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Abstract - We establish Karush-Kuhn-Tucker sufficient optimality con-
ditions for a nondifferentiable minimax fractional optimization problem, in
which numerator and denominator of each term consists of support func-
tion, under the assumptions of (V, p, o)-type I invex functions. Mond-Weir
type weak and strong duality theorems are also obtained under the aforesaid
assumptions.

Key words and phrases : sufficient optimality conditions, duality the-
orems, generalized invexity, minimax fractional programming problems.

Mathematics Subject Classification (2000) : 49N15, 90C46.

1. Introduction

The concept of duality, convexity and invexity in fractional programming has
received special attention of researchers in solving different real life problems
and mathematical models that require the relative comparison of two mag-
nitudes. The popularity of the fractional programming lies in the fact that
although the objective function is nondifferentiable, a simple formulation of
the dual may be given. Later, Mishra et al. [9], Chinchuluun et al. [1] and
Huang et al. [7] have dealt with many useful optimality and duality results
for nondifferentiable fractional programming problems. There are several
chapters devoted to this topic by Mishra and Giorgio [8], Clarke [2] and
Craven [3].

In the recent past, Kuk et al. [6] have introduced the concept of (V, p)-
invexity, which is generalization of the V-invexity for vector valued functions
and derived the generalized Karush-Kuhn-Tucker optimality conditions as
well as weak and strong duality for nonsmooth multiobjective fractional
programs. Later, Kim et al. [4] extended their results in presence of support
functions. Very recently, Kim et al. [5] have introduced the assumption
of (V, p)-invexity for the following generalized nondifferentiable fractional
programming problem (GFP):

fz(:c) + S(CIZ’CZ) .
gi(x) — s(@|D) | 1"“”’}
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Minimize max {
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subject to: hj(xz) <0, j=1,...m,

where f = (f1,...,fp) : R" — RP, g := (g1,...,9p) : R" — RP and
h:= (hi,...,hy) : R* — R™ are continuously differentiable and for each
t=1,...,p, C; and D; are compact convex sets of R”.

In this paper, motivated by Kim et al. (see [5]), we introduce (V] p,0)-
type I invex function to derive the Karush-Kuhn-Tucker sufficient optimality
and Mond-Weir type weak and strong duality theorems for a generalized
nondifferentiable minimax fractional optimization problem (GFP), in which
numerator and denominator of each term consists of support function, and
a constraint set defined by differentiable functions.

2. Preliminaries and definitions

In this paper, we consider the following nondifferentiable multiobjective frac-
tional programming problem

fi(z) +s(z[Ci) .
gi(x) @Dy | = 1""”’}

subject to: hj(xz) <0, j=1,...m,

(GFP) Minimize max {

where f = (f1,...,fp) : R® — RP, g := (g1,...,9p) : R* — RP and
h := (hi,...,hy) : R — R™ are continuously differentiable. We assume
that g;(x) — s(x|D;) >0,i=1,...,p. Foreachi=1,...,p, C; and D; are
compact convex sets of R™ and define the support functions with respect to
C; and D; as follows:

s(z|Cy) = max{(z,y;) |y; € C;}
and
s(z|D;) = max{(x,y;) | y; € D;}.

Further denote I(z) = {j|h;j(z) = 0}, for any x € R". Let k;(z) = s(z[C;)
and k;(z) = s(z[D;), i = 1,...,p. Hence, k;(x) and k;(x) are convex func-
tions. Choose w; € Ok;(x) and @; € Ok;(x) such that

O0ki(x) = {w; € C; | (wi,x) = s(x|C;)}

and
Oki(z) = {@; € D; | (@i, x) = s(x|Dy)},

where 0k; and 8I~ci are the subdifferential of k; and l%z respectively. Further,
let

S={xeR" | hj(x)<0,j=1,...,m}.
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Definition 2.1. A vector valued function f : R™ — RP is said to be n-invex
at u € R™ if for any x € R"™ and for alli=1,...,p, one has

fix) = fi(u) > V fi(u)n(z,u).

Definition 2.2. A vector valued function f : R"™ — RP is said to be (V,p)-
imvexr at u € R™ with respect to the functions n and 8; : R® x R — R" if
there exist o; : R x R" — Ry \ {0} and p; € R, i = 1,...,p, such that for
any x € R™ and for alli=1,...,p it holds

ai(z,u) [fi(2) = fiw)] = V fiw)n(z,u) + pj|0i(z, u)|.

