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1. Introduction

In [12] and [13], the authors considered the following equations:

ou 2 . Vu

and

% + €A%y — div(|Vu[*Vu) + Au =0 (1.2)

in order to model epitaxial growth of thin films. Here, ¢ > 0 is a small
parameter and, in two space dimensions, u is a scaled height of the thin film.
Furthermore, the fourth-order term accounts for diffusion, while the second-
order ones account for the so-called Ehrlich-Schowoebel effect: adatoms (i.e.,
atoms which are absorbed by the surface, but have not yet become part of
the crystal) diffuse on a terrace and likely hit a terrace boundary; then, in
order to stick to the boundary from an upper terrace, they must overcome a
higher energy barrier, the Ehrlich-Schowoebel barrier (see [12] and [13] for
more details and further references).

We can also note that, typically, in an epitaxial growth which starts
with a flat substrate, one observes the occurrence of surface morphological
instabilities as the film thickness reaches a critical value. This can be seen
as some kind of spinodal decomposition. This is then followed by some nu-
cleation process, in which nuclei (which appear on the film surface) evolve
into mounds whose structure coarsens (see [13] and the references therein for
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more details). This bears some resemblance with the spinodal decomposi-
tion and coarsening process in binary alloys described by the Cahn-Hilliard
equation (see, e.g., [2] and [17]).

These two equations are associated with the energy functionals

Bi(u) = /Q(—;m(H Vul?) + £ Auf?) da (1.3)

and

Pau) = [ (VA =12 + SlAuP) do (1.4

respectively, where 2 is the spatial domain. In particular, the first term in
Es(u) selects the slope of the film surface, hence the denomination growth
equation with slope selection for (1.2) and, accordingly, growth equation
without slope selection for (1.1).

We can also note that, assuming that |Vu| is small with respect to 1 and
writing, at first approximation,

1

- 2
T vap S 1V

in (1.1), we recover (1.2) (see also Remark 2.2 below for further approxima-
tions of (1.1)).
Furthermore, we can rewrite (1.1) and (1.2) in the form

% + €A%y — div(p(|Vu|?)Vu) = 0, (1.5)
where @(s) = —%ﬂ, and ¢(s) =s—1, s > 0, respectively.

In [12], the authors proved the existence and uniqueness of weak solutions
to (1.1) and (1.2), for regular initial data and periodic boundary conditions.
In what follows, we will consider Neumann boundary conditions, but all
results can easily be adapted to Dirichlet and periodic boundary conditions.
Equation (1.1) was further studied in [7], [8], [9] and [10]; in particular, in
[10], the authors proved the existence of finite-dimensional attractors and
the convergence of single trajectories to steady states. We also refer the
interested reader to [3], [4] and [20] for the numerical analysis of the two
models.

An equation of the form (1.5) (containing (1.2), but not (1.1)) was con-
sidered in [11]. There, the authors studied the well-posedness and the reg-
ularity of solutions, as well as the structure of w-limit sets and stationary
solutions.

In this paper, we are interested in the study of the asymptotic behavior
of the more general equation (1.5) which, as already mentioned, contains the
two thin film models. More precisely, we prove the existence of the global
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attractor which is the smallest compact set which is invariant by the flow
and attracts all bounded sets of initial data as time goes to infinity. Then,
under some restrictions on the growth of the nonlinear term (which are
satisfied by the thin film models), we prove the existence of an exponential
attractor which is a compact and positively invariant set which contains
the global attractor, has, by definition, finite fractal dimension and attracts
exponentially fast the bounded sets of initial data.

2. Setting of the problem

We consider the following initial and boundary value problem (for simplicity,
we take € = 1 in (1.5)):

ou

5 + A%y — div(e(|Vul|?)Vu) = 0, (2.1)
Oou O0Au

Wy OonT, (2.2)

u‘t:() = ug, (2.3)

in a bounded and regular domain of R”, n =1, 2 or 3, with boundary I'.
As far as the nonlinear term ¢ is concerned, we make the following
assumptions:
¢ is of class C', (2.4)
¢ (x)h.h > —colh|?, co >0, =, h € R", (2.5)

where

$(x) = ¢(|z[*)z, = € R",
and ¢/(x)h = o(|z[*)h + 2¢'(J2|*) (2 - h)z, =, h € R,

c1s? —ca < p(s)s <e3(sP+1), c1, c3 >0, c2>0, s>0, (2.6)

cys? — 58 —cg < Y(s) < cr(sP 4+ 1), ¢4, ¢7 >0, ¢5, cg >0, s>0, (2.7)

where

P(s) = /OS o(r)dr, s> 0.

