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1. Introduction

Let @ ¢ RN, N > 3, be a bounded domain with a smooth boundary Of.
We consider the following Neumann problem

{ ~Au+u =pQ(z)u 1 in Q,

% = ud"! on 9Q, u>0on N

(1.1)

where Q(x) is a continuous and positive function on Q. A > 0 and p > 0

are parameters and 2* = ]\2,—]}2 denotes the critical Sobolev exponent. It is
assumed that exponent ¢ satisfies 1 < ¢ < 2**, where 2** = 2%\[__21) is a

critical Sobolev exponent for the trace embedding.

In recent years problems of the form (1.1) (with a nonlinearity at the
boundary condition) have attracted considerable interest. These problems
originate in the studies of optimal constants for the Sobolev trace embed-
dings, in the theory of quasi-conformal mappings on Riemannian manifolds
and reaction diffusion problems [12], [13], [15], [6]. We also refer to pa-
pers [19], [17] and [24], where further bibliographical references can be found.
Our goal is to investigate problem (1.1) in two cases: (i) 1 < ¢ < 2 (concave
case) and (ii) 2 < ¢ < 2** (convex case). For the results in the case ¢ = 2™,
we refer to papers [9], [10] and [21]. In the case of the Dirichlet problem,
the first existence results have been obtained in [4]. In this case a concave
- convex perturbation appears in the right hand side of the equation. Since
then, problems involving concave nonlinearities have been studied by many
authors (see [16], [20], [23] and bibliographical references given there).
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We point out that we are mainly interested in the existence of positive so-
lutions of problem (1.1). This problem can be regarded as a stationary state
of the corresponding evolution equation. The right hand side of equation
(1.1) contains a positive reaction term and the boundary condition involves
a positive flux term through the boundary. In order to obtain equilibrium
the left hand side of equation (1.1) contains a term +u (see also [16]). In
the final part of this paper we also consider problem (1.1) without the term
+u on the left hand side of the equation. To obtain positive solutions in
this situation, we assume that the coefficient Q(x) changes sign.

Throughout this work we use standard notations. The norms in the
Lebesgue spaces LP(€2), 1 < p < oo are denoted by || - ||,. The symbol |A|
stands for the Lebesgue measure of a set A € RY. The Hausdorff N — 1
dimensional measure is denoted by the same symbol. In a given Banach
space X, we denote strong convergence by ” — ” and weak convergence by
7 — 7. The duality pairing between X and its dual space X* is denoted
by (-,-). Solutions of problem (1.1) are sought in the Sobolev space H!(2).

We recall that by H'(Q) we denote the usual Sobolev space equipped with
norm
Jul® = / (IVul? + [uf?) da.
Q

The paper is organized as follows. In Section 2 we give a nonexistence
result in the concave case. In Sections 3 and 4 we discuss the existence of
solutions in the concave case. Our approach is based on the Ekeland varia-
tional principle and the mountain-pass theorem (see [14] and [3]). Section 5
is devoted to the convex case. In the final Section 6 we investigate problem
(1.1) without the term +u on the left hand side of equation (1.1).

2. Nonexistence of positive solutions in the concave case

It follows from the regularity theory that solutions to problem (1.1) are
continuous and positive on Q (see [17]). We put Q@ = max,q Q(z) and
Qm = maxgegn Q(z). For technical purposes we transform the unknown
function u in (1.1) to transfer a parameter p to the boundary condition.

Let v = %, where a constant 3 > 0 will be chosen in the following way.
It is clear that v satisfies

—Av+v =pf272Q(x)v¥ ! in Q, (2.1)

gu = A3 2071 on 99, v > 0 on Q. '
We choose 3 so that p8% ~2 = 1. With this choice of 8 (2.1) becomes

~Av+v =Q(z)v* ! in Q,

oo 2q (2.2)

5 = A\uF297"" on 09, v > 0 on €.
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A solution v € H'(2) of (2.2) is understood in the weak sense

/(vuv¢+v¢) dr = / Q(x)v2*_1¢dx+)\u22*_q2/ vilpdS, (2.3)

Q Q a0
for every function ¢ € H'(2). An analogous definition applies to problem
(1.1).
Proposition 2.1. Suppose that 1 < g < 2. If
N 2-q
(2" -2)(2—q)¥ 2|9
2* —q Q ’

(2* = )2 Qm (09

2—q
ApF=2 >

then problem (2.2) does not have a solution.

Proof. Suppose that v is a solution of (2.2). We take as a test function in
(2.3) ¢ = v'79. Since v > 0 on Q, v € H'(2). We have

(l—q)/ Vv]%_qu—i-/’u?_qdw:/Q(x)vQ*_qu—i—)\u;*%/ ds,.
Q Q Q o9
(2.4)

By the Young inequality we have for § > 0

2 — 2" —q « 2* —2)|Q
/ vy < 7(1622*;1 / v T dx + (—)LJ
Q Q (

2" —q 9 _ q)52*7:g

2 — “—q 1 * 2" —2)|Q2
< = q522qq/Q(x)v2 *qd:c+(—)|2*_|q.

