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Abstract - Let T : X — Y be a continuous linear operator with closed
range, where X and Y are Hilbert spaces. In this paper we present some
new results concerning of stability analysis for the equation T'(z) = y and
the least squares equation ||T'(z) — b|| = Zlg)f( |T(z) — b|| with some type

perturbations.
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1. Introduction

The operator equations and the least squares problems are widely used in
various areas of computational and applied mathematics (see, for example,
[1]). Hence its stability (or perturbation analysis) is important in error
estimate for computing solutions. In this paper we present results for the
stability of some operator equation in Hilbert spaces which generalize well-
known results for matrix equations and improve some formulas obtained in
2], [3] and [4]. The main tools of our work are the pseudoinverse of a linear
continuous operator and an associated condition number. For the theory of
pseudoinverse we can see [1].

Let T': X — Y be a continuous linear operator with closed range, where
X and Y are Hilbert spaces. Denote by Tx = T'(z), for all z € X and
by R(T) := {y € Y |there exists + € X such that y = Tz} the range of
T. Assume that R(T) is a closed subspace in Y. Let TT : Y — X be the
pseudoinverse (Moore-Penrose inverse) of T and let us consider the condition
number of T' given by cond(T) := ||T| - | T
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2. The stability of Tx = b type equation with Ty = b+ 0b type
perturbation

We consider the following operator equations:
Tz =5b (2.1)
and
Ty=0b+db (2.2)
with b,b+ db € R(T),b # 0.
Theorem 2.1. a) For each solution x of the equation (2.1) there exists a
solution yo of the equation (2.2) such that

- 0b
o =21l  oona(ry. H”bHII_

b) For each solution y of the equation (2.2) there exists a solution xg of
the equation (2.1) such that

vl
ol

|y — zo|

< cond(T)
o]l

Proof. Let us consider x € X which verifies the equation Tr = b and
z € N(T). We take y := x +T%6b+ 2. Then Ty = Tz + TT"6b + T=.
We have TT+8b = b, because 6b = b+ db — b € R(T). It results that
Ty =Tx+ 0b=b+ Jb. So y verifies the equation Ty = b + §b.

Let yo := x + T+ b (which is the value corresponding to z = 0). On one
side, yg — x = T b, which implies

lyo — =l < [ITF|[l|ob]l

On the other side,

1 _ |7
6] = |T=]| < | T)]z] = — < "ot
[zl — [l
It results that
lvo =2l _ e i 121 16b]]
W0 = 2 < |7 jab] ot = cond(T) - L

b) Let us consider y € X which verifies the equation Ty = b + db and
z € N(T). We take z :=y —T76b— 2. Then Toe =Ty — TT+6b — Tz =
b+ 0b— 6b=10. So z verifies the equation Tz = b.

Let xg := y — T b (which is the value corresponding to z = 0). On one
side, y — x¢ = T b, so

ly = @oll < [IT°F|[[|b]|-
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On the other side,

1 17|
[6ll = 1 Tzoll < [|T[l|lzoll = 7 < 77
lzoll = [0l
It results that
[ p— 150
———— < T I[|0b]| T = cond(T) - <.
[2oll ||b]] I

O

Theorem 2.2. a) For any solution x of the equation (2.1) and any solution
y of the equation (2.2) we have

ly ==l 1 o]
d(z,N(T)) = cond(T) [bf -

b) For any solution y of the equation (2.2) there exists a solution xy of
the equation (2.1) such that

ly—woll 1 Jée]
Jeoll = cond(T) ~ [o]

Proof. From Tz = b and Ty = b+ db it results that T'(y — z) = 0b and

therefore
[l

ly =zl = T
177l
a) From Tx = b it results that there exists z € N(T') such that = =
T b+ 2. Then

lz =zl = |77l < |7 [1Bl] =
U SRR L1
lz—z[l — N7+ (el  d(z, N(T)) — [T*][[lo]l

Hence

ly—=l oo 1 1 [%b]
d(a, N(T)) — [Tl [I1T*[l|ol]  cond(T) |b]]

b) Let xo = Tb. Then

1 1
ol = 1Tl < |70 = > :
lzoll — [T+ [I[o]l
Hence
ly —ol o0 1 1 [ob]
lzoll  — I I THN[Bl]  cond(T) ||
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3. The stability of Tx = b type equation with (T + AT)y = b type
perturbation

We consider the following operator equations:
Tz =50 (3.1)
and
(T +AT)y =0, (3.2)
where b € R(T) N R(T + AT),b# 0,AT € L(X,Y).

Theorem 3.1. a) For each solution y of the equation (3.2) there exists a
solution g of the equation (3.1) such that

sy

ly — ol
———— < cond(T) .
17l

Iyl

b) If |AT|| - [|TT]|] < 1 then, for each solution y of the ecuation (3.2) there
exists a solution xq for the equation (3.1) such that

Iy — ol JaT) 1
—— < cond(T) - . =
ool DT T AT

AT

Proof. a) Let x € X be a solution of the equation (3.1) and y € X be a
solution of the equation (3.2). Then T'(y — x) = —ATy and consequently
ATy e R(T).

