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1. Introduction

Throughout the paper R will denote the set of real numbers, C the set of
complex numbers and N the set of natural numbers. We shall write K to
denote R or C.

For any two normed spaces (X, ||||), (Y, ||| |||) and any linear and conti-
nuous operator T : X — Y, the (operator) norm of T" will be

17|, = sup{[[|T@)IIl | z € X, [|=[| < 1}.

We shall be concerned with the following linear spaces:
1) The space of sequences which converge to zero:

co ={z = (xo,21,..., Tpn,...) | xp € K, &, — 0}
which is a Banach space when equipped with the usual norm
[#|| = sup [zn] .
n

2) The space of convergent series. This is the subspace of ¢y defined as
follows:

o0
cco = {x = (20, 1y, Tpy-..) € C0 | g T convergent}.

n=0
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3) The space of absolutely convergent series (the space of summable
sequences). This is the subspace of ¢y defined as follows:

oo
It = {:v = (20, T1, ey Tpy ---) € Co | Z |z | is convergent}.
n=0

4) The space of continuous functions. This is the space defined as follows:
One considers two real numbers a,b such that ¢ < b. We obtain the
space

Cla,b] ={f : a,b] — K | f is continuous}
which becomes a Banach space when equipped with the norm
If1l = sup{[f ()| | t € [a,0]}.

5) The space LP(u) which is defined as follows:

One considers a number p such that 1 < p < co. Let us denote by p the
Lebesgue measure on [0, 1].

We obtain the vector space

LP(u) ={f:][0,1] — K | f is p-measurable and |f|” is p-integrable}

which is seminormed with the seminorm

Ny(f) = (/|f|pdu)’l’.

The null space of L£P(u) is

N(p) ={f € LP(u) | Np(f) =0} ={f:[0,1] = K | f(t) =0 p-a.e.}.
The quotient space

def

LP(p) = LP(p) /N (1)

is a Banach space, when equipped with the (quotient) norm
def
I, ws

for any representative f € f € LP(u).

For general Analysis see [7]. For general Functional Analysis see [3], [4],
[6] and [8]. For Measure Theory see [1], [2] and [5]. For Spectral Theory see
[3] and [6].
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2. Results

We start with a remark which motivates the subsequent facts.
Let us consider the numerical series

an (2.1)
n=0

with terms in K = R or C. Cauchy’s criterion asserts that the convergence
of (2.1) is equivalent to the following fact: for any € > 0, there exists a
natural p(e) such that for any natural p > p(e) and any natural n, one has

|Tp + Tpt1 + oo + Tpia| < €. (2.2)

In order to give an alternative expression for (2.2), we introduce the shift
operator S : ¢g — ¢y (which is linear, continuous and ||S||, = 1) given via

S((z0, 1, T2, ooy Ty o)) = (T1, T2y ooy Ty --2).

Let us write S™ = S0 So..0S (m times) and S° = I = the identity
operator of ¢p. Now, (2.2) becomes: for any € > 0, there exists a natural
p(e) such that for any natural p > p(e) and any natural n, one has

|SP(2™)|| < e. (2.3)
Here, for x = (zg, x1, 22, ..., Tp, ...) € ¢o from (2.1), we write
" =z + S(z)+ S%(z) + ... + S (x), 2° = z.

Taking into account the structure of (2.2) and (2.3), we have the following
result for x € cg:
x € ccp <= lim SP(2") =0
P

uniformly with respect to n € N.

Having this in mind, we shall (from now on) consider a Banach space
over K (real or complex) equipped with the norm z — ||z||. We shall also
consider a linear and continuous operator S : X — X and [ : X — X is
the identity operator. For an element x € X, we shall write 2° = 2 and, for
natural n > 1:

"=z +Sx)+S%x)+ ... +S"(x) =T +S+ 5%+ ..+ 5)(x),

where

S"=50S50..08 (n times),
SY=1.
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Definition 2.1. An element x € X is called S-convergent series if it has
the property that

li})n SP(z") =0 (2.4)

uniformly with respect to n € N. Here (2.4) means: for any e > 0, there
exists a natural p(e), such that for any natural p > p(e) and any natural n,
one has

[SP(")] <.

The set of all S-convergent series will be denoted by C(S).

It is easily seen that C'(.S) is a linear subspace of X and C(S) D Ker(S).

Theorem 2.1. For an element x € X, the following assertions are equiva-
lent:

1. One has x € C(S5).

[e.e]
2. The series Y SP(x) is convergent (in X ).
p=0

Proof. The series in the statement is convergent if and only if the sequence

m
(Z Sp(x)> is Cauchy. This is equivalent to the following fact: for any
p=0 m

e > 0, there exists p(¢) € N, such that, for any natural p > p(¢) and any
natural n > 1, one has

ptn

Y 5w =y S" ()
m=0 m=0

The last assertion is precisely the assertion that

— |57 Y| < e

lim SP(z") = 0
p

uniformly with respect to n € N. O
Using Theorem 2.1 we get

Proposition 2.1. For an element x € X, the following assertions are
equivalent:

1. One has x € C(9).

2. There exists a natural p such that SP(z) € C(S).

3. For any natural p one has SP(x) € C(S5).

Consequently, C(S) is a linear subspace of X, which is invariant with
respect to S (and, of course, Ker(S) C C(S)). We shall see (Example 3.1)
that, generally speaking, C(S) can be not closed.