2" —q Qm Jo (2* — q)672

2% —
Choosing § so that ;j}qé T = Qm, we derive the following estimate

/UQ_quL‘S/Q(IE)UQ*_qu'—F
Q Q

Inserting this inequality into (2.4) we obtain

(2 =22 - q> 0]

(2% — q)%Q%
m

2—q
(2" -2)(2—¢)> 2|9
2% g 2*1q2

(2* —q)*2Qnm

and the result follows. O

AuT=2100] <

Lemma 2.1. Any solution to problem (2.2) with 1 < g < 2** satisfies the
following estimates

2" -2)| :
2= D[P = 1D)Qm]T2

/ W1 dS, < A"l (2.5)
[2)9]
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and
v2 -1 v2 1 2\ €
Qm dx < Q dr < (2" — 2) —. (2.6)
2 —1 3
Proof. Testing (2.3) with ¢(z) = 1 we obtain
* 2—q
/vdx = / Q(z)w* ! dac—i—)\/ﬂ*—l/ vl dSs,. (2.7)
Q Q o0

Applying the Young inequality we get

-2 1
d < Wl de + Q —.
iz < [ a@ = T

Combining this inequality with (2.7) we derive (2.5). To derive the estimate
(2.6) we use the Young inequality in the following way: for every § > 0 we

have e
- . 2% —2)|Q
/vd:c< /Q Jo? ~ldx +(—)L,_’1.
Q 2* = 1)Qnm (2% —1)5> 2

« 2*—1
We choose § = <(2_21)Qm> . We then get

1
1 * 2% — 2)227 2|}
/vdxﬁ/@(x)vQ “tdr + ( )2* - ’1| .
Q 2 Q (2* _ 1)2*:2 Q’I%’L*72

This combined with (2.7) yields (2.6). O

In the sequel we only use estimate (2.6).

3. Local minimization (concave case)

Since the nonlinearity at the boundary condition is concave we can expect
the existence of at least two distinct solutions. Both solutions will be ob-
tained as critical points of the variational functional

2—q_
1 " 2¥-2
Tap(u) = 5 /Q(\VUIQ +u?) dz — / Q(x)|u)? dx — ,uq /89 |ul? dS;.

It is clear that this functional is of class C! on H*(Q).

Throughout this paper we frequently use the following best Sobolev con-

stants ul? d
S — inf fQ| ul|* dx

HY(Q)—{0} >
0 <fQ ’UP* dx) 2

Y
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2, .2
d
S — inf Jo(IVul]* +u )295

H1(Q)—{0} 7%
(fQ |ul?” dac)

and the best Sobolev constant for the trace embedding

Sq = inf
HY(Q)—{0}

fQ(|Vu|2 + u2) dx
(faﬂ |u| dSI)

for 1 < g < 2**. Here H{ () is the Sobolev space obtained as the completion
of C}(£2) with respect to the norm

2 _ 2
WmHam-—AJVu|dx

In Proposition 3.1, below, we show that the functional J) ,, has a mountain-
pass structure.
Proposition 3.1. Let 1 < q < 2. Then
(i) for every u > 0 there exists Ao >0, p >0 and k > 0 such that

Ip(w) >k forllull=p and 0 <X < Ao,

(ii) for every X\ > 0 there exists p, > 0, p > 0 and k > 0 such that

Iau(u) > & for |lul|l =p and 0 < p < p,.

Moreover, in both cases we have

inf Jy . (u) <O0. (3.1)
lull<p

Proof. By the Sobolev embedding theorems we have

1 S5 AT
M % ’u2*72 _9q
Taew) 2 Gl = 2= = 2

First, we choose p > 0 so small that

S, 2 Qum

Sl 2 2

1
Sl -
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for |Ju|| = p and some constant x > 0. It suffices now to choose either A\, > 0
small (for a fixed p > 0) or a small 1, > 0 (for a fixed A > 0) to obtain (i)
and (ii). Finally, taking ¢ > 0 small enough we obtain

2"
Tault) = Sj0 - 5 [ Qs -2 2 o <o,

since 1 < ¢ < 2. This obviously implies (3.1). O

We are now in a position to establish the existence of the first solution.
In the proof we use the Ekeland variational principle [14] which generates
a (PS). sequence. We recall that a C'-functional ® : X — R on a Banach
space X satisfies the Palais - Smale condition at level ¢ € R ((PS). condition
for short) if each sequence {z,} C X such that (*) ®(x,) — c and (**)
®'(2,) — 0in X* is relatively compact in X. Finally, any sequence satisfying
(*) and (**) is called a Palais-Smale sequence at level ¢ (a (PS). sequence
for short).