Let us consider y € X which verifies the equation (7'+ AT)y = b and
2 € N(T). We take z :=y+THTAT — 2. Then Tae = Ty+TT ATy —Tz =
(T + AT)y = b, so x verifies the equation Tz = b.

Consider zg := y + T ATy (which is the value corresponding to z = 0).
Then y — zg = T70b = ||y — xo|| < [|TF]|||6b]|. Therefore

Ty
71

ly = @oll _ IATI - I - llyll _
Iyl — lyll

b) If ||AT|| - |T"|| < 1, then ||[ATTT|| < 1. It follows that there exists
(Iy + ATT*)~! and

ond(T)

1 1
< .
[ATTH|| = 1= [[AT]| - [T+

I3y +ATTH) 7 < 1

Let z € X be a solution of the equation (3.1) and y € X be a solution of
the equation (3.2). From a) we have T'(y —x) = —ATy. It results that there
exists z € N(T) such that y—x = =T+t ATy+z. Then (Ix+T+AT)y = x+=
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and y = (Ix + TTAT) 1(x + 2). If we take x( corresponding to z = 0, we
obtain y = (Ix + TTAT) 'zg and y — v = —TTAT(Ix + TTAT) tu.

Hence
ly = @oll _ ITTAT| - [Ty + ATTT| - fJzoll _

ol — (E
AT - |7 |AT| 1
= d(T) - =
< T—qar e~ N T T AT T

AT Tt AT

= cond(7) - ’HTHH 1+ — I = ond(T) - HHTHH (1+0O(AT)),
T+

because, if ||AT|| — 0, then T I 0 O

Theorem 3.2. For each solution x of the equation (3.1) and each solution
y of the equation (3.2), we have

Wl 111
d(x, N(T)) ~ cond(T) 1_|_HAT|| cond(T)

17l

(1 - O(AT)).

Proof. From (T + AT)y = b it results that

o]

> .

Since Tx = b we infer that there exists z € N(T) such that z = T7b + 2.
Then

n 1 1
o = =l <IN I = =0 2 e
and
wl 1
lz =z = [|TF|| - |T + AT||
Thus

1 W 4 AP U s I
A, N(T)) = T~ = = cond(T) [T+ AT = cond(T) [T+ |AT]

1 I | . 1 B
IAT[| cond(T) .
1+ 1+

Il IAT

1
= CODd(T) (1 - O(AT» )

~ cond(T)
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1
because, if ||AT|| — 0, then — T — 0. O
1+ =
|AT]

4. The stability of Tz = b type equation with (T + AT)y = b+ Ab
type perturbation

We consider the following operator equations:
Tz =5> (4.1)

and
(T+AT)y=b+ Ab (4.2)

where b € R(T),b+ Ab e R(T + AT).

Theorem 4.1. If |TTAT|| < 1, then for each solution y of the equation
(4.2) there exists a solution xy of the equation (4.1) such that

ly — ol _ _ cond(T) _<|Ab|! IIATH>
[zoll = L= |IT*HAT| X\ ol 7T

Proof. Let y be a solution of the equation (4.2). From Tz = b it results
that there exists z € N(T) such that z = TTb + 2. From T = TT*T, it
follows that 29 = (Ix — T T)y € N(T). We denote zg = TFb + 2. Then
y—xo=TTTy—T be R(TT) = R(T*), soy —xg =TT (y — x0).

From (4.1) and (4.2) it results that T'(y —zo) = Ab—ATy. Thus y—xzo =
TTT(y —mg) = TTAb — TTATy = y —x9 = TTAb — TTAT(y — x0) —
T+ATx0 =

(Ix + TTAT)(y — x0) = T (Ab — ATxy).

From the hypothesis, there exists (Ix +T+TAT)~! and

1
IT+TTAT) ! _—
I+ 74 A7) <
Then
ly — xol| 1 |Ab — AT'zg||
<tTrap T g <
l|zol| | | l|zol|

cond(T) [Ab]| + [ATzo| _  cond(T) ,<|!Ab|| IIAT!>
L= [T*AT|| 7] - flzoll = 1= [T+AT] \ ol [T
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5. The stability of |Tx — b|| = in)f(HTz — b|| type equation with
zE
|Ty —b—db|| = in)f( |ITz —b— 6b|| type perturbation
zE

We consider the following operator equations:
|Tx —b|| = inf ||Tz — b (5.1)
zeX

and
|7y —b— b = inf |7z —b— b (5.2)
zEe

with b,b+ 6b € Y,b ¢ R(T)*.

