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Abstract - Throughout this paper we shall deal with the functional equa-
tion in the title, for real a, b and b # 0. This functional equation was
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1. Introduction

In this part results (without proof) from [2] which will be used throughout
this paper are introduced.

Let a,b be real numbers a # 0, b # 0. We shall be concerned with the
functional equation (called fundamental equation)

fof+af+blg=0.

Namely, we want to find a continuous function f : R — R having the
property that, for any x € R

f(f(x)) +af(x) +bxr = 0.

Such a function (in case it exists) will be called a solution of the fundamental
equation (or, simply a solution). In the sequel, the fundamental equation
will be written in the form

fof+af+bxr=0.

It is seen that a solution must be a homeomorphism. Moreover, the function
g = f~! satisfies the equation
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a 1
— — 1g =0.
909+b9+b R

Incidentally, the fundamental equation will be written alternatively
fofEfaf£bx=0.

with positive a and b. The characteristic equation of the problem is the
quadratic equation

2 +ax+b=0.

with (complex) roots 71,72 and discriminant A = a? — 4b. Actually, in this
paper we shall study the case when r1,ry are real.

Theorem 1.1. (Calibration Theorem) Let us assume that f is a solution
and |ri| <|ra|. Then, for any real numbers x, y one has

- |z =yl <[f(2) = Fy)l < [raflz —yl.

Lemma 1.1. Let us assume 1 <11 < rg
For any solution f we have the following properties:
a) f(0) =0,
b) For any o € R one has:

rizo < f(zo) < rexo, if o >0
roxg < f(zo) < rizog, if xo <O.

Lemma 1.2. Let us assume that ro < r1 < 0. For any solution f, we have
the following properties:
a) f(0) =0,

b) For any xo € R one has:

roxg < f(xo) < rizg, if x9>0
rzog < f(xo) < roxo, if o <O.

Lemma 1.3. Let us assume that 1o < r1 < —1. Let 0 # x9 € R and
x1 € [roxo,r1zo] (in case xg > 0) or x1 € [rizo,rozo] (in case xg < 0).
Using the coefficients of the fundamental equation we define the sequences
(n) >0 and (T—pn),~q as follows:

a)_:cn+2 = —axn_zl — bz, with starting terms xo and x1. Such a sequence
is the sequence given via Tpy1 = f (), with starting term xo (see Lemma
1.2 where we take 1 = f (x9)).

b) The sequence(x_y),, is defined in two steps:
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Firstly we define the sequence (yn),>q given via

a 1
Ynt2 = _gynJrl - gyn

with starting terms yo = x1 and y1 = xg-
Next we write T_p, = yYna1 for all natural n. Hence
a 1
TL-pn-1— 7L-n

b b

LTop—2 = —

with starting terms xo = y1 and x_1 = yo.
Such a sequence is the sequence given via x_,_1 = 1 (z_y) with starting
term xq (see Lemma 1.2 where we take x1 = f (x0) < w0 = f~1 (21)).

In case z9 > 0 we have xo, T oo (strictly), Topt1 | —oo (strictly),
T_on | O (strictly) and x_on41 10 (strictly). This implies

U ([z2n, T2n+2] U [T —2n, T_2n+2]) = (0,00).
n>0

U ([T2n+1, Tan—1] U [T—2n+1, T—2n—1]) = (—00,0).
n>0

The case o < 0 is symmetric (e. g. xa, | —o0 strictly a.s.o.).

Lemma 1.4. Let us assume that 1 < ri < r9. Let 0 # x9 € R and
x1 € [rmo, r2wo] (in case xg > 0) or x1 € [roxg, 120] (in case xy < 0).

We define the sequences (xy),~, respectively (v_n),~o exactly like in
Lemma 1.3. In particular we can take x,11 = f (x,) with starting term xg
and x_n,_1 = f~1 (x_,) with starting term x¢ (see Lemma 1.1).

In case xop > 0 we have x,, T oo (strictly), x—, | 0 (strictly). In case
zo < 0 we have x,, | —oo (strictly) and x—, T 0 (strictly). This implies

U [flfn,m'»,H_l] = (07 OO), lf ZTo > 07
nez

U [, Tnt1] = (—00,0), if xo<O.
nez

Lemma 1.5. Let us assume that 0 < ry < 1 < r9. Let zg € R and z1 >
rzg, T1 > roxg. We define the sequence (xy,),~o and (x—p),~, eractly like
in Lemma 1.3. In particular we can take x,41 = f (x,), with starting term
xo and v_,_1 = [~ (x_,), with starting term xg.