Here, p > 0 is given. Possible restrictions on p will be given when needed.
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Remark 2.1. a) In particular, the functions ¢;(s) = —l—}rs (which corre-
sponds to the thin film model without slope selection) and ¢a(s) = s — 1
(which corresponds to the thin film model with slope selection) satisfy the
above assumptions, for p = 0 and p = 2, respectively. In concrete situations,
the only difficulty is to prove that (2.5) holds. This is however straightfor-

ward for the above examples. Indeed, we have

__|n? 2(x - h)?
Lt fz[2 0 (14 J2?)?

& (x)h.h = > —|h?

and

y(x)h.h = (> = )|h[* +2(z - h)* = ~[h]*.

b) Assumption (2.5), which allows to prove the uniqueness of solutions, can
be replaced by the weaker assumption

(¢($1) — ¢(.TU2)) . (1'1 — 1’2) > —00]1’1 — .%'2‘2, co > 0, X1, T2 € R"™. (2.8)

This assumption is again satisfied for both thin film models. We will however
need the stronger assumption (2.5) to obtain further regularity on %—? in
Remark 4.1 below.

c¢) Assumption (2.6) can also be weakened as follows:

18P —cos —c3 < p(s)s <eq(sP+ 1), ¢1, c4 >0, ¢, c3>0, s>0. (2.9)

However, this does not allow to prove the dissipativity of the associated
dynamical system when p <1 and c¢g > 0.

Remark 2.2. Assuming again that |Vu| < 1 in (1.1) and writing, at first
approximation,

2k—1
1 2 _ ()
m ~ Ok(|Vul?), Oi(s) = Zz:% (—1)'s", k€N,

we can define a whole family of equations approximating (1.1) and gener-
alizing (1.2). For instance, when k = 2, we obatin the following thin film
model (for e = 1):

4
ot
Here, the function ¢ = —0) satisfies (2.4)-(2.7), for p = 2k. Again, the

only difficulty is to prove that (2.5) holds and we have

A%y — div(|Vul®Vau) + div(|Vu|*Vau) — div(|Vu|*Vu) + Au = 0.
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2k—1
(@)l =~ + 3 (=)™ 2P |h? + 202* (2 - h)?]
i=1

> —|h|* + clz[*2[R)?, ¢ >0,

hence (2.5).

We denote by ((-,-)) the usual L?-scalar product, with associated norm
| - |I, and we denote by || - || x the norm in the Banach space X.

Setting

1
0= Sy

we note that

v (Vo) + (0)2)3,
v (| A0]? + (0)?)3,

v s (VA2 + (0)2)2

and

v (JA%0)2 + (0)2)2

are norms on H'(), i = 1, 2, 3 and 4, respectively, which are equivalent
1
to the usual ones. Furthermore, v +— (HVUH%QP(Q) + (v)?P)2 is a norm on

W12P(Q) which is equivalent to the usual one.

Remark 2.3. Of course, here and in what follows, the W12P-regularity
(and also the L?P-one) only makes sense when p > % When p < %, it is
understood in what follows that we do not take into account such a regularity
(we can also note that it is not difficult to adapt the estimates below in that

case).

Throughout this paper, the same letter ¢ (and, sometimes, ¢’) denotes
constants which may vary from line to line. Similarly, the same letter @ de-
notes monotone increasing (with respect to each argument) functions which
may vary from line to line.
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3. A priori estimates

We first note that, integrating (formally) (2.1) over €2, we have, owing to
(2.2),

d_
dtQu:c 0,

hence

(u(t)) = (uo), t = 0. (3.1)

We then multiply (2.1) by w and obtain, integrating over 2 and by parts,

ul* + || Aul)® + /go Vul?)|Vul? dz = 0,
g+ 18ul + [ (Vul?)|vul

which yields, owing to (2.6),
d, 2 2 2 /
d—||u|] + ||Aul|* + ¢ [ |Vu|Pdx <c¢
t Q
and, finally,
d 2 2 2p
Ml 4 elllullzz @) + el g) < QUwo)), ¢>0. (3.2)
dt ) @

We then multiply (2.1) by 5 6“ and find

ou
2 el 2 _
thHA uf +|| H / P(IVul') V- Voo dz =0,
hence
<HAuH2 /w Vul? )dw>+2\| H2 (3.3)

In particular, this yields that the energy decreases along the trajectories, as
expected.