How large is C'(S)? The following theorem answers this question.
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Theorem 2.2. Either C(S) = X or C(S) is of the first Baire category (i.e.
C(S) is meager).

Proof. Let us assume that C'(S) # X. We must prove that C(S) is of the
first category. Accepting the contrary, we shall arrive at a contradiction.

So let us assume that C(S) is of the second category. We construct the
sequence of linear and continuous operators (7,), given via

T,=1+S+S*+..+8"

with Ty = I. According to the definition of C'(S), the sequence (7},),, con-
verges pointwise on C(.S) which is of the second category. Using the Banach-
Steinhaus theorem we get the fact that the sequence (7},),, converges point-
wise on all of X and the pointwise limit is a linear and continuous operator
(see [8], p. 84 Corollary and p. 86 Corollary or see [3]). In other words, the

oo
series Y S™(z) converges for all z € X, hence C'(S) = X, contradiction. O
n=0

In order to continue, we define the linear map T : C'(S) — X, given via

Ts(z) =Y S™(x).
n=0

Theorem 2.3. 1. The map Ts is injective.
2. For any x € C(S), one has

(I - $)(Ts(2)) = .
Consequently
C(S) = I = 9)(Ts(C(9))) € (I = 8)(X).

3. The following assertions are equivalent:
a) One has
(I - $)(X) = C(9).

b) For any x € X there exists the limit
lim S"(x).
n
In this case, for any x € X one has

Ts((I = S)(z)) =z —lim S"(x).

n

4. The following assertions are equivalent:
a) The map Ts is a bijection.
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b) For any x € X one has

lim S"(z) = 0.

n

In this case, considering the map (I —S); : X — C(S), given via (see

3.)
(L = Sh(z) == S)(z),

one has
(I-9)=T5"

Proof. 1. Let z € C(S) such that
Ts(z) = 0.
So

0="Ts(z) =z+S(x+S(x)+S*(x)+...+ S (x)+...) = 2+ S(Ts(x)) = z+0,

hence
xz=0.
2. Let z € C(9).
Again
Ts(z) =z + S(Ts(x)),
hence

v = Ts() — S(Ts(x)) = (I — S)(Ts(x).
We proved that any x € C(S) has the form
x=(I-5)(Ts(x)),

hence

C(S) (I = 95)(Ts(C(5)))-
Conversely, let y € (I —S)(Ts(C(S))). We can find z € C(S) such that
y=UU-95)Ts(x)) ==

and the inclusion

(I = 5)(Ts(C(5)))  C(S)

is also true.
3. a)=b). In view of 2., hypothesis a) means that

(I-5)(X)cC(s).
Let z € X be arbitrary. Because (I — S)(x) € C(S), we can compute

Ts(z—S(x)) = liTan [(z—5(2))+S(z—5(2))+S*(z—S(z))+...48"(z—S(z))] =
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= lim (z — S"**(2)),

n

hence li7rln S™(x) exists and one has
Ts((I—9)(z)) =z — liqgn S™(x). (2.5)
b)=-a). We must prove that
(I —S)(X)cCC(S).
Let us choose z € X. Using the hypothesis, there exists

lim (m - S"Jrl(:c)) .

n

But we have seen that
z— 8" (z) = (x—S(x)) +S(x— S(x))+ S*(x — S(x)) +... + S"(x — S(z))

which implies that the series

> 8"z — S(x))
n=0

is convergent and so
z—S(z) e C(S).

The equality in the statement is given by (2.5).
4. a)=Db). Let y € X. We must prove that

lim SP(y) = 0.
P

To this end, let us take an arbitrary € > 0. Because Tg is surjective, we
find € C(S) such that y = Ts(x). Hence, for any p € N, one has

§7(y) = S(Ts()) = lim (SP(x) + 87 (&) + .. + S7+"(x)).

Because x € C(S5), the series

> 5" ()
n=0

is convergent.
Using Cauchy’s criterion, we can find a natural p(¢) such that, for any
natural p > p(¢) and any natural n, one has

|57 (z) + SPHL(z) + ..+ SPH(z)]| <e.
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Let us fix such a p > p(e). It is possible to pass to n-limit in the last
inequality and we find

|57 @)I| = tim [|87(x) + 87+ (&) + .. + S*"(a)]| < e

proving that
lim S?(y) = 0.
P

b)=-a). One must prove that Ts (which is injective, see 1.) is surjective.
Let x € X. According to 3. one has

(I = 5)(X) =C(S5)
and
y=—5)(x) €C(S).
Again 3. says that
Ts(y) = Ts((I - $)(2)) = = — lim §"(2) = a.

n
Hence
z=Ts(y)
and T is surjective.
Now, accepting that T is bijective, we use again 3. and notice that, for
any x € X, one has

Tso(I—S)i(z)=a— liTan S"(z) = x.