Then x,, T oo (strictly), x—, | —oo (strictly) and

U [zn, 2nt1] = R.
nez
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Theorem 1.2. (Case 1 <11 <r9).
We shall write the fundamental equation in the form:

fof—af+bx=0.
All the solutions f : R — R are of the form

Fl(l’), if >0
fz) = 0, i =0
Fg(x), if ©<0,

where Fy and Fy are constructed as follows:

1. We construct the sequences (x,),,~o and (x_p),,~, according to Lemma
1.4 starting with an arbitrary xo > 0 and x1 € [rlx?),rgmo]. We consider
a bijection fo : [xo,x1] — [x1,x2] having the property that for any x >y in
[z, z1] one has

ri(xr —y) < folx) — foly) < ra(z —y). (1.1)

Then, for any natural n, one can construct the bijections

fn : [xnaxn—‘rl] - [$n+1axn+2]

and
Jon: [x—n’x—n—i-l] - [x—n+17x—n+2]
defined via
_ _ a 1
for1(z) = ax —bf,  (x) and () = 5%~ gf—%(x) (1.2)
Finally, for any x € (0,00) = | [Tn, ZTn+1] we have, for some natural
nez

n:

— either x € [Ty, Tpt1] and Fi(z) = fo(x)

—orx €T _p, T pi1] and Fi(x) = f_,(z).

The values at the common endpoints coincide.

2. We construct the sequences (xy), ~q and (x—_n),~q according to Lemma
1.4 starting with an arbitrary vo < 0 and x1 € [roxo, r120]. We consider a
bijection fo : [x1,20] — [x2,x1] having the property (1.1) for any x > y in
[z1, zo].

Then, for any natural n one can construct the bijections

In: [$n+1a$n] - [xn+271'n+1]
and
fon: [x—n—l-l’x—n] - [x—n+27x—n+1]
defined via (1.2).
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Finally, for any x € (—00,0) = U [Tn+t1, 2n] we have, for some natural
nez

— either © € [Tp41,Ty| and Fa(x) = fo(T)

—or T € [T_pt1,%_p] and Fr(z) = f_p(x).

The values at the common endpoints coincide.

Theorem 1.3. (Case ro < r; < —1). All the solutions are obtained as
follows:

We start with an arbitrary o > 0, and we choose x1 € [raxo,r1To].
We apply Lemma 1.3 and construct the sequences (x,), and (x_p),. Let
fo i [z, z2] — [x3, 1] be a strictly decreasing bijection having the property

—ri(z —y) < foly) — fo(z) < —r2(x —y) (1.3)

for all z >y in [xg, z2].
We can construct the following strictly decreasing bijections (for any
natural n ):

fon + [@2n, Tonta] — [Ton+s, Tonta],
fon(2) = —ax — bfs," (x) (1.4)
font1 ¢ [@on43, Tont1] = [Tont2, Tonta]
font1(x) = —azx — bfy () (1.5)

foon t [T—2n, T_ont2] = [T—2n43, T_2nt1],

a

f () = =50 = 3 f 2 (@) (1.6

foon—1: [-’E72n+1a$72n71] - [$72n7$—2n+2],

Foba () = =5 = 2 fan(). (17)

Since the reunion of all above mentioned intervals is equal to
R\ {0}, we can construct f : R — R, given via:

(0, if =0
/(@) {fn@:) if @40,

where 0 # x belongs to one of the above mentioned intervals which is the
domain of definition for f,, n € Z. The values at the common endpoints
coincide.

Then f is a solution and all the solutions can be obtained in this way.
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Theorem 1.4. Assume 0 < ri < 1 < 19 and let f be a solution with the
property f(0) # 0. Then either f(x) > x for any x € R or f(z) < x for any
r €R.

I Assume that f(z) > = for all x € R. Then f can be obtained as
follows:

We construct the sequences (x,),, and (x_p),, according to Lemma 1.5,
where we take xyg = 0 and x1 > 0 arbitrary ( the conditions of Lemma 1.5
are fulfilled).

We consider a strictly increasing bijection fo : [0, x1] — [x1,x2] such that

ri(x —y) < folx) — foly) < ra(z —y)

for all x >y in [0, z1].