Theorem 3.1. Let 1 < q < 2 and let Ao and p, be chosen as in Proposi-
tion 3.1. Then

(1) for every fized pn > 0 with 0 < A < Ao(p) problem (2.2) admits a
solution,

(i1) for every fizxed X\ > 0 with 0 < p < p,(X) problem (2.2) admits a
solution.

Proof. We only consider the case (i). It follows from Proposition 3.1 that

Axy = inf JAM( ) < 0.
lull<p
By the Ekeland variational principle [14] there exists a (PS)a,, sequence
{up,} € HY(Q). Since {u,} is bounded in H'(), we may assume, up to
a subsequence, that u, — w in H'(Q) and L? (Q), u, — u in L?() and
L1(09). It is clear that u is a weak solution of (2.2). We then have

1
ay, > liminf [JAu(un) — 2*(Jﬁ\u(un),un)]

1 1 1 2-q
> N Q(|Vu|2 + u2) dx — (5 — ;))\,uz* P / u|?dS,
1
= JA,M(U) - 7<J$\,u(u))u> = J)x,u(u) > a)g-

2*

Thus Jy,(u) = ay, and u is a solution belonging to the interior of the
ball B(0,p). Since |u| is also a minimizer we may assume by the Harnack
inequality that v > 0 on 2. O
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4. Existence of a second solution (concave case)

In what follows we denote by wy, a positive solution to problem (2.2) found
in Theorem 3.1.

Proposition 4.1. Suppose that 1 < q < 2 and let Ao and u, be chosen as
in Proposition 3.1. If u = uy, and u = 0 are the only critical points of J ,,
then (PS). condition holds for

5% 5% > (4.1)

c<6—J)\7“(u,\ﬂ)+min< 3 ~3
NQ,/ 2NQu»’

Proof. (We obviously assume that either (i) or (ii) of Proposition 3.1
holds.) Let {u,} C H' () be a (PS). sequence for J) ,, with ¢ < ¢, that
is, Jxu(un) — cand J§  (un) — 0 in H~1(Q). First, we show that {u,} is
bounded in H'($2). We have

¢+ o(l) +o([unll) = JA,u(un)—%U&,u(un),um

1/ . 11 2—q/
= — [ |uy|® doz+ (7 — —)AuT-2 ul|?dSy.
N G- o [

By the Sobolev trace embedding theorem we obtain

]. 2* ]. ]_ 2—q 4
~ [ Junl® de < (5 = ) A28, 2 lun ||+ e+ o(1) + o [[ual)).
This inequality combined with the fact that Jy ,(u,) — c gives

1 1 .
[vuals@ya < eviv [ Qi a
Q Q

2
AuTE
2% 2
+ 2 / |4 dS,
q o0
c+ 1+ C([Junll + [[uall?)

for n > n,, where C' > 0 is a constant independent of n. Since 1 < g < 2, we
see that {u,} is bounded in H'(£2). We may assume, up to a subsequence,
that u, — u in H'(Q), L* (Q) and u, — u in L?(Q), LI(Q). By the P.L.
Lions’ concentration - compactness principle (see [18]) there exist at most
countable set of points {z;} C Q, and positive numbers {y,}, {v;}, j € J,
such that
lup|* dz — dv = |ul|? dx + Z Vibu;

jedJ

and
|V, > de — dp > |Vul* de + Z,ujémj,
jedJ
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in the sense of measure, where ¢, denotes the Dirac measures assigned to
point z;. Moreover, the numbers u; and v; satisfy the following inequalities

2
=

Sv:t <, if z; € Q, (4.2)

2
i =

and ,
1/? < pj if x; € Q. (4.3)

[\)
2‘1\7‘ n

Testing J5 ,(un) — 0 in H~YQ) with a family of functions g, § > 0,
concentrating at z; as 6 — 0, we derive

py < Q(xj)vj, j e (4.4)

If v; > 0, then in the case z; € Q, (4.2) and (4.4) imply

N
g
vy > 20 (4.5)
Q(a;)~
On the other hand, if z; € 09, then by (4.3) and (4.4) we obtain
N
g
vz (4.6)
2Q(z5) 2

By the Brezis - Lieb lemma (see [7]) we get for v, = u,, — u

/Q Q(x)

We also have
/]Vun]2da::/\Vu|2da:+/\an\2d:c+o(1).
Q Q Q

These relations are used to rewrite

Yde = /QQ(ZE)|U|2* dx + /Q Q(x)|vn|* dz + o(1).