On the other hand, we can rephrase 2. as follows: for any x € C(S), one
has
(I —S)10Ts(x) ==.

The last two equalities show that
(I-9)=Ts"

O

The results obtained at point 4. can be rephrased as follows (we work
for K =C):

Corollary 2.1. Assume that for any x € S one has
lim S"(x) = 0.
n

Then, we have three possibilities:

1. IfC(S) = X (i.e. (I-5)(X) = X) it follows that 1 is in the resolvent
set of S (and Ts = (I — S)~1).

2. If C(S) # X, but C(S) = X, it follows that 1 is in the continuous
spectrum of S (and the map Ts : C(S) — X is not continuous).

3. If C(S) # X and C(S) # X, it follows that 1 is in the residual
spectrum of S.
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Using the previous result for operators on finite dimensional spaces, we
obtain

Corollary 2.2. Let us assume that X is a finite dimensional vector space
over C. Let also S : X — X be a linear operator.
The following assertions are equivalent:
1) One has
liin S"(x) =0,

forallz e X.
2) For any x € X, the series

> _S"(x)
n=0

18 convergent.

Proof. It is clear that 2)=-1). In order to prove 1)=-2) we use Corollary
2.1. Possibilities 2. and 3. cannot happen, because the continuous spectrum
and the residual spectrum of S are empty. It follows that possibility 1 is
valid, consequently C'(S) = X, which is precisely 2). i

Before passing further, we think it will be useful to see how Theorem 2.3
works in a particular case.

Example 2.1. We consider a non null Banach space X and a number « €
K. The operator S : X — X will be given via
S(z) = ax.
a) It is seen that

C(S) = {z € X | there exists 1irrln (1+a+ o+ ...+ ™)z}

Hence

_J Ao}, if el =1
C(S)_{X, if ol <1°

b) Ts : C(S) — X is given via

|0, if |of >1
TS(:E)_{ L if o<1’

11—«

The equality (valid for x € C(.5))

(I - §)(Ts(x)) =«
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is readily checked.
¢) For any a € K, one has

(I =95)(X) = (1 —a)(X) 2 C(S).

For |a] < 1, one has (1 — a)(X) = X. For |a] > 1, a # 1, one has
(1 —a)(X) = X. Finally, for o = 1, one has C(S) = {0} and (1 — a)(X) =
{0}

d) For any x € X and n € N, one has
S™(z) = a"x.

The limit
lim o™z
n

exists for any x € X if and only if |o] < 1 or &« = 1. It is seen that
(1 —a)(X)=C(S5) in all these cases:

[ X=0C(8), iffal<1
(1_a)(X)_{{O}:C(S), fa=1 -

The equality (for || <1 or a=1)
Ts((L —95)(z)) =z —lim S"(z),

valid for all z € X, is readily checked.
Namely, in case |a| < 1 one has

Ts((I = 5)(x)) =

—_ = — — 1 n
1—a(1 a)r=x=ux h}lnoza:

and in case o = 1 one has
Ts((I —95)(z)) =Ts(x —x) =Ts(0) =0 =z — lim 1"x.

In case o = 1 one can see that Tg : {0} — X is not a bijection.
e) One has
lim S"™(z) =0
n

for any x € X if and only if |o| < 1. In this case C(S) =X and Tg : X — X
is the bijection given via

TS(J}) = Z.

In the rest of the paragraph we shall work for K = R and we shall
make the supplementary assumptions that X is a Riesz space and S is a
positive operator. One can see that the real space ¢y and the shift operator
S : ¢y — c¢p fulfill these assumptions.
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Definition 2.2. An element x € X is called an S-absolutely convergent
series in case |x| € C(S).
The set of S-absolutely convergent series will be denoted by AC(S).

Theorem 2.4. The set AC(S) is a linear subspace of C(S) which is invari-
ant with respect to S.

Generally speaking, the inclusion AC(S) C C(S) is strict and AC(S)
may not be closed (see Example 3.1).

Proof. a) We prove the inclusion
AC(S) C C(9).

Let z € AC(S). For an arbitrary ¢ > 0, we can find a natural p(e) such
that, for any natural p > p(e) and any natural n, one has

ISP ()l < .
We have successively, for natural p and n:
|SP(2™)| = ‘Sp +S(x)+52(x)+...+S”(m))‘ <
< 8P(|2] +[S(2)] + [S*(@)] + .. + 5™ (2)]) <
< SP(|z] + S(|a]) + S*(lz) + ... + 8™(2])) = SP(|2]").
Hence, for p > p(e) and n € N we get
152" =1 1S ") | < 157 (l2|")] <e.

b) It is immediate that € AC(S) = SP(z) € AC(S) for any p € N,
because, if ¢ € N, one has

SI(|SP(x)]) < SUSP(|z])) = STP(||)
which implies
[59(1S7 (2)]) + ST SP(2)]) + ... + STF(|SP(2)])]| <

< ||SPHa(|a]) + SPTIT(|a]) + ... 4+ SPEC(|])]| -

c) If z,y are in AC(S), we shall prove that =z +y € AC(S).
Indeed, for any natural n:

lz+y" =z +yl +S(z+y))+ S|z +y]) + ...+ Sz +y|) <

< lal+lyl+S (j2))+ Sy +5 (1)) +5*(lyl) +... 45" (|2 +5"(ly]) = |=|"+]y[" -
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This implies, for natural p and n:
SP(lz +yl") < SP(l]") + SP(Jyl") as.o.