Then, for any natural n one can construct the bijections
f'rL : [xna l’n—o—l] - [$n+1,$n+2] and f—n : [$—n7$—n+1] - [x—n+17x—n+2]
defined via

a 1

furi(@) =az = bf; @) s S0 (@) = G g fonle).

Finally, for any x € R = |J [xn, Tnt1] we have, for some
nez
natural n

either x € [Ty, Tnt1] and f(x) = fn(z),
orx € [x—nax—n—%l] and f($) = f—n(x)

II. Assume that f(x) < x for any x € R. Then f~'(z) > x for any
r €R and f~' can be constructed according to part I.

2. Sufficient conditions for the uniqueness of the solutions
We consider the functional equation
fof+af+ba=0, (E1)

where the signs of a and b are taken according to the convention from the
beginning of part 1.

We shall establish what conditions can guarantee the uniqueness of the
continuous solution of this functional equation. More precisely if two so-
lutions coincide on an interval I under some conditions then they coincide
everywhere. We shall see what conditions must fulfill this interval in each
case.

Theorem 2.1. Let us consider the functional equation (E1) in case A > 0.
Then we have:
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a) If 1 < ry <ry and two continuous solutions coincide on
/

b
I=1[d,V], IC(0,00) and o > rg, then they coincide on (0,00).

A similar result holds if I C (—00,0).

If I =10,d'], ' > 0, the solutions coincide on (0,00). A similar result
holds if I = [da’,0], o’ < 0.

b) If ro < r1 < —1 and two continuous solutions coincide on
/

b
I=1da,V], IcC(0,00)and = > 12 (also if I C (—o0,0) and I = [a', ] and
/
% > r3), then they coincide on R.
If 0 € I the two solutions coincide on R.
c) If r1 <1 < rg, two solutions f and g having the property that f(0) #
0,9(0) # 0 and coincide on [0,d'], ' > 0, coincide on R. We have a similar

result for [da’,0], a’ <0.

Proof. Because the solutions are continuous we can use the corresponding
theorems of existence from the previous paragraph.

a) We consider the equation fo f —af 4 bz = 0 with solutions given by
Theorem 1.2.

Let f and g be two solutions that coincide on [d/, '], [a’, '] C (0, 00). We
shall prove that there exist zg,z1 € [a/,'] such that the sequence ()
is that one of Theorem 1.2.

Then we choose zp = a’ and prove that [xori,zore] C [d/,b]. Indeed
xory > 4 & xor1 > 20 & 11 > 1 and zore < V' & ¥ > a'ry. These
conditions are fulfilled from the hypothesis. Then, because:

ri(z —y) < f(x) = fly) <ra(z —y) (@)

(the same for g), we can take fo = fl(z0,.21] = 9l[z0,e1] = 90

We define (z1,),cy like in Theorem 1.2, fy : [0, x1] — [71, 22| is increas-
ing, bijective and satisfies (). The same for go, hence fy and go fulfill the
condition from Theorem 1.2.

We shall prove inductively that f,,(z) = gn(x) for x € [zy, Xp41], n >0,
where f, and g, are those of Theorem 1.2. We shall prove that the functions
obtained in this way are increasing, bijective, continuous and satisfy («) for
all n > 0.

Let us suppose that f,—1 = gn—1. We have f,(z) = ax — bfn__ll(x) and

ne”

gn(z) = ax —bf; L (z). Because f, ', = g1, we have f,(z) = gn(z), for all
x € [Tp, Tnt1]. Then f = gon [z, Tpt1], 1. e. f = gon [xg,00). Let us prove
now that f_,, = g_, for all n > 0. Assume inductively f_,+1 = g—n+1 (f-n

and g_, are those of Theorem 1.2). But f~}(z) = 3 (ax — f_py1(x)) for

_ 1
2 € [T ni1, T nyo] and g_,(x) = 5 (0% = g-n41(2)) for & € [2-nt1, Tnyo]-
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Because f 41 = g_ni1 we have f=! = g=1 ‘hence f_,(x) = g_n(z), for all
x € [x_p,x_py1]. Then f_,, = g_p, for all n > 0. This means f = g on
(0,20). So f =g on (0,00).
Similarly if [a/,'] C (—00,0) it follows that f = g pe (—00,0). Suppose
/
now I = [0,a’]. We take x; = a' and xp = 2 and obviously, it follows that

T2
o, x1 € 1.