Iau(un) = c+o(1) and Jy ,(un) = o(1) in H(Q)

in the following form
Tt /|an|2 a:—/Q Vo2 do = c+0(1)  (47)
and
/(!VU|2+U dm /Q |u\2 da:—)\/ﬂ* 2/(9Q\u|qd5x (4.8)
/Q(]an]Q — Q(:):)|Un\2 ) dx = o(1).
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Since u is a weak solution of (2.2) we deduce from (4.8)
/ |Vn|? doz = / Q(x)|v,a|?* dz + o(1).
Q Q
Substituting this into (4.7) we get
1 2
Ipw) + = [ |Vop|"de = c+o(1). (4.9)
N Jo

From (4.2)—(4.6) we obtain the following inequalities

MjZ ~ 3 ifl/j>0,$j€Q

and

)
O
™

To complete the proof, we show that if either u = 0 or u = wu,,, then
p;j =vj =0 for all j € J. Arguing by contradiction, we would have v; > 0

N
for some j € J. Then by (4.9) we would have in the first case -5 < c if

2
Q M

N
zj € Q and 582 < cif x; € 0N). This shows that
2Qm?

N-2" N-—-2

g% S5 >
NQ,F 2NQuE

c> min(
which is impossible. If u = uy, we would have
J)\,/,L(u)\/,t) + —n~N_3 <c if Z;j e

and

Ip(ur) + —F= < ¢ if x; € 06

This yields

J)\“u(u,\#) + min(

which gives a contradiction. O
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A second solution will be obtained by the mountain-pass principle (see

[3]). First we consider the case Qs < QNLJQm. Then (PS). condition holds
for N~

Sz

¢ < Dplurng) + —5=-
2N Q2
For simplicity we assume that @, = Q(0), 0 € 9Q. To estimate the energy
level of Jy , we use a family of instantons
N-2
c p)
Ue,y(x) = N 3, € >0,y € RV,
(e +z—yP2) 7

It is known that U, , satisfies the equation
—Au=|u|* u in RN

and

* N
||Ue,y %* = HVUe,yH% =52,

If y =0 we put Uec = Ucg. If H(0) denotes the mean curvature of 9 at 0,
then the following estimates hold

- — AyH(0)elogl +0(e)  if N =3,
ANH(0)e+O(e?log?) if N=4, (4.10)
— ANH(0)e + O(€?) if N>5,

Jo IVU|? dx:
2
<fQ U2 dx) i

where Ay > 0 is a constant depending on N (see [1], [2], [22]).

[} [} [}
z\w“’lz\w“’lz\w

Proposition 4.2. Suppose that 1 < g < 2 and N > 5 and let Ao, o be
constants chosen in Proposition 3.1. Assume that either (i) or (ii) of The-

orem 3.1 holds. Suppose that Qp < 2ﬁQm, Qm = Q(0), 0 € 9Q and
H(0) > 0 and that

|Q(z) — Q(0)| = o(|z|) for x near 0. (4.11)
Then
S
I{l>aOX JA,H(U)\“ +tU,) < J)\,#(U)\‘u) + ==
= 2N Qn?

for € > 0 sufficiently small.

Proof. We use some ideas from the proof of Lemma 2.5 in [20]. We use the
following inequality: given ¢ > 2 and k € (1,q — 1) there exists a constant
C > 0 such that

(5 +1)7 > 57 + 19+ qgsT 't + gst?™ !t — CtFs?™"
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for every s > 0 and ¢ > 0. Applying this inequality to the integral

* N+1
/ Q) (urp —I—tUE)2 dr with k = Sl
Q N -2
we get

1 t2
Iap(ur, +tUe) < / \VUAM|2dx+2/ |VUE|2dx+t/Vu>\MVU€dx
Q Q

1 2
+ 2/u/\udx+ 2/U2d:v+t/U€u,\udx

Q
> . .
- /Q U2 /Q(z)uiudzn
— ¥ 1/Q U2 uM x—t/Q u/\ulUdac
Ni

ot faund

A 2* %
- 2K / (un + tU) " dS,
q Q
A -3
= Jaulwn) + ,u/ [uiﬂ — (uM+tU€)q} dS,
q oN
+ )\M22*_q2t/ u‘)]\;er dS,
9]
t? . .
t 5 (|VU ? +U?2) dx — t* 1/ Q(z)UZ tuy, dv

N-1 2"
+ C’tM/Q(z)u;\Vu2 g x—/Q W dz.
Q

We now use the inequality

1 us
5(@6)\“ + tUe)q - 7“ — ’U;g\;er Z 0

to obtain

t2
J)\’“(UAM +tU) < J)\’“(UA”) + — / (’VUEP + Ug) dx (4.12)

2*
_ ! /Q YU dx —t* —1/Q YUZ tuy, do

N+1

N-1 N+l
+ C’tm/u;\\;teNQ dx.
Q

To proceed further we need the following estimate

N—-1 N+1
/Q uANQUN 2dac<Ce =
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for some constant C' > 0, independent of € > 0. Combining this estimate
with (4.12) we obtain

