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Abstract

Let G = (V, E) a graph and L (v) a set of colors associated to every node
V.eV.

Alist coloring of G isan assignment of acolor ¢ (vi) € L (v ) to every node
of V  sothat notwo adjacent nodes are assigned the same color.
Sgnificant theoretical research into this special case of the classic coloring
problem started roughly the last decade.

In the corresponding literature, algorithms are referred to for a particular
class of graphs, e.g. trees. In this paper a heuristic algorithmis formulated in
order to achieve a list coloring to a given random graph G with the smallest
possible number of colors, whenever G has such a coloring.

A small numerical example of the presented algorithm is given and the paper
isincorporated with a relative computational experiment.
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1. INTRODUCTION

Graph theory is a convenient mathematical tool, which can be used to modd, as
visua representations, problems that arisein various scientific fieldsaswel asinred life
practical situations.



One of the most outstanding concepts in graph theory is the notion of graph
coloring. The coloring of a graph G = (V, E), see[1,2] isanassignment of colors to its
nodes so that no two adjacent nodes have the same color. A coloring of G with k colors
is a k-coloring. A subset S < V is independent if every pair of nodes X,y eSis
nonadjacent. The nodes that are assighed the same color are independent and they form a
color class. The smalest k for which G has a k-coloring is the chromatic
number ;((G) The k-coloring of an arbitrary graph G is NP-complete, see [3], while
the determination of the chromatic number of G isNP- hard.

Various significant applications can be modeled and studied by applying some
generalizations of the ordinary graph coloring described above.

Let L (v; ) beaset of colors associated to every node v; €V. A list coloring of G
is an assignment of acolor c(v; ) € L (v;) to every node of V so that no two adjacent
nodes are assigned the same color. Significant theoretical research into this specia case
of the ordinary coloring problem started roughly in the last decade, see[4].

Here, a heuristic agorithm that we call LC is developed in order to list-color a
given random graph. Procedure LC is heuristic in the sense that it seeks to list-color G
with the smallest possible number of colors. The next Section is devoted to aformal and
algorithmic presentation of procedure LC while Section 3 gives a systematic application
of LC on a smdl numerical example. A computational experiment relative to algorithm
LC, together with the conclusions are the content of the fina Section.

2. PROCEDURE LC
By G,=(WcV,E, cE) we denote the subgraph of G = (V, E) that is
definedby W V andE,={ (x,y)e E and xye W}. Thedegree of anodeve Wis
expressed by deg, (v). Consider the graph G = ( V, E) with n = |V | and the sets of
admissible colors L; so asto color nodev; € V. In order to facilitate the computation and
the algorithmic process a positive integer is associated to every color, thus, in the

n
sequel a color is expressed by a naura number. Let LL = ULi and
i=1

Q={g,.q, .0, } where a; issuchthatie L(qii ), in other words set Q; contains
the nodes that can be colored with color i. In genera terms the reasoning of LC isas
follows.

At the beginning of the agorithmic process, we pose G = G, and set LL

comprises all the admissible colors to be used. In an instant of the execution the colors
aready used are eliminated from LL. Also color i isremoved from LL in the case where
acolor has been assigned to al the e ements of Q.

a) The dements of every Q for which Q # & are positioned in such a way that

deg(qi‘)sdeg(qim), j=12,...q; and subsequently we form heuristicaly an

independent set S < Q, of the subgraph G, with the largest possible number of nodes.
Thus, for every such Q; corresponds an independent set S,



Set Sissdected sothat S,=max{|S |,i eLL }and color misassignedto all
the nodes of S,.

The working subgraph G, and sets Q; are reduced by removing the nodes of S,

from their content, also set LL is updated by extracting color mand colorsi for which the
corresponding set Q, ended up in the empty set. The procedureis repeated from point o
until one of the two following conditions hold.

e Whendl nodes of G have been colored (G, =9).

e The occurrence of condition LL = & means that no sol ution was found.

The above thoughts are depicted in the systematic formal presentation of
algorithm LC that follows.

{ ncol : number of colored nodes}

{ m : colortobeassigned }

{ C,: colorclass }

{ KEEP: comprises the intermediate generated independent sets}

{ S : independent set with the greater cardinality in the current iteration}

{ Read data,initial conditions}
Read G = (V,E). n=| V [ k L,i=1,2,...,n.
Set Gy, (V)< G, ncol«—z«0

Do
For every ie€LL createthe dements of

Q={g,.q, .0, } where q; suchthati eL(q;).
The dements of Q; are ordered so that
degew(qii)sdegew(qim), where j=1,2,....,qu
{ Formindependent set }
satmc« 0, S=J, LT « LL..
whileLT = &
sdecti € LT.
Setk« 1, KEEP «{q, }
for h=210 |Q|
if q, € I'( KEEP) then
set ke—k+1, KEEP«—KEEP U { q, }
endif
endfor
if k> mcthen

mc < k, S«— KEEP, m«i
endif



Set LT« LT-{i}
endwhile
{ Color assignment, successful termination test }
Setz< z+1, %< m, NC,«|S|, C,« S
{Assign color mto the nodes of set C;}
Set ncol « ncol+| S|, LL « LL-{m}
if ncol = nthen
write “number of colors =",z
fori=1toz

writex, C;, j=1, 2, ...,Nc,
endfor
Stop

endif

{ UpdateLL, Q,,i €LL, G, }
Set LT« LL, W=W-{ S}
whileLT &
sdectielLT
forj=1t0 |Q|
et Q«Q-{S}
endfor
Set LT «LT-H{i}
if Q = then set LL«LL-{i}
endwhile
{ unsuccessful termination test }if LL =& then
write “no sol ution found”
Stop
endif
Loop
Obviously the time complexity of LC is O (n®).