The following Theorem from [5] will be needed in the sequel:

Theorem 2.1. Assume that f and g are vector valued differentiable func-
tions defined on R™ and f(x) + (w,x) > 0,g(x) — (©,x) > 0 for all x € R™.
If f(-)+(w,) and —g(-)+ (@, ) are (V, p)-invezr at u € R™ with respect to the
functions n,0; and oy, i =1,...,p, then % is (V, p)- invex at u € R"

with respect to the functions n, 0; and &;, i = 1,...,p, where
_ gi(z) — (@i, @
ai(r,u) = —FF—————a;(z,u
l( ) gl(u) o <UJZ‘,U> l( )
and

1 3
e = (= ) O
that is, for all i,
fil@) + (wi,z)  filu) +
gi(x) — (@i, x)  gi(u) —
filW) +lwi @)\ N a2
zv<(w ,u)m,>+mwx,ﬂw

a;i(x,u) {

Definition 2.3. Let

fi(x) 4 {wi, )
( )

(@) — @) =¢;i(z), i=1,...,p,

(wi,z) = s(x|Cy), (@i, x) = s(z|D;).
The pair (¢;, hj) is called (V,p;,05)-type I inver at uw € R™, if there exist

a; :R" x R" — R, \ {0},

ai(z,u) = ::iai(:p,u) > 0,
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_ 1 3
i) = (Gr=Go) 40
B :R"xR" =R\ {0}, p, €R,i=1,...,p; 05 ER,j =1,...,m, such
that
¢i(x) — ¢y (u) > @iz, w) Vo, (wn(x, u) + p;|10i(x, u)|?
and
—hj(u) > B;(z, u)Vhj(u)n(z, u) + o510 (z, ).

3. Optimality conditions

The following Kuhn-Tucker necessary optimality conditions for (GFP) from
[5] will be needed in the sequel:

Theorem 3.1. (Kuhn-Tucker necessary optimality condition) If xg
is a solution of the problem (GFP) and under the assumption that one has
0 & co{Vhj(xo)|j=1,...,m}, then there exist A; > 0,

fi(zo) + 5(x0lC5) _ filzo) + s(x0|Ci) }

i€ I(x) = {z} mjax 4;(z0) — s(z0|D;) ~ gi(xo) — s(xo0|D;)

S Ai=1,p;2>20,j=1,...,m and w; € C;,&; € D;, i = 1,...,p such

that
p ) ) m
S AV (5&2; i $°>> + " 1 Vhy(o) =0,
i=1 v j=1

- <u~)27 $0>

(wi, wo) = s(wo|Cs), (Wi, o) = s(x0|Di),
Zﬂjhj(xo) =0.
j=1

Theorem 3.2. (Kuhn-Tucker type sufficient condition) Suppose that
there exist a feasible solution xo for (GFP) and scalars \; > 0,i=1,...,p,
S Ai=1,p;20,j=1,....,mand w; € C;, &; € D;, i =1,...,p, such
that

0 BelEe) e

- <wi7x0> j=1

(wi, o) = s(w0|Cy), (@4, 0) = s(wo|Ds),
> jhy(we) = 0;
j=1

(it) (¢;, hj) is (V. p;,05)-type I invex at xg.
Then xq is an efficient solution for (GFP).
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Proof. Hypothesis (i) implies that

_ - o ( filzo) + (wi, o) m |
' ;AN (gz'(wo) - <0~Ji,w0)> T Z%‘V’%(%‘o)- (3.1)

=1

Since (¢;, hj) is (V, p;,05)-type I invex at xq, we have, for all z € S,

fi(x) + (Wi, x)  fi(zo) + (wi, xo)
gl(x) - <a)17$> gi $0) <~17x >
i (x, x i{wo) + (i, To) x,x 116 (2, z0) ||?
> ai(oan)¥ (ST ) 41160

and
0= —h;(z0) > B;(x, 20)Vhj(wo)n(x, m0) + 0;]6;(x, z0)|1*.

By using &;(w,79) > 0,i=1,...,pand 3;(x,29) >0, j =1,...,m we get

wi,x>> - = 1 <fl-(:n0) + (wi, xo)

ai(2,20) \ 9i(%0) — (@i, Zo)

(3.2)

and

0 > Vhj(xo)n(z, zo) + B, x0)

a i fi(x) +
Z a;i(x, zo) <9i(x) - i=1

Z)\iv (fz(iz; (wi, o ) + Z,LLJVh xo)] n(z, xo)
i=1

(o) — @iy ) T 2

Z

)y s (M L)
)

Y

3 I 5

pill0i(x ol (x, xo0) |
) |
=1

Bz, o)

Using (3.1), we have

Zp:@i(;:\jxo) (gjgg 2””96;) Ep: a;( x‘xo < zExO;JFEZ:izi)
(

8

7

=1
Pi 9@ ,20) S 0']||‘9 x 900)||2
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; 6
ASZA—pl” (("” . 20)] >Oandz ]—U]H 00 5 4, we get

i=1 i\, Lo j=1 ﬁj(x l‘o)

S e (L) - S (e 2o

i=1 =1

We thus have

it (o e) = Sanm (=) oo

=1

Suppose that z( is not an efficient solution for (GFP), then there exist a
feasible solution z for (GFP) and an index r such that ¢;(z) < ¢;(z¢) for
any ¢ # r and ¢, (x) < ¢,(xo), where

fl(l‘) + <w7;,.7j>

for any 3.