Now, if z is in AC(S) and « € R, we shall prove that ax € AC(S).
Indeed, for any natural n:

|| = |af |z
and for any natural p and n:
SP(|ax|™) = |a] SP(|z|") a.s.o.
a
Theorem 2.5. (Generalized D’Alembert Criterion) Let x € X. Assume
there exists 0 < a < 1 such that there exists M € N having the property
|5 @) < a|S™ (@)

for allmn > M.
Then xz € C(S).

Proof. Let us take n > M. Then we have successively:
15" (2)] < alS"(x)| = [|S"H (2)]| < allS™ ()]

572 (2)] < a|S"T ()| < a®[S"(2)] = [|S"TP(@)]| < a® || ()]

|S" P (2)| < aP |S™(2)] = ||S"P(2)]| < [|S"(2)]-
Hence, one has

1S (@) + || S™ L (@)|| + |2 @)|| + . + |5 ()] <
<(A+a+tat..+a)|S )|

o0
and the series Y S™(z) converges absolutely. O
n=0

In order to introduce the next results, it will be necessary to supplement
our assumptions with the following ones:

Al. The space X is an algebra, with multiplication
(z,y) — zy
and with the property that, for any =,y in X one has

|zy| <[]l fy|
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and
lzyl < llyl| |«
This implies
eyl < Nzl Iyl
hence X is a Banach algebra.

A2. The operator S : X — X is multiplicative, i.e.

S(xy) = S(z)S(y)

for any x,y in X.
Consequently, S is an algebra morphism.

A3. For any = € X one has

lim S"(z) = 0.
n
One can see that the real space X = ¢y, with natural multiplication

(20, T1y eeey Tiy o)y (Y0, Yy oves Uny ++)) — (T0Y0s T1YL s +oey TYny --)

and the shift operator S : cg — ¢o satisfy assumptions Al, A2 and A3.

Theorem 2.6. (Generalized Abel-Dirichlet Criterion) Assume A1, A2 and
A3 are fulfilled. Then, for any x € C(S) and any a € X with the property
a > S(a), one has ax € C(S) and za € C(S5).

Proof. We begin with an algebraic property.
Let A be a ring and ag, ay, ..., Gn+1; bo, b1, -y bng1, n > 0, elements in A.
Then we have the identities

apbg + a1b1 + ... + apb, =
=Y (a; —aj11)(bg + b1 + ... + b;) + ant1(bo + b1 + ... + by) (2.6)
=0

and

aobo + a1by + ... + apb, =
_ ¥ (2.7)
= %(ao +ar+ ... +a;)(bi —bit1) + (ap + a1 + ... + an)bpt1.
i=

The proof can be done by induction with respect to n.

We shall take z € C(S) and a € X such that a > S(a) and we shall
prove that axz € C(95), using (2.6). The fact that xa € C(S) can be proved
in a similar way, using (2.7).

In order to make things shorter, we shall write

ax + S(azx) + S*(az) + ... + SP(ax) = Z(p),
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for any natural p.
Let ¢ > 0. We shall find a natural p(e) such that for any natural n >

m > p(e) one has
1> = )| < (*)

and this will prove the convergence of the series

ZS"(am)
n=0

which means azx € C(S).
Using (2.6) and the fact that

> (p) = az + S(a)S(x) + S*(a)S*(x) + ... + SP(a)SP ()

we can write
S (n) = Y (Sa) — ST (a))(z + S(z) + ... + S (x))+
i=0
+8" L (a)(z + S(x) + ... + S™(x)).
Consequently, for n > m > 0 one has

Y(n) = (m)= 3 (8'(a)— ST a)(@+S(@) + ...+ 5'(x))+

+§71T1+(1a)(m + S(2) + ... + S™(z))—
—5m (@) (x4 S(x) + ... + 8™ (x)) =

— Z (Si(a) _ Si+1(a))$i +S”+1(a)xn _ Sm+1(a)xm.
i=m+1

It follows that
S(n) — S (m)] < [S"H (a)z”| + [S™F (a)a™| +
Y [(Sia) - S @) <
1=m+1

< [|s* @] 12 + [ 8™ @)l +
+i:§+1 2] |S¥(a) — 571(a)|
Due to the fact that z € C(S), we can find a number M > 0 such that
[?[| < M, (2.9)

for any natural p.
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From (2.8) we obtain
32(n) = X (m)| < [[S™F (@) || [a"] + [[S™+ (a) || || +

M S [SHa) - ST (a)]-
i=m-+1

(2.10)

But a > S(a) implies S%(a) > S“*!(a) and (2.10) becomes
32(n) = 2(m)] < [[S™ (@)]| =] + [|S™+ (a) || || +