We now assume that p < 2 when n = 3. We multiply (2.1) by —Awu and
have

B d ||V 12 + |[VAu|* + / o(|Vu?)Vu - VAudz = 0.
t e

Noting that, owing to (2.6),

lp(s)] < e(lsP~ +1), s >0, (3.4)

being understood that, when p < 1, ¢ is bounded (this case being easier to
treat), we obtain
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\/ o(|Vul*)Vu - VAudz| < c/(\Vu]zp_l +1)|VAu| dx
Q Q

—_

4p—2
< SIVAUP + eIVl %) + 1)

1 _
< SIVAUP + c(lul iz, + 1),

owing to standard Sobolev embeddings. Therefore,

d
ZIVul® + cllullfs) < Qo)) + ¢ Null a6y (3.5)

We finally assume that p < 2 when n = 2 or 3 and that

' (s)] < e(|sPP~2 + 1), s 20, (3.6)

being again understood that, when p < 2, ¢’ is bounded (this case is also
easier to treat). We multiply (2.1) by A2?u and find

HA 12+ | A2u)® — /div(gp(\Vu!Q)Vu)AQUd:r—O.
2dt 0

Noting that

div(e(|Vul|?)Vu) = o(|Vul*) Au 4 2¢' (|Vul|?)VVu - Vu - Vu,
we have, owing to (3.4) and (3.6),
|/ div(ip(|Veul?) V) A%u da| < c/(\Vu!Qp_Q—l—l)(\Au] + [VVul)| A2 dz.
Q Q

We consider the most difficult case p = 2 and n = 2 or 3 (in one space
dimension, we can use the continuous embedding H'(Q) C L>®(Q2)). We
obtain, owing to Agmon’s inequality,

: 1
\/QdW(SO(VU\z)VU)Azudw\ < 1A%l + (I Vull Lo ) + Dllullfreq)

—

< S + cule oy 1l + Dllul 3

[\

hence

d
N Aull® +cllullf ) < QUuo)) + ¢/ lullfre ) (ullfrs (@) + 1) ¢ > 0. (3.7)
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4. Existence and uniqueness of solutions

We have the

Theorem 4.1. (i) We assume that (2.4)-(2.7) hold and that ug € L*(9).
Then, (2.1)-(2.3) possesses a unique solution w such that there holds u €
L®(RT; L2(2))NL2(0,T; H*(Q))N L2 (0, T; WL (Q))N L (7, +00; H?(2)N
WL2(Q)) and %% € L*(7,T; L*(Q)), VO < 7 < T.

(ii) If we further assume that p < 2 when n = 3, then we have the additional
reqularity u € L*(1,T; H3(Q)), VO < 7 < T.

(iii) If we further assume that p < 2 when n = 2 or 3, then we have the
additional regularity w € L?(1,T; H*(Q)), V0 < 7 < T.

Proof.
(i) a) Uniqueness:

Let u; and up be two solutions to (2.1)-(2.2) with initial data u; o and
ug,0, respectively. We set u = u; — u2 and ug = u1,0 — u2,0 and have

((991; + A%y — div(o(|Vu ) Vur — o(|Vug|?)Vug) = 0, (4.1)
ou 0Au

W oy OonT, (4.2)

U|t:0 = Uup. (43)

We multiply (4.1) by u and obtain

1d
2dt
Noting that

l|ul|? + ||Au||® + / (p(Vui) — ¢(Vug)) - Vudx = 0. (4.4)
Q

1
/(qb(Vul)—qﬁ(Vug))-Vudx:/ d:c/ 7¢' (VUi +(1—7)Vuz)Vu-Vudr,
Q Q 0

it follows from (2.5) and (4.4) that

1d
5l + Al < ol Tul?.

Employing finally the interpolation inequality

1 1
leulars @y < el lullZz gy, (45)

we find, noting that |(u)|? < c[|ul|?,
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d
S lul® + cllullfo) < lull?, e>0. (4.6)

We thus deduce from (4.6) and Gronwall’s lemma that

[ur (t) —ua(t)]| < eflur,o — uz0ll, (4.7)
hence the uniqueness, as well as the continuous dependence with respect to
the initial data in the L?-norm.

b) Existence:

The proof of existence is based on (3.2) and a standard Galerkin scheme
(see also [12]).