Since A\; > 0 and &;(x,z9) > 0,4 =1,...,p, we have
P P
A A
Y —pi(x) < Y = ¢i(x0).
: @i(CC, Z‘U)QSZ(:I:) . & ¢z($0)
=1 =1
It follows that one has

a Ai fi(z) + (wi, z) z A fi(zo) + (wi, 20)
Z ai(z,20) (91‘(%’) - <<7Jul’>> = Z ai(z, 0) (Qi(xo) - (fdz‘axo>) ’

=1

which contradicts the inequalities (3.4) and hence z is an efficient solution
for (GFP). O

4. Mond-Weir type duality

We now consider the following Mond-Weir type dual for (GFP).

(DGFP) Maximize max {;:Z((Z; __'_z((Z”gg li=1,... ,p}

P m
subject to: AV <~ + w;Vhi(u) =0, 4.1
; gi(u) — (@i, u) ; i Vhij(u) (4.1)
w; € Cia <wiau> = S(U|Cz)7 w; € DZ', <(:),“u> — S(U|DZ),Z _ 17 m,

p m
ANi>0i=1....p, > Ni=1, p;>0,j=1,...,m, Y p;h;(u) =
=1 =
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Theorem 4.1. (Weak duality) Let x be a feasible solution for (GFP) and
let (u, A\, p,w, @) be feasible for (DGFP) such that (¢;, hj) is (V, p;, 0)-type
I invex at u. Then the following cannot hold

fi(z) + s(x|Cy) Jfi(u) + 5(u|Cy)
<gi<x> - s<x|Di>> ) (gxu) - s<u|Di>> |
Proof. Suppose that (4.2) holds, that is

<fz'($)+ <Wi73«")> - <f¢EU) + <w,»,u>>.

9i(z) — (@i, T)

(4.2)

i=1 i=1
that is
- fi(x) + (wi, x) _ - , fi(w) + (wi, w)
2. <gz<w> - @Z,@) 2 (gxu) - <az,u>> <04y
and .
=Y pjhi(u) = 0. (4.4)
j=1
By (V, p,0)-type I invexity, we have
Zz;)\lv <gi(u)_ <‘Dlau>>n( ’ )+;)\Z di(zau)

Sia-Ai <fz:($)+<°fz:a$>>_§:a')\i <fzj(u)+<¢i)zzvu)><0

m m

(). Tl P oSS gy -
gl‘thJ( )7]( ) )+¥/‘Lj ﬁj(-T,U) < ;ﬁj(x,u)Vh]( )_0'

I

Z)\lv( ~ >77(? )+§>\Z @Z‘(JJ,U) <0

and
m m

S 4y Vhy (e, ) + 3, PO

J=1 j=1 ﬁj('rvu)
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By adding the above inequalities, we get

filu) + wu
ZAV( @ — G +Zujwl )| n(z,u) <0,
which contradicts the dual constraints (4.1). Hence (4.2) cannot hold. O

Theorem 4.2. (Strong duality) Let z be a weakly efficient solution for
(GFP). Then there exist \ € RP, i € R™ and @ € C such that (T, \, i, @, &
is feasible for (DGFP). Moreover, if the weak duality holds, then (%, \, i, &, ®)
is a weakly efficient solution for (DGFP).

Proof. Take z a weakly efficient solution for (GFP) and suppose that
0 & co{Vh;(z)|j = 1,...,m}. Then there exist A € RP, i € R™ and
w; €C;, o€ D;,i=1,...,psuch that

]~
N>/\
<

7 N
=
O
_l_
&
B
N———
+
3
=I

<
<
>
<
O
|
L

Thus, (Z,\, i,@,©) is a feasible solution for (DGFP). On the other hand,
by weak duality (Theorem 4.1),

max fil@) + 5(z|Cy) i= max fi(u) + s(ulCi) i=
VR = e 2w S = L

for any feasible solution (z, \, u,w,®) of (DGFP). Hence (z, \, i, 0, ) is a
weakly efficient solution for (DGFP).
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