2

t/(!VUe\QJrUf) de  (4.13)

J)\,u(u)\u +tUe) < J)\,u(u/\u) + 9

2
/Q VU2 dzx + ®(t),

where Nt N
O (t) =CtN—2¢ 2
We put
2
U (t) = 3 /(\VU|2+U2)d:c—/Q VU2 dx + D (t).
It obvious that lim;_,o Ve(t) = 0 and limy_,o ¥.(f) = —oo. Hence there

exists te > 0 such that U (tc) = max;>o ¥(¢). We now show that there exist
numbers 0 < T} < T3 such that 77 < t. < T5 for every € > 0 sufficiently
small. By Proposition 3.1 we have

0< k< max Iap(ur, +tUe) < Iy p(ung) + Pe(te) < We(te).

This shows that t. /4 0 as € — 0. Therefore there exists 0 < 73 such that
0 < Ty <t for € > 0 small. To find an upper bound for t. we argue by
contradiction. Assume that t., — oo for some sequence €, — 0. Then
Ul (te,) =0, s0

€n

N+2 N+l =
/(|VUEH|2+U2 dx:tgi?/@ VW2 d N+2tg2n .
We rewrite this relation as
. . N+1 N-2
tEnNQ/(W P2 d:z:—/Q UZ dz — C +2ten en?
Q

It is clear that the above relation cannot be satisfied for large n, as the left-
hand side tends to 0 and [, U2 dz + 0 as n — co. From (4.13) we derive
the following estimate

vl

Jo(IVU? + U2) da:
J)\”u(u;\u + tUe) < J/\,,u(u)\,u> + — + ‘I>€<t).

( Jo Q@)U dx) -

Assumption (4.11) implies the following expansion

/ Q(x)U? dx = Qm/ U2 dz + o(e).
Q Q
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We now observe that ®(t.) = o(e) and [,UZdz = O(€*) for N > 5.
Therefore the last two relations combined with (4.10) give

N
Sz
max Jy ,(un, +tUe) < Iy pun,) + ——5—-
t>o 2NQm2

O

To find a second solution we choose w € H'(Q) such that w € H()
and ||w|| > p and set

D= {y € C([0,1], H'(€2)) [4(0) = 0, 7(1) = w}.

Theorem 4.1. Let N > 5 and 0 < g < 2. Suppose that the assumptions of
Proposition 4.2 are satisfied. Then in both cases (i) and (ii) (see Proposi-
tion 3.1) problem (2.2) admits a second solution.

Proof. Suppose that 0 and wy, are the unique critical points of .Jy ,.
Applying the mountain-pass principle we derive the existence of a critical
point v satisfying Jy ,(v) > & > 0 which is obviously distinct from 0 and
uy,. This gives a contradiction. O

2
We now consider the case Qs > 2¥-2(),,. In this case we have

N
. Sz
¢=JIplur) + —5=-

For the ease of notation we set

C
R(12, Q) = 1915+ - ).

2% —2
m

where Oy = (2% — 2)(5:27) 2.

Lemma 4.1. Let uy, be a solution of (2.2) from Theorem 3.1. Suppose that
(i) and (i) of Proposition 3.1 hold. Then

nax I +1) < Iy p(uan)

_2
—2

+max sz(lﬂl,me}V(mum,czm));;( [awar) ©
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Proof. We have

J)\’“(U)\u + 1)

IN

1 1
2/Q|Vu/\u\2dm+2/uwdx+ ]Q\—l—t/u)\udx

1 * A 2*72
3 [ Q@+ 07 do =P [ (v 0y,
2* q o9
D) + /Q U/\u
t/Q( u)\#_ldx—/Q uAM—i-t " dx
Q

Ly 2 q % g—1
—\u2 uy, s, + t)\,u2 -2 uy, dS;
o0 o0

/2
/ (u/\,u + t)q dS:v + *‘Q’
o9 2
t? 1 2
T () + §|Q\ + o Q(x)uy, dz
Q

1 *
2*/ﬂ@(az)(u,\ﬂ—l—t)2 da:+t/QQ( uku 1 dx.

We now use the following inequality

(upg +1)% =, > %

for all t > 0 and estimate (2.6) (see Lemma 2.1). So

*

Q|C 2
']/\,u(uku +1) < JA,#(UM) ’Q‘ +t’ | N / Q(z) du,

where Cy = (2% — 2)(

If0 <t <1, then g(t) < & +

g(t) <

2% -1

2*%1)m. Let

N
o) = S0+ A o [ @

*

|Q|CN
QQ*

. Ift > 1, then

2*
max ¢(t) < max <1+ CN )\Q|t2—t/Q dx

t>1 t>0 2 an*_

_2*
1 1 oy \| =
— |1 2|1Q|( = d

m

and the assertion of Lemma follows.
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Theorem 4.2. Let 0 < g < 2 and Qpr > 2ﬁQm. Suppose that

max KN(]Q\,Qm),;<2KN(’Q|,Qm)>M</QQ(:B) dx>‘2*2
Lot (4.14)
2NQm?