The only difficulty here is to pass to the limit in the nonlinear term.
To do so, we note that, for an approximated solution u,, constructed by a
Galerkin scheme,

oIVt |*) Vitm| < e(|Vium| ™ +1)

(here, we treat the case p > 1; the case p < 1, which yields that ¢ is

bounded, is easier to treat), so that ¢(|Vu,|?)Vau,, is bounded in the space
2 2

LTSI(O,T;LTZ(Q)"), T > 0, independently of m. Thus, up to a subse-

quence which we do not relabel,

2 2
(| Vitm|?) Vg, — B in L% 1 (0, T; L7-1(Q)") weak.
We then note that wu,, is bounded in L?(0,T; H*(Q) nW1(Q)) and %L—tm is

2p

2
bounded in L% T (0,T; H2(Q)+ W™ "%-1(Q)) and it follows from classical
Aubin-Lions compactness results that (again up to a subsequence which we
do not relabel)

U — uw in L2(0,T; HY(Q)), Vu, — Vu a.e.

and, thus,

O(|Vum|*) Vi, — o(|Vu*)Vu a.e.,

hence @ = ¢(|Vul?)Vu.
In order to obtain the desired regularity, we note that it follows from
(3.2) that

t+r
/t (g + 1l 2oy d7 < QCr Jluoll), £>0,  (4.8)

r > 0 fixed arbitrarily. It thus follow from (2.7), (3.3) and the uniform
Gronwall lemma (see, e.g., [19]) that
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() 13720y + 1) 13120 () < QUr uol)s ¢ > 7. (4.9)

Indeed, we note that it follows from (2.7) and (4.5) that

| A + / (|Vul?) dz > || Aul|? +C4IIWHsz — cllulllull g2y — ¢,
hence

8ul+ < >+ [ BVl do > clulfng (4.10)

+C4HVUHL2p c’(HuH2 +1), ¢>0.

The regularity on %7; then again follows from (3.3).
(ii) This follows from (3.5) and (4.9).

(iii) This follows from (3.7), (4.9) and (ii).
a

Remark 4.1. a) Under the assumptions of (i), if ug € H?(Q) N WH2P(Q),
with 2% = 0 on I, then we have u € L®(R*; H%(Q) N W'?(Q)) and
%1; € L2(0,T; L*(2)), VT > 0. Indeed, in that case, we deduce from (3.3)
that u € L>®(0,T; H*(Q) N WH2P(Q2)), which we combine with the above
regularity. Furthermore, if p < 2 when n = 2 or 3, then v € L?(0,T; H*(Q2)),
VT > 0.

b) We can also prove that, if %(0) € L*(Q) (note that %(0) can be read
from (2.1)), then 2% € L>(0,T; L*(2)) N L2(0, T; H*(2)), ¥T > 0. Indeed,
differentiating (2.1) with respect to time, we have

O 0uy N9 iy (w)vgi‘)

ot ot ot 0

Multiplying the above equation by 2 5¢» we find, in view of (2.5),

1d 8uH2

SN a2t < ol v I,

hence, employing (4.5) and noting that <%> =0,

1%+ altye < o2
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5. Existence of finite-dimensional attractors

It follows from Theorem 4.1 that we can define the family of solving operators

S(t) : LA(Q) — L3(Q), ug — u(t), t >0,

where v is the unique solution to (2.1)-(2.3). Furthermore, these solving
operators form a continuous semigroup, i.e., S(0) = Id, Id denoting the
identity operator, and S(t) o S(s) = S(t+s), t, s > 0.

Actually, in view of the conservation property (3.1), we study the exis-
tence of compact attractors on the subset

ey = {v € L*(Q), [(v)| < M}

of L2(€).
We have the

Theorem 5.1. The semigroup S(t) acting on ®p; possesses the global at-
tractor Ay in L?(2), i.e.,

(i) Apr is compact in L*(Q2) and bounded in H*(Q) N WH2P(Q),

(i) Apr is invariant, S(t) Ay = An, VE >0,

(iii) Apr attracts the bounded sets of initial data in the following sense:
VB C &) bounded,

t_lgrnoo dist(S(¢t)B, Axr) =0,

where dist denotes the Hausdorff semi-distance between sets defined by
dist(A, B) = sup inf ||a — b||.
acAbEB

This is equivalent to the following: YB C ®p; bounded, Ye > 0, Jty =
to(B,e) > 0 such that t >ty = S(t)B C U, where U is the e-
neighborhood of Ap;.

Remark 5.1. It follows from the definition that the global attractor, if it
exists, is indeed unique. Furthermore, it is the smallest (for the inclusion)
closed set which enjoys the attraction property and thus appears as a suitable
object in view of the study of the asymptotic behavior of the system.