Theorem 5.1. a) For each solution x of the equation (5.1) there exists a
solution yo of the equation (5.2) such that

o — || 100
A | I S | e | B
dist(z v D)) = T T

b) There exists a solution zo of the equation (5.1) and there exists a solution
Yo of the equation (5.2) such that

190]]
S COIld(T) N m

1Yo — ol
o]l

Proof. a) Let z € X be a solution of the equation (5.1). Then z = T"b+2z,
where z € N(T). Let y = x +T7b+ 2/, where 2/ € N(T'). Then

| Ty —b—0b|| = | Tz + TTT6b—b— db|| =
= |TT*(b+6b) —b— 5b|| = in)f( |Tz—b—6b,
zE

so y is a solution of equation (5.2). We consider yo = x + Tb. It results
that
lyo — | < T[] - ||b].

Since
o — 2 = |7+,
we deduce that
o — | _ T+l - 13b] 135 155
< = cond(T) - — 1 < cona(r).
le—zl = T R 1T+
then lvo—2ll _ llvo—al 168
Yo — T Yo — T
< < d(T)  ——.
st V() = Jo—=] = D) 77y
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b) We take zg = T"b and yg = xo + T+ b. Then
lyo — ol < |7 - [|6b]] and [Jzol| = [T 0],

SO

lyo = @oll _ 1T - 100l _

[160]]
< = cond(T")
[loll 17+ 0]l

| ) 0]
BREN

T
a

ond(T)

Theorem 5.2. a) For any solution x of the equation (5.1) and for any
solution y of the equation (5.2) we have
ly ==l 1 |TT"3b]
dist(z, N(T)) — cond(T) ||6]]

b) For any solution y of the equation (5.2) there exists a solution xy of
the solution (5.1) such that

ly — ol 1 |77+ 3|

[zoll " cond(T) |b]]

Proof. Let z € X be a solution of the equation (5.1) and y € X a
solution of the equation (5.2). Then z = T7b + 2, with z € N(T) and
y=TTo+TT6b+2 = x+TT6b+2', with 2/ € N(T). Then T'(y—z) = TT b
and

| TT+60|
Jy— o) > L2
||
a) For z € N(T') we have
1 1
o — 2| = [|T%0] < |T*|[I6]] = > =
|z — 2|l — (T[]
1 . 1
dist(z, N(T)) — [[TH||[b]l
Therefore
ly =l _[TTZéb 1 1 HTTWbH‘
dist(z, N(T)) — [T IT*[[[lbl]  cond(T) o]l
b) For xg = T"b we have
leoll = T < ITHIIB = —r >
[zoll — T |I[[o]l
Hence
Iyl _ ITTSH 1 1 [T
lzoll = [T IT*|[[]ol]  cond(T) []]
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6. The stability of ||Tx — b|| = in)f(HTz — b|| type equation with
zEe
(T + AT)y —b—0b|| = in)f( (T + AT)z —b— 0b|| type perturbation
ze
We consider the equations

Tz — b|| = inf |Tz — b| (6.1)
zeX

and
(T + AT)y — b — db|| = in)f(\\(T+AT)z—b—5b[] (6.2)
ze

where b € Y.
In this case, T+ AT may fail to have closed range and then (T + AT)™
may not exist. We chose for study a particular case. Thus, we suppose that

HT+H |AT| < 1,

R(T + AT) = R(T) and N(T + AT) = N(T).
Then there exist the operators (I +TTAT)™!, (I + ATT+)™! and

(T+AT)T = +TTAT) Tt =TT+ ATTT)™L.

Theorem 6.1. For each solution y of the equation (6.2) there ezists a so-
lution xo of the equation (6.1) such that

ly — ol _ _ cond(T) < 160 HATII)'
lzoll = L= |IT*AT| \JTT*0] [T

Proof. Let y be a solution of the equation (6.2). Then y = (T +AT)*(b+
8b) + z, where z € N(T + AT) = N(T). Because T = TT™T, it results
that 20 = (I —T*T)y € N(T). We denote by xg = T"b + z9. Then g is a
solution of the equation (6.1) and y —xg = T Ty — T b € R(TT) = R(T*).
Therefore y — xg = TTT(y — x0).

We have y —xg = (T + AT) " (b+6b) — TTb+ 2z — 2¢. Since (T +AT)*" =
TH(I + ATTH)™ it results that T(y — x9) = TTT(I + ATTH)" (b +
§b) — TTTb = TTT(y —x9) = TH({I + ATTT) (b + b)) — TTb = (I +
TYAT)™1T*(b+ 6b) — TTb. Then

(I+TTAT)(y —x0) =TT (b+8b) — (I + TTAT)T b =
=TT(0b— ATTtb) = TT(6b — ATxy).
From the hypothesis there exists (I +TTAT)~! and

1

I+THAT)™! —_
10+ TAT) 7 <
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Then
Hy_xOH 1 HT+H Héb— AT«TOH
[zl — 1| T+TAT| l|zoll
cond(T) _ |[0b| + |AT @[ _  cond(T) ( |60 IIAT||><
L—|T+AT|| (T[] - [lwoll  — 1= (TTAT| \|Tzol  |TI ) —
cond (7)) ( [[00]| +HATH>_
T 1 TAT| \|TTF0| [T
O
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