = ()]

[f () = F@)"Q(n, q) < [f(y) = f@)["*

M) <AYMET g jy—z|z—a)) f n—1<g<n (2)

Hn( ) < V(Mg(rx,|y—r|,|z—x|)) qu =n (1)

n7q(

Proof. Let I' = 'y || |z—¢|- Then f(I') = R(Cy, C1) and f(z), f(y) € Co
and oo, f(z) € C;. We see from Theorem 9 in [4] that

n—q ’f(z) — f($)| D
£ (y) = f ()] Hn,q(—‘f(y) - f(x)\) < My(f(I) < y(ME(D)). O

Theorem 2. Let n > 2, D,D" be domains in R, w € BMO(D), ~
[0,00) — [0,00) be increasing with }iH(l)’}/(t) =0andlet f: D — D be
—
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a homeomorphism such that M, (f(T)) < v(M2(T)) for every I' € A(D).

Then, if B(z,R) C D and M = sup [ |w(z) — wpnldz, we have
B(z,r)CD B(z,r)

the following inequalities:

f(v) — f(@)] Ly Vol (M A fp g w(w)du)ln + Metn)
7 = gty = O (n (=2 Y
ifn>3 (3)

£ () — f(2)] i, VM gy @A)l MVt

1) — ) = 0 (Inln(5E=2l)2 1n1n(e'z‘;|'))))
ifn= (4)
Proof. We use Theorem 1 and Lemma A. O

Theorem 3. Letn > 2, p > 1, D, D" be domains in R", w € LI (D),

loc
v :[0,00) — [0,00) be increasing with %in%'y(t) =0andlet f: D — D be
—
a homeomorphism such that M, (f(T)) < y(ME(T)) for every T' € A(D).

Then, if B(z,R) C D and Cyrp = sup [ w(u)du/r? < oo, we have
0<T<RB(3;7R)

the following inequalities:

[f(y) — f ()]

Ca.rpe’lp

TFH o Ty (—22 R )Y if ly — x| < |z —x R
o)~ oy = W/Hy (7((111111(6';_‘;))1’))) fly—zl<lz—2l< 5 (5)
()~ J(@)] _ PO (Carp2+ F1)/C ()

|f(z) = flx)] — Hﬁ@(%))
ifEt <ly—al<|z—a|< & (6)
- f@l W Cors@t D) R
o) g =T o TEmeshmsy 0
1f(y) — f(@)] Y(Carp(1+ £=5)P) - y—«| _R
o= i@ = o Vs T s @

Proof. The results from (7) and (8) are proved in Theorem 2 in [13].
Using Theorem 1, Lemma A and the results from [4], we see that if |y —z| <

|f(z)—f ()] P Cz,r.pePlp
’Z - SU| < R, then Hn(|f(y)_f($)|) < V(MW(Fa:,\y—x\,lz—acl)) < 7((lnln(e|§ﬂ\))p)

ly—=|
and relation (5) is now proved. Let now @ <l|y—z| <|z—z| < R and let

—f(x _ Cqe . r.pePlp
w € §(x,2|y—a|). We see from (5) that ({41 < (1/H, L (7).
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Since |z — z| < |w — x|, we use (7) and we see that % <

Y(Cy,r,p(2+22=21)P)

[z—=]

< exp( o) ) and now also (6) is proved. O
Remark 1. Let 7 : [0,00) — [0,00) be defined by

(U H (o (Getepeys), 0 <t < 4
eXP(’Y(iz,R,;yc(j-;ifg;’l;C(n)))7 i % <t<1
n(t) = Hy (’Y(W))
exp(LE=L2EH) if 1 < ¢ < 2
exp(LCeel ) g g > 9,

We see that 7 is continuous, bounded and increasing on each interval [0, %),
[3,1), [1,2) and [2, 00) and }/ina n(t) = 0 and we proved in Theorem 3 that if
—

Bz, ®)c D, y,2 € B, B), 2 # x,y # z, then FU=II < pylv=tly e

[F()=f@)] = " [e—a]
can easy find a homeomorphism 6 : [0,00) — [0, 00) such that % <
G(E:z}) if B(z,®) C D and y,z € B(z, %), 2 # z, y # z, and 6 depends

only on p,n,y and C; r,. This relation is in connection with the well known
local quasisimetry property of quasiconformal mappings and we see that if
there exists K > 0 such that C ), < K for every x € D and every R > 0
such that B(z, R) C D, then it results that f is quasiconformal.