Then in both cases (i) and (ii) (see Proposition 3.1) problem (2.2) admits a
second solution.

It is clear that condition (4.14) is satisfied for sets of small measure.

Similarly, the inequality

2% -2

max KNum,Qm),}V(mam,czm))%( [ @)

N
Sz
N_2

2NQn®

<

guarantees the existence of a second solution of problem (2.2) in the case
N—-2

Qu < Q%QmT-

Remark 4.1. According to Theorems 3.2, 4.3 and 4.5 for every u > 0
there exists Ao() > 0 such that problem (2.2) admit solutions wy,, and wy,,
satisfying Jy ,(wyx,) < 0 and Jy ,(Wy,) > 0, respectively. Then ay, = Bwy,
and 1y, = By, are solutions of problem (1.1). It then follows from estimate
(2.6) that

_2r-1 . . _2-1
[ de <5 enRQuT and [ a7 de < B lON 101G
Q Q

Moreover, if 4 — oo, then 3 — 0 (and Ao (p) — 0). This means that @y, — 0

and 1y, — 0 in L%(Q) as {1 — o0.

5. Convex case (2 < g < 2*)

In this case the dependence of equation (1.1) on a parameter u > 0 is
irrelevant. Hence we consider the problem

{ ~Au+u =Q(x)u* ! in Q, (5.1)

% = ! on 99, u > 0 on .
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We distinguish two cases: (i) ¢ = 2 and (ii) 2 < ¢ < 2**. Solutions in both
cases will be obtained through the mountain-pass principle applied to the
functional

1 1 ¥ A
JMQQ:QASWMQ+ﬁyM—2ﬁ4Q@Qm2&w—qégwwﬂg

We commence with the case (i). We note that if u is a solution of problem
(5.1) then w is continuous and positive on Q. Testing (5.1) with ¢ = & we
obtain the following result:

Proposition 5.1. Let g = 2. Then problem (5.1) does not admit a solution
for A > %

Proposition 5.2. Let ¢ = 2. Then there exist constants Ao > 0, k > 0 and
p > 0 such that
Ir2(u) >k for |lul| =p and 0 < XA < Ao. (5.2)

The proof is similar to that of Proposition 3.1 and is omitted.

Proposition 5.3. Let ¢ = 2 and 0 < A < A,. Then (PS). condition for
Jy2 holds for

N N
c< min( 512\,_2 , S QN_Q ) (5.3)
NQ) 2NQuw®
Proof. Let {u,} C H(Q) be a (PS). sequence for .Jy 5. Then
1 / 1 2 2
ct+1l+o(|un) = Jx\,2(un) - §<'])\,2(Un)>un> = N Q(lvun’ + “n) d

11
— (== =)\ o2 dS;.
(G5

Using the trace Sobolev embedding theorem and taking A, smaller, if nec-
essary, we derive from the above relation that {u,} is bounded in H!(2).
We may assume that, up to a subsequence, u, — u in H(Q), L? (Q) and
u, — u in L?(Q), L?(0Q). We now apply the P.L. Lions’ concentration
- compactness principle. So there exist at most countable sets of points
{z;} C Q and positive {v;}, {u;}, j € J, such that

un* = dv = [u* dz + " v;da,
jeJ
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and
|Vun|> = dp > |Vul? dz + Zujéwj
Jj€J
where v; and p; satisfy (4.2),(4.3) and (4.4). Assuming that v; > 0 for some
j € J, we get as in the proof of Proposition 4.1, estimates (4.5) and (4.6).
Hence

1
¢ = lim [JA 2 (un) — = (J3 o (un), un)]

n—00 ’ 2 ’

1 x
= N(@@@M2m+§jwm%0

jeJ
N S%
Z mm( N-2> N2 ) 7
NQ,/ 2NQw’
which is impossible. O

We can now formulate the following existence result:

Theorem 5.1. Let N > 5, ¢ = 2 and Qp < Q%Qm. Suppose that
HO0) > 0, Qm = Q0), 0 € 9Q and that Q satisfies (4.11). Then for
every 0 < X\ < A, there exists a solution to problem (5.1).

Proof. In order to apply the mountain-pass principle, we have to show
that

S%
max J/\?Q(tUE) < N3 -
= 2NQm*

This relation is a consequence of asymptotic estimates (4.10) and assumption
(4.11). |

We now consider the case 2 < ¢ < 2**.
Proposition 5.4. Let 2 < q < 2** and X\ > 0. Then there exist constants
p >0 and k > 0 such that
Inglw) = & for llul = p. (5.4)

Moreover the (PS). condition holds for

. S% S5
¢ < min P ~ |-

_ (5.5)
NQ,, 2NQuw®
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Proof. By the Sobolev embedding theorems, we obtain

*

-2 2*

X 2*

/(]Vu|2—|—u2) dx — Sl* (/ (]Vu|2—|—u2) dw) i
0 2 Q

S, 3

; (/Q(\w? ) dac) .