MY (SH(a) — S (a)) =

i=m+1
— M(Serl(a) o S”+1(a)) + HSn+1(a)H ’$n’ + HSerl(a)H |xm| <
< M(}Sm+1(a)‘ + |Sn+1(a)‘) + ||Sn+1<a)H ’xn’ + HSm+1(a)H ‘mm‘

Taking the norms we get:

I52(n) = S (m)ll < M([[S™* (@)]| + [| 5"+ (a) )+
s @[l + [[$™+ (@) fla™]] -

Using (2.9), we get

> =) < 2[5 (@) + |5 @], (2.11)

for any n > m > 0.
Because of the assumption A3, for the already taken € > 0 we can find
a natural p(e) such that, for any p > p(e) one has

P (a)|| < =
@) <
Consequently, for natural n > m > p(e), we obtain from (2.11) exactly

(%). O

The following result is also concerned with the multiplicative structure
of X.

Theorem 2.7. Assume Al is fulfilled. Then AC(S) is a bilateral ideal in
X.

Proof. We have already seen that AC(.S) is a subspace of X. It remains to

be proved that, for any a € AC(S) and any x € X, one has ax € AC(S) and

xa € AC(S). We shall do the proof for ax, the proof for za being similar.
For any n > m > 0 one has

5™ (Jaz]) + S™ Y (Jaz]) + ... + S (Jaz])| =
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= S"(Jax|) + SmH(]ax\) + .. + S™(Jaz|) <
< 8™l |al) + 5™ ([l |a]) + ... + S™([|] a]) =
= [zl (S™(lal) + S™*'(la]) + ... + S™(lal)). (2.12)
Because the series

> 5" (lal)
n=0

converges, we find p(e) such that, for any n > m > p(e) one has
] [|[S™(Ja]) + S (a]) + ... + S™(la])|| < e.
Let us take n > m > p(e). Using (2.12), we get
HSm(|ax\) + Sm+1(|a$\) + .o+ S"(\am|)” <
< lz[l|S™ (lal) + ™+ (lal) + ... + S™(la])|| < e

and this proves that the series

> 5" (Jax])
n=0

converges a.s.o. O
3. Examples

Example 3.1. (Seminal Example) Actually, we began the preceding para-
graph with this example, which motivates the present paper.
We take X = ¢y and S : X — X is the shift operator, given via

S(z) =y,
where, if
T = (20, L1y ey Ty, -)
one has
Y= (1,22, ey Ty --)-

It is easy to see that S is linear, continuous and ||S||, = 1.
Rephrasing the considerations from the beginning of the preceding para-
graph, we get
C(S) = ccy = the convergent series.

At the same time (working for the real case), we have
AC(S) = I' = the absolutely convergent series.

We have already seen that (in the real case) the space X = ¢y and the
shift operator S fulfill assumptions Al, A2 and A3.
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a) We prove that C(S) = ccy is dense in X = ¢y (hence C(S) is not
closed). The same proof shows (in case K = R) that AC(S) = I! is dense
in co (hence AC(S) is not closed).

To this end, we pick an arbitrary = = (z,,), € co. The sequence (y(n)),
will be constructed as follows:

y(0) = (x0,0,0,...,0,..)

y(1) = (zg, 21,0, ...,0,..)

y(n) = (xo,x1, ..., pn,0,0,...,0,...).
Then y(n) € cco and (in case K = R) y(n) € I*.

On the other hand, one can see that, for any n:

ly(n) — || = sup |zp| — 0,
p>n n

thus finishing the proof.

b) We shall compute the values of Ts : cco — cp.

Let us take an arbitrary element
x = (L0, L1, ey Tp,-.) € Co
and write

t(x) = an
n=0

and
Op =20 +21+ ... +2Zp,

for any n € N.
We shall prove that

Ts(z) < 2% = (t(2), t(z) — 20, t(x) — (20 + T1), coes H(T) — Tnt, -.).

Because
Ts(x) = lim «*
P
it remains to be proved that
lim ||2? — || = 0.
P

The n-th component of zP is equal to

Tn+ Tpy1 + .o + Tnyp
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and the n-th component of £ is equal to
t(zr) —op-1,
hence the n-th component of P — z*° is equal to
Ty + Tpp1 + oo + Togp — HX) + Op—1 = opgp — t(z).
It follows that, for any p one has

|zP — || = sup |optp — t(z)].
n

Taking an arbitrary € > 0, we can find p(¢) € N such that, for any
g > p(e) one has
log —t(z)| <e

and this implies
[a? = 2% <,
for any p > p(e).

c¢) It is obvious that, for any © € X = cg, one has
lim S™(x) = 0.
n

Consequently, Theorem 2.3 implies the fact that (I — S5); : X — C(S)
is bijective. Hence I — S : ¢y — c¢pis injective and (I — S)(cp) = ccp which
is dense in ¢g. Therefore 1 is in the continuous spectrum of S and Ty is
discontinuous (Corollary 2.1).

d) The discontinuity of Ts can be proved in another way.