Theorem 4. Letn >2,p>1,n—1<q<n, D,D be domains in R",
w € LL (D), v :[0,00) = [0,00) be increasing with %in%'y(t) = 0 and let
%

loc

f:D — D" be a homeomorphism such that My(f(T)) < v(ME(T)) for every

I' € A(D). Then, if B(z,R) C D and Cy rp = sup [ w(u)du/r? < oo,
O<r<RB(a;’R)

we have the following inequalities:

Corp(2+ =2lyp
1)~ FOP1 - 1) - gl < e L))

n,q)
fle—al<ly—al <3 )
1) = F)I" Q) < 176) = F@)" *Hog (R TR <
gv%)éfly—xlélz—x!él% (10)
£) — @)™ = £(2) — Fla)" < V(CLR??&?_;? &
Py < a < B (11)
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It also results that

n—q __ 2) — )| C‘T:Rvpeplp
Q) (|f(y) — F@)"9 = |f(2) — f(@)|""9) < A <1n1n<el;_;l)>p)
if ly— o < |z —a| < R and |f(y) — ()| = |f(2) — ()] (12)
and
Qn,q)(n— )3 % |f(y) — f(x)? Corpely
7 G - @ = )y
if ly—a| < |2 —a| < R and |f(2) — (@) > |f(y) - f()]. (13)

Proof. Relation (9) was proved in Theorem 2 in [13]. Suppose that
ly — x| < |z —z| < R. Using Theorem 1 and Lemma A, we find that |f(y) —

F@)"9Q(n, q) < |£(y)— F(@) " Hn o (FEHZHE) < 4(ME(T, ) o)) <
'}/( CxﬂR,peplp

(InIn(F2=2h))r

) and relation (10) is proved.

|z—x|

Let now “5% < |y — 2| < |z — 2| < £ and let w € S(z, 2]y — z|) be such
that L(z, f, 2|y — z|) = [f(w) — f(z)|. Then [f(y) — f(2)] < |f(w) — f(2)]

and using (9), we see that |f(y) — f(x)[""7 = [f(2) — f(@)["" < |f(w) —

C, 2|y—=z|
f@)"1—f(z) = flx)|" 27 < i ’R’Zéaq)’z*z ") and relation (11) is now

proved.

Suppose now that [y—3| < |2—z| < Rand |£(y) — f(2) 2 |£(2)— £(z)].
We see from [4] that H, 4(r) > Q(n,q)(1 — "7 %) if 0 < r < 1, hence
Qn, ) (| ()~ F(@)[" =] f(2) = F@)|""9) < | F(y)—F (@) "~ Hy g (FH=FT).
We apply now relation (10) and we obtain relation (12).

Suppose now that |y — z| < |z —z| < R and |f(y) — f(2)] < |f(2) —
f(z)]. We see from [4] that H, ,(r) > %((TQ +2)"2" — ¢4 for ev-
ery r > 1. Let b = [f(z) = f(2)] and a = [f(y) — f(x)[. Then |f(y) —
P Hy g (R = 0" Hag(2) > F58(W +20%)" — n71) =

%m&*qﬂ(by the theorem of Lagrange and b < ¢ < Vb? + 2a?)

Q(n,q)(n—q)2a* Qna)(n—a) o> _ Qnan—a) |fy)-f(=)
Z 22T 2 I pe = i (- o Ve A
ply now relation (10) and we prove relation (13). O

Theorem 5. Let n > 2, D, D" be domains in R™, let f : D — D" be a
homeomorphism satisfying condition (N) and such that its inverse is AC L™
and suppose that Kr,(f) € BMO(D). Let x € D and R > 0 be such

that B(z,R) C D and let M = sup f 1Krn(f)(2) = Krn(f) Br)ldz.
B(z,r)CD B(z,r)
Then we have the following inequalities:

WMWM+EW%WKMUWWMQ+MWM%

(InIn(SE=2h)n

W) - f@
) — ) = W H L
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ifn>3 (14)
)= @] Voe?(M+ f  Kra(f)(w)du)ly MVned
Yy)—J\x _ B(z,|z—x]|) e

_ < (1/H2 1( e|lz—z| + e|2,zfz| )
f(Z) f($)| (111111(@))2 lnln(w)
ifn=2. (15)
Proof. We see from Lemma B that M, (f(T')) < My, (") for every
I' € A(D) and we apply now Theorem 2. |

Theorem 6. Let n > 2, D, D" be domains in R™ and let f : D — D" be a

homeomorphism satisfying condition (N) and such that its inverse is ACL™.

Then, if B(x,R) C D and Cypn = sup [ Kyn(f)(z)dz/r™ < oo, we
0<T<RB(5E7T)

have the following inequalities:

|f(y) - f(SL‘)| -1 C.’v Rnenln
LW TP < (1 (R
76— ) = M )
fly—zlsle—alsy (16)
1) = J@)| _ SP(Cara(2 + )"/ C )
PO @l ST (Gt
fESd sy-dlsl-al< g )
- Copn(2+ 2] R
_ Copon(1 + 122y —2 R
U <o) e < ST < B o)
Proof. We see from Lemma B that M,(f(I')) < Mg, () (T") for every
I' € A(D) and we apply Theorem 3. ’ O

Theorem 7. Letn > 2, p >n, D, D" be domains in R™ and let f : D — D'
be a homeomorphism satisfying condition (N) and such that its inverse is
p—n

ACL™ and suppose that C = ([ Ki,(f)(x)?/®P~™dx) » < oo. Then, if
D
B(z, R) C D, we have the following inequalities:

C Villy—z|+2|z —z|)"

ow' T e Y

iflz—2| <|y—2| <
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()

_ f | < -1 nVn n
T2/ N /0N = (1/Hn (C( p—n p—n )p))
|f(z) = f(=)] (1) ()2 — a7 — |y — a1 ))p-1
fle—al <ly—sl <3 1)

Proof. Relation (20) is proved in Theorem 4 in [13]. We see from Lemma B
that M, (f(I')) < CMp,(I")» for every I' € A(D). Using Theorem 1 and Prop.