The proof is similar to the previous one. The same proof for
I =[d/,0]. Then f =g on (—00,0).
b) If ro < r1 < —1, let us consider the equation

fof+taf+br=0

with continuous and decreasing solution which fulfills the condition

—ri(z —y) < fly) — f(z) < —r2(z —y) (B)

(for x > y). The solutions are given by Theorem 1.3.

Let f, g two solutions that coincide on [da’, b'] C (0, 00). Let us prove that
there exist x1,r9 € [a/,b] such that r3zg < x2 < 7279 and z1 € [roz0, 7170)
such that zs + axq + bxg = 0.

We choose xg = a’. We have b > a/r3 = b/ > xor3.

Because [:1;07"%, xm’%} C [d’,b'], we can choose x5 € [3:07’%, a;m‘%], consequently
x9 € [d,V].
_bxg — 2 _ —Tiralo — .7307‘% —xzor1 (11 4 72)

x] = = = Torq.
! a = —(r1+mr) —(r1+12) ot

Similar proof for x1 > xgre, hence the condition xy € [xgra,xori] is
fulfilled.

Then we can define (x,),,c, like in Theorem 1.3.

We can consider fo|[z z.] = 90‘[900,902} = go and
fo, 90 : [x0, z2] — [3,21] fulfill the conditions from Theorem 1.3. Then we
can define (fy),,cz and (gn),cz like in Theorem 1.3. They are decreasing,
continuous, bijective and satisfy ().

The functions fi : [z3,21] — [z2,z4] and ¢ : [x3, 1] — [22, 4] are given
by the formulas:

fil@) = —az —bfy M (x),  gi(z) = —az — bgy ' (2).
Hence f; = g1 on [z3,x1].
Now suppose inductively that fon—1 = gon—1 on [Tap41, Ton—1] and we

shall prove that fa, = g2, On [x2y, Topto|, Wwhere

fon—1, 92n—1 * [Ton41, Tan—1] = [T2n, Tant2)
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and

fons Gon ¢ [Ton, Tant2] = [T2n+3, Tont] -

We know that
fon(z) = —az —b- f3," 1 (x),  gon(x) = —az — by, ().

Then it follows that fa, = g2, on [Tay, Tont2]-
In the same way it can be shown that fo,4+1 = gon+1, where

font1s G2nt1 © [T2n+3, Tant1] — [Tont2, Ton4]
and foni2 = gon+2, where
f2n+2792n+2 : [$2n+2, 962n+4] - [$2n+5,9€2n+3] .

Then f, =g, forallm >0,i. e. f =g on (—o0,x1]U [zg,00).
We prove now that f_, = g_, (n > 0). First, we have:
[l (@) = 3 (—az — fo(x)),

(—az = go()),

S = o

where f 1,91 [21,2_1] — |20, 22].

Because fy = go on [zg, z2] it follows thatf:l1 = g:} on [xg, x2], so
f-1 = g-1 pe [x1,2_1]. Now, suppose inductively that f_g9,+1 = g_2n+1 On
[ 2743, T_2n41] Where

f=2n+1,9—2n+1  [T—2n+3, Tont1] = [T_2n+t2, T_2n44]

and we shall prove that f_2, = g_2, on [x_g2,, T_2p+2]. Indeed

_ 1 _ 1
f—21n($) = b (—ax — f-ons1(x)) , 9_%n(55) = b (—ax — g_on41(x)),
where
foon t [®—2n, Toont2] = [T_2n13, T_2n41]
and

g—2n © [T_2n, T_ont2] = [T—2n+3, T_ont1] -

Because f_9,4+1 = g—2n+1 ON [T 2513, T_2p+1] it follows that f__an = g:%n

ON [T 2543, T_2n41)-
Then f_o, = g—2, ON [T_2,, T_2pn2].
Similarly we can prove that f_o9, 1 = g_2,_1, where

f=2n—1,9-2n—1: [T—2n+1, T—2n—1] — [T—2n, T_2n+2]
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and f 9, 2 = g 2,2, where
f-2n—2,9-2n—2 1 [T—2n—2,T—2n) — [T_2n+1,T—2n—1].

Thus it follows that f_,, = g_n, for all n > 0.

Then it follows that f = g on (x1,0) U (0, zp).

Obviously f(0) = ¢(0) =0 and so f = g.