Namely, we shall prove that the functional L : cco — K, given via

is discontinuous.
Accepting this fact, the discontinuity of Tg follows from the relation

L:T‘—OOT57

where 7o : ¢g — K is the (linear and continuous) projection number zero
given via
70((%n)n) = xo-

Now, let us turn to the proof of the fact that L is discontinuous. We
must prove the existence of an 9 > 0 having the property that, for any
0 > 0 one can find x € ccp with [|z|| < § and yet |L(x)| > o.
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To this end we can begin with an arbitrary eg > 0. Let also § > 0 be
arbitrarily taken. We consider y = (y,)n & semiconvergent series with real

terms, e.g.
_ (—1)">
a <”+1 n>0

One can find n(d) € N such that, for any n > n(d) one has |y,| < d.
We construct the semiconvergent series z = (z)n>0, Where zp = Yn(8)»

21 = Yn(8)4+1> -5 Zn = Yn(8)4ns - and, of course, ||z|| < 0.
Using Riemann’s permutation theorem, we can find a permutation 7 :
N — N such that the series

has the sum equal to g+ 1. Hence ||z|| < § and |L(z)| = L(z) = eo+1 > <o.

e) Because Ts : cco — ¢ is a bijection, as we have seen, we have on ccy
two norms.

The first norm on ccq is the norm induced by the norm of cg, having the
analytical expression

[z] = sup |zn],
n
where
T = (L0, T1y ey Tpy-en)-

With respect to this norm, ccq is not a Banach space (because ccy is not
closed in cp).

The second norm on ccq is obtained via Tg-transport from the norm of
co. For x € ccy, this norm will be

def
=l = [1Ts()] -

Hence, the analytical expression of this norm will be

=[] = sup{[t(x)[ , [t(x) = ool , [t(x) = oul, ..., [t(x) = oal, .}

with previous notations. With respect to this norm, ccqg is a Banach space.
f) Now we shall see that Theorem 2.5 generalizes D’Alembert’s criterion.

Namely, we consider a "series” © = (x,), € ccy and assume that the
hypothesis of Theorem 2.5 is fulfilled.
We have, for any natural n:

S () = (Tpe1, Tnao, )

and
S™(x) = (Tn, Tnt1,---)-
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Hence, the hypothesis says that there exist 0 < a <1 and M € N such
that

Apt1 = sup |zp| < asuplzy| =ad,,
p>n+l P>

for all n > M.
In case A1 = A, it follows that A, = A, 11 = 0 for all n > M, hence
z, = 0 for all n > M and the series

an (3.1)
n=0

converges (trivially).

So, the case when some A, = 0 is trivial and let us see what happens
when A,, > 0 for all n.

It follows that, for all n > M, one has

0< An—l—l < aArn

hence
0< AnJrl < An,
and, consequently
A, = sup |xp| = sup |zp| = |zy].
n

pzn p=

Then, for all n > M, one has

sup |zp| < alzy|
p>n+1

which implies
|Tns1] < afan (32)
and the series (3.1) converges.

In case all the x,, are non null, we can write (3.2) in the form: for all
n>M

Intll < g (3.3)
Ln
and this implies (of course)
lim sup Tntl <a<l1. (3.4)
n Tn

It is readily seen that, in case (3.4) is fulfilled, one can find a natural M,
such that, for all n > M, one has (3.3). This completes the proof of the fact
that Theorem 2.5 is exactly D’Alembert’s criterion in this special case.
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g) At this point we begin with the remark that Theorem 2.7 is applicable.

Hence ' is a bilateral ideal in cq.

Finally, we shall be concerned with Theorem 2.6 in this particular case.
Interpreting the result we obtain the following

FACT. Assume a = (an)yn is a decreasing sequence which converges to
zero. Let (x5,)n be a sequence such that the series

0
>
n=0

18 convergent.
Then, the series

0
g AnTn
n=0

18 convergent.
This Fact is equivalent to the apparently more general following result:

Abel-Dirichlet Criterion Let (by,), be a decreasing sequence which is
bounded. Let (), be a sequence such that the series

oo
>_n
n=0

18 convergent.
Then, the series

oo
D _ban
n=0

18 convergent.

Indeed, assuming the validity of the Fact, let us write, for b = lim b,,:
n

b, = an + b,

where a, = b, — b.
Then (ay), is decreasing and converges to 0.
It follows that the series
o0
S
n=0

converges.
Because the series

ibxn
n=0
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converges too, it follows that the sum of the preceding series, i.e. the series

oo
D> _bntn
n=0

is convergent.

We proved that Theorem 2.6 generalizes the Abel-Dirichlet Criterion.

Example 3.2. We consider an arbitrary Banach space X. Let X; and X,
be two closed subspaces of X which are complementary (i.e. each element
x € X can be written uniquely in the form

T =T + T2,

with 1 € X and x9 € X»).
We consider the linear and continuous projections F; : X — X associated
with X;, i =1,2 (i.e. P; is given via

B(l’) = T,

for i € {1,2}).
Let us take S = P;. Then I — S = P,. Because S™ = S for any natural
n > 1, we use Theorem 2.3 and get

C(S) = (I - S)(X) = Py(X) = Xo.