18, page 535 in [3], we find that Hn(%) < CMp(Fny,xMZ,x‘)% <

C( ¥y —— )% and relation (21) is proved. O
(B=0) (22| P=T —|y—a| P=T))p~1

Theorem 8. Letn > 2, n—1< g <mn, D,D be domains in R" and let
f:D — D' be a homeomorphism satisfying condition (N) and such that its
inverse is ACLY. Then, if B(z, R) C D and

0<r<R

Cong= sup / K71o(f)(u)du/rt < oo,
B(z,R)

we have the following inequalities:

C
[f(y) = f@)"™ = [f(2) = f@)]" <

C(n,q)
fle—ol <ly-al<y (22)
n—q n—q Crrg2+ 2||Zy:ﬂf\|)q
) = F@P™ = 1) = ) < —
g By <o ma < (23)
— ()10 (n —f(g)|" e ’f(z)_f(m)’ CZ,R,qeqlq
=100 U=l =)= G
ifly—z|<|z—2z| <R (24)
We also have
n=q _ | £(3) — f(z)|"¢ _ Carglly
Qn,q)(If(y) = fF@)"* = f(2) = f(x)["7) < (lnln(j‘yzjj‘))q
if Iy — ol < |2 — 2l < Rand |f(y) — £(=)] > |f(2) — £(2)| (25)

d
. Qa)n—q) |f) ~f@F  _  Comgely
23 5T [(2) — J@ 2 S (lnn(d=2]))s

[y—z|
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ifly—al <|z—z[ < Rand [f(z) = f(z)| = |f(y) = f(2)]. (26)
Proof. We see from Lemma B that M,(f(I")) < M}]{Iq(f) (I") for every
I' € A(D) and we apply now Theorem 4. O

Theorem 9. Letn > 2, n—1< qg<mn, D,D be domains in R" and let
f: D — D" be a homeomorphism satisfying condition (N) and such that

n—q

its inverse is ACLY and suppose that C' = ([ KLq(f)(:c)”/(”_‘I)dx)T < 00.
D
Then, if B(x, R) C D, we have the following inequalities:

cvin ly — x|

£0) = )" = 1)~ F@)0 < et (2 e
fle—al<ly—ol<t (27)
o Y O )]
|f(y) = f(@)["Q(n, q) < |f(y) — f(=)] Hn,q(‘f(y)_f(x)‘)ﬁ
<C Wn—1 a/n ifly—z| < |z—z| <R 28

Gy el < 1= (28)
n— n— CVT?/n 2|y B $|
£0) = FE@P = 1F() — F@)P 0 < et s+ T
f 2 < yai <zl <R (29)
It also results that
_ f(p) e 2) — f(z)|m— C Wn—1 /n
1) = £ =) = S0 < g
if ly—z| < |z—z[ < Rand [f(y)—f(z)| = |f(z)—f(2)] (30)
and
Q(n,g)(n—q) |f(y) — f=)]? (—“nl yan
o35 If(2) = S@)[r2 T T (= y)n
if ly—z| < |z—z[ < R and [f(2)—f(2)] = [f(y)—f(2)]. (31)

Proof. Relation (27) was proved in Theorem 4 in [13]. We see from Lemma
B that M,(f(T)) < CM,(T')%¥" for every ' € A(D). Using Theorem 1 and
taking v(t) = Ct9/" for t > 0, we find that | f(y) — f(z)|""9Q(n, q) < |f(y) —

n— f(z)—f(z n __ Wn— n
F @)= Hy g (D) < CMo (D ) o))" = Ot/ and

ly—a|
relation (28) is now proved. Using relation (28) and arguing as in Theorem
4, we prove relations (30) and (31).
Let now |Z;z| <|ly—z| <|z—2z| < R and let w € S(z,2|y — z|) be such

that L(z, f, 2|y — 2|) = |f(w) = f(z)|. Then |f(y) = f(x)] < |f(w) = f(z)|
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and using relation (27), we see that |f(y) — f(x)|" 7 — |f(z) — f(x)|"71 <

[f(w) = f(@)"71 = [f(2) = f(2)["79 < g‘é’?g (24 2|EJ:;|I)q and relation (29)

is also proved. O
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