Proof.
It follows from (3.2) that

d 2
Zlull® + e(llullfr ) + ellfreng) < ears ¢>0, (5.1)

which yields
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d
&Huﬂz + cHuH2 <ecum, ¢>0. (5.2)

We thus deduce from (5.2) and Gronwall’s lemma the existence of a bounded
absorbing set By for S(t) on @y, i.e., VB C ®); bounded, Ity = to(B) > 0
such that ¢ > t9 == S(t)B C By (the existence of such a bounded
absorbing set is often used as a mathematical definition of dissipation).

Let then B be a bounded subset of ®;; and ¢y be such that t > tg —
S(t)B C Byp. Then, it follows from (5.1) that, if ¢ > to,

t+r
[ ey + o) dr < agors 210, (53
t

r > 0 fixed arbitrarily. It thus follows from (3.3), (4.10), (5.3) and the
uniform Gronwall lemma that

()12 gy + Nl 2y ) < Crrios £ o+ 7 (5.4)

In particular, (5.4) yields the existence of a bounded absorbing set By for
S(t) on @, which is bounded in H2(2) N W1 (Q) and thus compact in
L?(Q). The existence of the global attractor then follows from standard
results (see, e.g., [1], [16] and [19]).

a

Remark 5.2. Replacing, if necessary, the bounded absorbing set By by
Ui>t,S(t) B2, where g is such that ¢ > to implies S(¢)Bz C Bz, we can
assume, without loss of generality, that By is bounded in H?(2) N WH2P(Q)
and positively invariant by S(¢), i.e., S(¢)Bs C Bg, Vt > 0.

We now assume that (3.6) holds, i.e.,

/()] < el +1), ¢ >0, 5 >0,

when p > 2. When p < 2, it is once more understood that ¢’ is bounded.
We also assume that p < 2 when n =2 or 3.
We have the

Theorem 5.2. Under the above assumptions, there holds

t1S(t)u1,0 — S(t) @) < ce”urp —uzpll, t >0, (5.5)

Yuy 0, uz0 € Bz and where the positive constants ¢ and ¢ only depend on M
and BQ.
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Proof.
We multiply (4.1) by —tAwu and obtain

1d
Aul? )
5 = (HIVul®) + £Vl (56)
‘H/(SD(‘VUlQ)VUl - ‘P(|VU2\2)VUQ) -VAudzx
Q

1
= SlIvul?.
Noting that

(e(|Vur)Vuy — o(|Vua ) Vug) - VAu = (¢(Vur) — ¢(Vug)) - VAu

1
= / ¢ (TVur + (1 — 7)Vug)Vu - VAudr
0

1
- / o7V + (1 — 1) Vs ) Vu - VAu
0
+2¢'(|7Vuy 4 (1 — 7)Vug|?)
X((7Vui + (1 = 7)Vuz) - Vu)((tVuy + (1 — 7)Vug) - VAu)| dr,
we deduce from (3.4) and (3.6) that

|/ (|Vu1|?*)Vuy — o(|Vua|?)Vus) - VAu dz|
< c/(yvu1|2p2+ Vs 22 + 1)| V| [V Aul da
Q

1 _ _
< SIVAUP + (| Vur [y + [ Vus [y + DIVl

Taking the most difficult case p = 2 (n = 2 or 3) and employing Agmon’s
inequality, we find

| / (0| Ver|2) iy — o(|Vual?) Vi) - VAu da (5.7)
Q

1

IV Al + el 720y 1 77 (0) + Tzl lulls @) + DIVl

[\
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*HVMHQJrC(IIMHHs o) + lualls @) + DIVul®.

It thus follows from (5.6)-(5.7) that

d
Z HIVull?) + 4|V Au? (5-8)

< Vull® + et(|lua |70 + lu2llFs o) + DIVul®.
Noting finally that it follows from (3.5) that

t
il dr < et + 1), = 1, 2,
0

and from (4.6)-(4.7) that

t
/0 ()2 g dr < e,

where ¢ and ¢ only depend on M and B, (5.5) follows from (5.8) and
Gronwall’s lemma.
a
We also have the

Proposition 5.1. There holds

1
[u(tt) = u(t2)|| < errgy rlts = ta]2, (5.9)

for every solution u to (2.1)-(2.3) with initial datum uy € Ba, for every ti,
te € 10,TY, for every T > 0.