For any x € X9 = C(S), one has

for any natural n > 1, hence

Ts(z) = ZS”(Q}) =r=x— liyrln S™(z).
n=0

Example 3.3. Let us consider the real numbers a < b. The Banach space
will be X = Cla,b]. The operator S : X — X will be defined as follows:

S(f) =g,

where ¢ : [a,b] — K is given via

o(x) = / F(t)dt.

It is seen that S is linear, continuous and ||S||, = b — a.
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The last assertions follow from the inequality

‘7““‘“’ < 7‘f<t>ldt <®-a)|fl,

which is valid for any x € [a, b], and from the fact that
IS(w)[| = b —a,

where u is the constant function equal to 1.
It is known that, for any f € X and any natural n > 1, one has

S*(f) =g,
where g : [a,b] — K is given via
y T — n—1
o) = [E05 rar

a

a) We claim that one has (see also Corollary 2.1, 1.)

C(S) = X.

Indeed, for any f € X, any n > 1 and any z € [a, b], we have successively

z z— )1 b T — n—1
sl = | [ roa] < (5= ar <

b
p—alt el
< [ Il = o= 171 = .

Because the series
(o0}
>
n=1

is convergent (with sum (b—a)e®~?| f||) it follows that the series of functions

>SS
n=0

converges uniformly and absolutely, hence converges in X.
Working for K = R, it is seen that

AC(S) = X.
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As a consequence (see Theorem 2.3), we have the linear and continuous
operators I — S : X — X and Tg : X — X and

Ts=(I—-9)"

b) It is possible to express Ts more concretely.
To this end, we take an arbitrary f € X and an arbitrary = € [a,b]. Due
to the uniform convergence, we get

We used the fact that, for fixed x € [a, b], the series of functions

o0

§ Pr.n

n=1
converges uniformly on [a, z], where

(x —t)" 1

o

Pun(t) =

(because }@zn ‘_ ) Hf”)

Taking into account the previous facts, we proved that
Ts=T—-8)t=I+V.

Here S : X — X is the linear and continuous integral operator with
kernel Q : [a,b]? — K given via

0, ifx<t
Q(x’t):{ 1, ifz>t

(it is clear that, for any = € [a, b], one has
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Also V : X — X is the linear and continuous integral operator with
kernel P : [a,b]? — K given via

0, ifrx <t
PWJ):{e*¢ ifx >t

)

(namely, for any z € [a, b], one has

Remark 3.1. One can obtain Ts = (I — S)~! in another way.

Let us give an arbitrary f € X = C(S). We want to obtain g € X such
that g = Ts(f), i.e. f=(I—S)(g). Writing y : [a,b] — K,

T

y(z) = / o(t)dt

a

(i.e. y = S(g)) it is seen that y is the solution of the Cauchy problem

y =g and y(a) = 0.

The relation f = (I — S)(g) becomes the differential equation (Cauchy
problem)

y —y=1r
with the initial condition y(a) = 0.
The solution of the homogeneous equation

y —y=0

is of the form
y(x) = Ce".

Using the variation of constants method, we write

which implies

Hence
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Because y(a) = 0, one must have C'(a) = 0, consequently A = 0.
So

) = [ F(tye

for any z € [a, b], which implies

g(x) =y () = ex/f(t)etdt t et f(z)e " =

We got again
g9(x) = (I +V)(f)(z).

c¢) In view of the existence of the bijections I —S : X — X and [ +V =
(I —S)™1: X — X we obtain via transport two new Banach spaces norms
on X.

These norms are given as follows:

I (T = $)(p)ll = sup |f(x) - / f(t)dt‘
z€la,b] A
and .
A N+ V) = sup |f(z) + / e“f(t)dt‘-
z€[a,b]

a

It is seen that, for any x € [a,b] and any f € X, we have:

]f(a:) -/ f(t)dt‘ <l@I+ [ 171 < 171+ G- a) 1]

and

T

'f(:v) + /ex_tf(t)dt‘ < [f(2)] +/€b_“ [f@)ldt < |IfIl+e" b —a) I fII,

a a

hence

AT < T+ b —a) [l £l

and

A< (10— a)) [If]-
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It follows that the norms |||, |||l|| and |||||||| are equivalent.

Problem. Find (as small as possible) constants A > 0 and B > 0 such
that

HFIIT < AllfI

and

A< BII
for any f € X.

Remark 3.2. Working for K = C, we know that the spectral radius of S is
equal to 0, hence the spectrum of S reduces to {0} = the residual spectrum
of S and (of course) 1 is in the resolvent set of S.

Example 3.4. We shall consider the space X = LP(u) where 1 < p < oo
and p is the Lebesgue measure on [0, 1]. The linear and continuous operator
S LP(u) — LP(u) will be given via

S(f) =g,

where
g(t) =tf(t)

for all ¢ € [0, 1].
It is seen that (in case K = R) the operator S is positive.
For any natural n, one has

where

for all ¢ € [0, 1].

a) One can prove that

lim $"(f) = 0,

for any}EX.