Let f and g two solutions which coincide on [a/,b'] C (—00,0). We
shall prove that there exist x1,x3 C [a/,V] with z3 € [$1r%,x1rﬂ and z9 €
[x171, x179], Tespectively xg € [wl, xl} such that x3 + axs + bxr; = 0 and

T2 T
To + axy + brg = 0.

We choose z1 = b'. Because [b'r3,b'r?] C [d/,b], we can choose z3 €

[b/'r3,b'r?] and then z3 € [d/, V]

xr3 — bl’l

We choose x5 = . We must prove that xo € [x171, 2172].

a
*5617“% —Tira%y T2 (r1 +12)
—(r1+r2) —(r1+r2)

Similarly we have: xo > x171.

But 9 < = x179.

We choose

e AT T2 (ri+mr)ar —a1m1 21
0 — >~ —_ .
b r1ro T

. x1
Similarly we have: g > —, hence x1 € [zora, zor1].
r2

So we can define (z,,),,c; like in Theorem 1.3. Let us prove that f =g
on [zg, T2].

We denote f1 = f|(z,,0,) and g1 = gljzy,2,)- Obviously f1 = g1.

The functions f1,91 : [x3,21] — [x2,24] are continuous, bijective and
fulfill the relationship (53).

We define the function h : [z3, 1] — R (we shall see that one can consider
h: [.%3,1'1] — [:L'o,.%'QD

W) = ~fi(@) +ax _ (=) +az
b b

The function h is continuous; because f1 and g¢; fulfill (), it follows that h

fulfills the relationship:

r—y r—y

< h(z) = h(y) < (x> y).
1 2
Hence h is decreasing on [z3,z1] and
h(ws) = _Nxs) taxs  xatamy 2o

b B b
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h(z1) = _fl(xl)b+ ary @ —lg)aacl 20,

Therefore h : [x3,z1] — [z, z2] is bijective.
We denote fo = h~! and go = h™Y; fo, 90 : [v0, 2] — [23,71]. Tt follows
that fo = go and obviously

fi(z) = —azx — bfo_l(x), g1(z) = —azx — bggl(m).

It is clear that 3307“% <x9 < xor%.

So f and g coincide on [z, z2], where (2,,),,c7 is defined like in Theorem
1.3.

Using the same reasoning as in the previous case it will follow that f
and g coincide on R.

c) If 11 <1 < rq, we consider the equation

fof—af+bxr=0

with continuous and increasing solutions given by Theorem 1.4 (case f(x) >

Let f and g two solutions which coincide on [0,a]. It follows from the
hypothesis that f and g have no fixed points.

If f(x) > x, for any = € R it follows that g(z) > x, for any = € R (f and
g coincide on [0,ad']).

We choose 1 = @', zg = 0. We can define (), like in Theorem 1.4;
T, — oo and T_, — —00.

n n

We can define fy and go like this: fo = f|jo4,] and go = gljoz,)- The
functions fo, go : [0, 1] — [x1,x2] are continuous, bijective and fulfill («).

Defining (fy),,cz like in Theorem 1.4, it will follow that f, are conti-
nuous, bijective and fulfill (o).

Similarly to a) one can prove inductively that f, = g, for all n € Z.
Therefore f = g on R.

We shall prove now that if f and g coincide on [V/,0], they coincide on
R (where b’ < 0).

Let (2,),,cz the sequence which appears in the construction of the solu-
tion in Theorem 1.4. We choose zg = 0 and 21 = —b- b, 1 > 0.
Let us prove that f(z) = g(x) for x € [0, —b - V'].
We have: 1 —axg+br_1 =0 ; 29 = 0 = x_; = V. Hence, considering
(fn)nez and (gn),,c7 the functions which appear in the construction of the so-
lution in Theorem 1.4 ; f_1 : [x_1,0] — [0,21] and g_1 : [x_1,0] — [0, x1] it
is clear that f_; = g_; implies the fact that £~/ (z) = g~1(z) for z € [0, z1].

But

FoH @) =~ (@ + fola)), 9=} () = — (0 + go(a)),
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where fo : [0, 21] — [x1,22]; go : [0, z1] — [x1,x2] . Hence
fo(x) = go(x), for all x € [0,z1]. According to the fact which has been
proved, it follows that f = g on R.

The case f(x) < z, for all z € R, is similar. O
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