Proof.
Indeed,

lu(ts)—ults H=H/ drn_r/ 19 dr| < 11—t r/r 12 dr}
1 l

and the result follows from (3.3).
O
We deduce from (5.5), (5.9) and standard results (see, e.g., [5], [6] and
[16]) the

Theorem 5.3. The semigroup S(t) acting on ®p; possesses an exponential
attractor My in L*(2), i.e.,

(i) My is compact in L*(Q)) and bounded in H?(2) N WH2P(Q),

(i) Mr is positively invariant, S(t) My C My, YVt > 0,
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(iii) My has finite fractal dimension (for the topology of L*(Q)),
(iv) Mys attracts the bounded subsets of @y exponentially fast in the fol-
lowing sense: VB C ®p; bounded,

dist(S(t)B, Mar) < Q(||B|)e™, ¢ >0, t >0,

where the constant c is independent of B.

Remark 5.3. a) Due to the relaxation from invariance to positive invari-
ance, an exponential attractor, if it exists, is not unique.

b) We can note that the rate of exponential attraction is uniform and can
be computed explicitly (in terms of the physical parameters of the problem
in concrete situations). Therefore, exponential attractors are expected to
be more robust under perturbations. Indeed, the rate of attraction of tra-
jectories to the global attractor may be slow and it is very difficult, if not
impossible, to estimate this rate of attraction in general. We refer the reader
to [5] and [16] for discussions on this subject.

c¢) Having finite fractal dimension means, very roughly speaking that, even
though the initial phase space is infinite-dimensional, the reduced dynamics
can be described by a finite number of parameters. We again refer the
interested reader to [5] and [16] for more details.

Since an exponential attractor always contains the global attractor, we
deduce from Theorem 5.3 the

Corollary 5.1. The global attractor Ay has finite fractal dimension for the
topology of L*(9).

Remark 5.4. Actually, in two space dimensions, we can prove the exis-
tence of an exponential attractor without any restriction on p (allowing, in
particular, to prove the existence of the finite-dimensional global attractor
for the models described in Remark 2.2), by using the so-called [-trajectories
method (see, e.g., [14], [15] and [18]). Indeed, it first follows from (4.6) that,
if u; and ug are, as above, two solutions to (2.1)-(2.2) with initial data in
By and u = u; — us,

lull 220 m2(0)) < cllullpz(o22(0)) (5.10)
for a proper constant [ > 0 depending only on the constant ¢ in (4.6) (see

[14] and [15] for details). We then note that

% = A%+ div(¢(Vur) — ¢(Vue)),

which yields
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ou
157 2,2 m-20)) < ellull 2,002 0))

21
+ Sup / dt/ lp(Vui) — o(Vug)||VE| dx.

§€H2 ”5“}12(9 =1

Writing
/ |p(Vuy) — ¢(Vug)||VE| dx < c/(|Vu1|2p_2 + |Vug |?P72 4 1)|Vu||VE| dz

< eIVl 525 o) + V2l 7525 ) + Dl a2 llé]l 20

2p2

2p—
c(llualliz o + luzlliyz ) + Dllullazq)

< cf|ull g2(q)
we deduce that

ou
157 2o m-2()) < ellull2q.21m2(0)),

hence, owing to (5.10),

ou
Ha‘|L2(l,2l;H*2(Q)) < cllullL2(0,:02(02))- (5.11)

The two estimates (5.10) and (5.11) finally allow to prove the existence of an
exponential attractor (see [15] and [18] for more details). We can note that,
in three space dimensions, this only yields a slight improvement, namely,
p < 3 (in order to use the continuous embedding H'(Q) Cc L5(Q)).

Remark 5.5. It is also important to study the limit problem (correspond-
ing to e = 0 in (1.5)), i.e., the initial and boundary value problem

% — div(e(|Vu*)Vu) = 0, (5.12)
ou
W OonT, (5.13)
u|t:0 = Ug. (5.14)

Multiplying (5.12) by u, we have, owing to (2.6),

d
%HuHQ +¢|Vul|? < ¢, ¢>0, (5.15)



FINITE-DIMENSIONAL ATTRACTORS FOR THIN FILM MODELS 87

and, multiplying (2.1) by 2 Si» we obtain

/¢|Vu| d:c~|—2|| Yl = (5.16)

Unfortunately, this is not sufficient to pass to the limit in the nonlinear
term. Indeed, we do not have enough regularity to employ Aubin-Lions
compactness results and the operator ¢ is not monotone. Another problem
is the uniqueness. However, if p > 1 (this contains the thin film model with
slope selection), we have (formally) the dissipativity in L?(2) and W2P(Q).
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