Indeed, let } € LP(u) = X and take a representative f € } Then, for
any t € [0,1), one has
lim ¢" f(t) =0,

hence
liTan t"f(t) =0 p-a.e. and [t"f(t)] < |f(t)],
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for all t € [0, 1].
Using Lebesgue’s dominated convergence theorem (see [5]) we get

fn_>0

n

in LP(u), where f,(t) =t"f(t) for all ¢ € [0, 1].
Hence

S"(f) — 0.

n

b) Using the result from a), we can prove that the following assertions
are equivalent for a measurable function f:1[0,1] — K:

1°. f e O(S).
2°. There exists w € LP(u) such that

fit) =1 —=tu(t) p- ae. .
3°. One has g € LP(p), where

1 .
g(t)_{o, ift=1

1. fe AC(S) (for K =R).

The equivalence 1° <= 2° follows from Theorem 2.3, points 3. and 4.
and from a): we have

C(S) = (I = 95)(X)
and the elements } € (I — S)(X) have representatives given by

f(t) = (1 =t)u(t),

with u € LP(p).

2° = 3° is obvious.

The implication 3° = 1° (which will be proved immediately) establishes
the equivalence of assertions 1°,2°,3°.

We consider the sequence (fy,), in £LP(u), given via

() = (A+t+2+ . +tV)f(t), if0<t<1
T o, ift=1

It is seen that for any n and ¢ one has

[fn(®)] < [g(t)]

and
fa(t) — g(t) p- ace. .
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Again Lebesgue’s dominated convergence theorem implies that
fn—9
n

in L£P(p).
But L N N
fo=f+S(f)+...+S5"(f)
and we obtain the fact that N

in LP(u), which can be rephrased as follows: the series
o ~
25"
n=1

converges to g in LP(pu).
Hence

fec().
In order to finish the proof we must prove that 1° = 4°.
So, let us take f € C(S).

Because 1° = 3°, we obtain (taking a representative f € f) the function
g € LP(u) constructed with the aid of f as in the statement of 3°.
It follows that |g| € LP(u), hence the function w : [0,1] — K given via

1 .
= lfl@®), fo<t<]
Mﬂ_{O, ift=1

is in LP(pu).
Hmﬁ“ﬁﬁww@*ﬂeﬂﬁjﬂfeACw)

c) We consider the subspace H C X which consists of "constant func-
tions”. More precisely

H = {} € X | f is constant}.

We shall prove that H N C(S) = {0} (and this shows that C(S) # X ).

Indeed, assume by absurd, the existence of 0 # } € HNC(S). Let
0 # a € K be such that f(t) = a pu- a.e. . Using 3°, from b) we obtain the
function g € £P(u) given as follows

o<t <1
_ 1—¢? 1 =~
9(t) { o ift=1
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A simple computation shows that
[ 19l du = o

d) Now we consider the subspace

and we got a contradiction.

Y = {? € LP(u) | there exists 0 < a < 1 such that f(t) =0 for all t € [a, 1]}.

(of course, a changes with f).
We shall prove that Y is dense in X.

To this end, we take first an element u € LP(u) such that u(t) > 0 p-
a.e. . We define the sequence (uy,), in £P(u) such that

u(t), fo<t<1-41
U (t) =

. 1 ’
0, ifl-Ll<i<i

for n > 2.
Then uNn €Y and
’un’ = up < U,

for all n.
We have also
lim wu, (t) = u(t) p-a.e. .
n

Lebesgue’s dominated convergence theorem says that
Up — U
n

in LP(p) = X.

For an arbitrary real f : [0,1] — R, f € X, we write f = u — v with
u,v: [0,1] = R, u and v being positive functions in L£P(u).

We consider the sequences (uNn)n and (1;;1)“ in Y such that w,, — u and

n

Uy, — v in X and

n

uNn - ,UNTL - f>
n

where U, — 0, € Y.

For complex (in case K = C) f:[0,1] — C, f € X, we write f = g+ ih
and find real gn,hy, in Y such that ¢, — ¢ and h, — h in Y. Then

n n

~

Gn +ihn €Y and gy + ihy — f.
n
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e) Now we prove that
Y Cc C(S).

Let us take } in Y and prove that } € C(5). According to b) 3°, we

must prove that (taking a representative f € f) the function ¢ : [0,1] — K,
given via

@
g(t) = T ?f0§t< 1
0, ift=1

is in LP(p).
There exists 0 < a < 1 such that f(t) =0 for a <t < 1.

It follows that
W f0<t<a
0, ifa<t<1

Consequently
lg(t)]

for all t € [0,1] and g € LP(u).
f) We conclude that

IN

C(S) = AC(S) = (I — S)(X).

According to point c, it follows that C(S) # X and C(S) is meager.
According to point d) and point e), it follows that C(S) is dense in X.
Theorem 2.3 says that (using point a)) we have the mutually inverse
bijections
(I—-S5)1:X—C(S) and Tg : C(S) — X.

Hence 1 is in the continuous spectrum of S and Tg is discontinuous.
Notice that T : C(S) — X acts as follows: Ts(f) = g where

1 .
_ ) =)
g“)_{o, ift=1
for any representative f € ? e C(9).

Remark 3.3. Actually, the spectrum of S is equal to [0,1] and coincides
with the continuous spectrum of S.
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