Taking p > 0 small enough (5.4) follows. Let {u,} C H'(2) be a (PS).
sequence with ¢ satisfying (5.5). We have

Ixng (u) >

> N

(SIS

1., 1 .
e o) +ollll) = Tuglun) = 5l u) = 7 [ Q@ do
1 1

—— =)\ nl4dS,.
G-2) /mrur

Since 2 < g < 2**, we see that

/ Q@) |unl? do + / un |7 dS, < C(1 + un])
Q o0

for some constant C' > 0 independent of n. On the other hand we have

1 1 1 1
Ing(tn) =5 (3 4 (Un), un) = —= (|Vun|2+ui) do+(=—=)A |t | dSy.
2 N Jo 2 q" Jog

From the last two relations it is easy to deduce that {u,} is bounded in
H1(Q). Finally, the (PS). condition follows from the concentration - com-
pactness principle. O

Theorem 5.2. Let N > 5,2 < q< 2", H(0) > 0,0 € 99, @, = Q(0) and

Qu < 2ﬁQm. Moreover, assume that Q satisfies (4.11). Then problem
(5.1) has a solution for every A > 0.

Proof. Using the asymptotic estimates (4.10) one can show that

S%
max J) 4(tUe) < i
= 2NQm
The result follows from Proposition 5.4. O

2
We now consider the case Qs > 2V-2Q,.

Theorem 5.3. Let Qpr > QﬁQm. Suppose that

N Qm R N
[ (fQch)dx) <5

then problem (5.1) admits a solution for every A > 0.

(5.6)
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Proof. To apply Proposition 5.4 we show that

N
Sz
maxJ), ¢(t) < —5=- (5.7)
NQ,/
We have
>
halt) < 5100 = 5 [ Q= st
and
2*
1 |25 =2
max /=5 ——
(fQ Q(x) da:)
Assumption (5.6) guarantees (5.7). O

One can also use the estimate
t2 t4
Irg(t) < 5\(2’ - E)\WQ’

to derive (5.7). However, this leads to some restriction of values of a param-
eter \.

6. Generalizations

In this section we consider the problem

{ —Au = Q(z)u* " in Q,

% = Xud! on 99, u>0on Q.

(6.1)

A function v € H'() is a solution of problem (6.1) if
/ VuVeodr = / Qz)u? 1o dr + )\/ ul ' dS, (6.2)
Q Q a9

for every ¢ € H'(€2). First, we observe that if Q(z) > 0 on €2, then problem
(6.1) does not have a solution. Assuming that u is a solution of (6.1) and
testing (6.2) with ¢ = 1, we obtain

/Q(x)UQ*ld:er)\/ u?tdsS, = 0.
Q o0

Since u > 0 on €2, we obtain a contradiction. Therefore, we assume

(Q) JoQ(@)dr <0and Q7 (z) #0, @ (z) #0
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By J) we denote the variational functional

1 1 " A
Am)_zlgvm%m—zﬁégmmm2¢w—qégmwmh

which is of class C! on H'(Q). We use a decomposition of H*()
H'(Q) =V oR,

where

V={ve H(Q)] /dexzo}.

Using this decomposition, we define an equivalent norm on H!(€2) by
lfy = [ IVuPdot, it u=vtiveViteR
Q

To show that Jy has a mountain-pass geometry, we need the following qual-
itative statement (see [5])

(S) there exists a number n > 0 such that for each ¢ € R and v € V the

inequality
. \?
([1vepar)” <
Q

2+ >
Ammmw@|mS:24@@m

implies

This follows from the continuity of the embedding of V into L% (£2).

Proposition 6.1. Let 1 < g < 2** and suppose that (Q) holds. Then there
exist >0, p >0 and \* > 0, such that for every 0 < A < \*, we have
Ia(u) >0 for |lul| =p and inf Jy(u) <O.
l[ull<p
Proof. We distinguish two cases: (i) ||Vvl|l2 < n|t| and (ii) ||Vv|l2 > n|t],
where 1 > 0 is a constant from (S). If |[Vv|ls < nlt| and |[|[Vv|3 + 2 = p?,

then 2 > 1J’i]2. By (S) we obtain

/ Q()[t + v(x)* da < |t|2/ Q(z)dz = —[t|* o,
Q 2 Jo

where o = —3 [, Q(z) dz > 0. Hence we have the following estimate of .Jy
from below
LA o A
Tz gt =2 [ s, = 2 | quras,. (63)
2 qJo 2(14+n2)2  9Joo
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In case (ii) we have

N\
||u||v<HVU||2<1+n2> .