3. NUMERICAL EXAMPLE
Consider thegraph G=(V,E), withn=|V|=6 of Figure 1.
Without loss of the generality, thelists of admissible colors, in order to color the nodes of
G have the same cardinality k = 3. Also the colors in the lists were sdected from the
range[ 1,n]. Thereforethe starting number of rows of array Q is equal to n. On the right
side of the page, array Q is shown initially as it was formed as a first step by removing
the rows that:
e Correspond to the color used in the previous stage.
(seerow 2 and 1 initerations 2 and 3 respectivey)
e All its nodes have been colored in a preceding phase.
(seerow 5initeration 3)
After the removal of the rows according to the above description, the remaining
edements of theactiverows of array Q are ordered as mentioned in Section 2.



The number of colors used in the final solution, see Figure 4, corresponds to an
optimal one, since the chromati c number of the graph of Figure 1is X(G) = 3

Iteration 1

i Q Q

1 35 53

2 1346 6143
3 1256 6152
4 256 652
5 134 143
6 24 42
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Iteration 2

1 35
3 52
4 52
5 3
6 2
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Iteration 3
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Final solution

S ={614}
S ={35}
S={2}
1
sUsUs =v
2
Figure 4

4. CONCLUSIONS-COMPUTATIONAL EXPERIMENT

A heuristic algorithm called LC is given for the list coloring concept which is a
generalization of the classic coloring problem. The list coloring has significant practica
applications to real life problems such as job scheduling, traffic phasing, alocation of
broadcast channels, register assignment, etc, see [4,5,6,7].

Algorithm LC was coded in Quick-basic and executed on a Pentium IV with a 3.2
GHz processor. The CPU computer running time was negligible, for example, the graphs
with 150 nodes required at most one second of execution time for all graph densities. All
tested graphs and the node color lists were randomly generated with the use of the
uniform distribution available in the Quick-basic version 4.5. The experiment was
performed on graphs with 50,100 and 150 nodes and with densities 0.2,0.4,0.6 and 0.8.
The graph density considered here isthe va ue of the ratio of the number of edges of G,
say e, over the number of edges of the complete graph, namey, d=2¢/(n(n-1)). For al the
nodes of the tested graphs we considered that the corresponding node lists have the same
cardinality k and we experimented for values of k=2,3,4. The randomly generated
colors in the node lists are in the range [1,n],[1, n /2] [1, n /4] and the corresponding
results are shown in Tables 1,2 and 3 respectively. From the tables below we can make
the expected observation.

For greater value of list cardinality, a smaller number of colors (in general) are
required to list color a graph. Also for smaller graph densities, a smdler number of colors
is needed to list color agraph.

An interesting remark on the table results is the fact that fewer colors (in general)
are needed whenever the range of the colors in the lists becomes tighter.

The above remark does not stand in two cases, see, Tables 2 and 3, specifically in
the cases n=150, d= 0.8, k= 4 and n = 150, d=0.8, k=2. However, this is not an
unexpected fact for NP-complete problems.



=2 k=3 =4
nd| 02/ 04| 06/ 08| nd| 02| 04/ 06/ 08 nd| 02 04 06 08
50, 23] 27| 35| 37| 50| 19, 24, 28, 35| 50| 16| 23| 25| 34
100 52| 60| 69| 78| 100, 41| 47| 64| 68| 100] 34| 40| 51| 60
150 75| 85| 103 116 150, 57| 76| 87| 106] 150/ 51| 64| 72| 98

Table 1. color range [1,n]

k=2 k=3 k=4
nd 02 04 06 08| nd| 02 04| 06/ 08| nd 02 04 06 08
50| 20| 26| 31| 38| 50| 20| 22| 25| 34| 50| 14| 18| 26| 34
1000 41| 54| 65| 76| 1000 30| 43| 55 64| 100 29| 35| 49| 59
150 65| 82| 97| 115| 150, 53| 66| 76| 104 150, 41| 56| 72| 90

Table 2. color range[1..n/2]

=2 k=3 =4
nd/ 0.2 04/ 06/ 08| nd 02 04 06 08| nd 02 04 0.6 08
50| 15| 26| 30, 35| 50| 14| 19, 26, 33| 50, 12, 20| 25, 30
100) 40| 54| 61| 74| 100] 27| 43| 50| 63| 100/ 25| 30, 43| 58
150, 59| 72| 96| 117| 150] 43| 63| 76| 101] 150/ 34| 54, 70| 93

Table 3. color range [1..n/4]
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