By the Sobolev inequality we have

* * * 1 2
[ @l dsl < il < vl (1 T n)

for some constant C7 > 0. Hence

*

2
In(u) > = ||Vv||3 — = ||Vv (1+) —/ ul|? dS,.
(u) 2 SVollz = 5o IVol2 2 . aQ||

Taking ||Vvl||2 < p small enough, we derive from this inequality the following

estimate from below:

1 A
Ia(w) = 11Vl - /IU\qux-
q Joo

Nl

1+n2
If ully = p, then p < [Volls L7)

s Therefore,
2.2 A
Bz =2 [ pujas,.
4(1+n%) 4 Jao

From (6.3) and (6.4) we derive

2 2 2 \
Ix(w) me( Ty o ) =2 [ Julras..
4(1+77 ) 2*(1+772)7 q Joq
Applying the Sobolev trace embedding theorem, we get

*

2 2 2
) 2 min( T ) Aol
4(1+77 ) 2*(1+n2)7

for some constant Cy > 0. Taking A* > 0 small enough the first assertion

follows. Since 1 < g < 2** < 2* we have

[t

2*

Ia(u) = —

/ Q(x)dx — é|t|‘7]8§2| <0
Q q

for ¢ sufficiently small. Hence inf}, <, Jx(u) < 0.

Repeating the proof of Theorem 3.1 we get

Theorem 6.1. Let 1 < q < 2**. Then for every 0 < A < \* there exists a

solution w of problem (6.1) satisfying Jx(u) < 0.
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Let us denote by u) a solution of problem (6.1) from Theorem 6.1.

Proposition 6.2. Let 1 < ¢ < 2. Suppose that Q(x) > 0 somewhere on
00. If u =0 and u = uy are the unique critical points of J, then the (PS),
condition holds for

N N
S S22
C<E:J,\(u,\)—|—min< N3 N2>.
NQM2 2NQn?

The proof is analogous to that of Proposition 4.1 and is omitted.

From this we can derive the first existence result for problem (6.1).

Theorem 6.2. Let N > 5, 1 < ¢ <2 and Qu < 2ﬁQm. Suppose that
Qm = Q(0), 0 € 99, H(0) > 0 and that assumption (4.11) holds. Then
problem (6.1) admits a solution for every 0 < X\ < \*.

2
We now consider the case Qur > 2¥-2@Q),. In this case

Let Qu = Q(xm), zm € S

Theorem 6.3. Let 1 < q <2 and Qpr > 2%62,”. Suppose that

N—-2

Q(x) = Qzar)] = of|e — 2] 2) (6.5)

for x near xpr. Then problem (6.1) admits a second solution for every 0 <

A< A

Proof. A second solution will be obtained through the mountain-pass
principle. Let ¢ € C1(R") be such that ¢(z) =1 on B(z, §), ¢(z) =0 on
RN — B(xp,7) and 0 < ¢p(x) < 1, Bz, 7) C {x € Q| Q(z) > 0}. We set
We = ¢Uc z,,- It is sufficient to show that

N
g%
max J)\(U)\ + tWe) < J,\(U)\) + ]2\,72 . (6.6)
t>0 NQ]WT
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We have, as in the proof of Proposition 4.2,
t2 5 1 AN
N +tWe) < Ia(wn) + 5 | [VWelTde + o0 | Q7 (z)uy do
Q Q

- 21*/QQ+(.T)(U)\ +tWE)2* dx +t/ QT (x)ul ~'W, dx

IA

2
Ia(uy) + L /|VW|2dz—/Q YW2 dx
— t2*1/ Q(z)W2* ~Luy da

N-1 +1
+ CtN2 / Q(x /]\V 2 dx
= Ja(up) + Ue(
Let Wc(t.) = max;>0 ¥¢(t). Repeating the proof of Proposition 4.2 we can

show that there exist constants 0 < 77 < T5 such that T7 < t. < T5. Since
uy > 0 on 2, there exists a constant « > 0 such that

/ Q(z)uyW?2 ~tdx > aez.
Q

Hence

N
2

(fQ |VW€|2dx> N
( [ Qw2 dx>2

«_1 N—2
— ole2 Le™2

J)\(U)\—}-tWe) < J)\(U)\)-f—

Assumption (6.5) yields the following expansion of [, Q( 2)W?2 da:

/ Q(x)W2 da = QM/ W2 dx + o(e¥).
Q Q
We also have

/\VW€|2dx—S¥+O(eN2) and /Wf*dx—S%rO(eN).
Q Q

Hence
S5
max Ta(ux +tWe) < Jxa(uy) + N_2
t> NQ,/

for small € > 0. |
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