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1 Introduction

Mathematical programs involving generalized convexity have been the subject of extensive
study in the recent literature. Optimality conditions and duality results were obtained
for such problems.

Ortega and Rheinboldt [9] introduced connected functions by taking the values of the
functions on continuous curves (called ”arcs”) joining two points z and y, instead of the
line segment joining these points. Avriel and Zang [1] called them ”arcwise connected”
functions.

Kaul et al. [6] defined locally arcwise connected sets which include arcwise connected

sets [1] and locally starshaped sets [2]. Also, they introduced locally connected functions
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and locally -connected functions on a locally connected set and studied some local-
global minimum properties satisfied by such functions. Kaul and Lyall [5] defined locally
P-connected functions and studied properties of these functions and of locally connected
(@-connected ) functions based on the concept of right differentiability of a function with
respect to an arc. Results regarding the solution of nonlinear programming problem
involving locally P-connected functions and sufficient optimality criteria for such a pro-
gramming problem are also derived. These results are extended to the multiple objective
programming by Lyall et al. [7] which have obtained Fritz John type necessary optimality
criteria for non-linear programs and formulated a Mond-Weir type dual together with
weak and strong duality results. A proper weak minimum is defined and duality results
are established by using this concept.

Vial [16] defined p-convex functions. The generalization of p-convex functions to p-
pseudo convex and p-quasi convex functions was given by Jeyakumar [3, 4].

In [10], Preda and Niculescu defined p-locally arcwise connected, p-locally Q-connected
and p-locally P-connected functions and gave necessary and sufficient optimality condi-
tions for a minimax optimization problem involving such functions. They considered a
generalized Mond-Weir dual problem and established a duality result. In another paper
[11], they considered a nonlinear multiple objective programming problem, gave necessary
and sufficient optimality conditions and Wolfe and Mond-Weir type duality results. In
[13], Stancu-Minasian considered a nonlinear fractional programming problem where the
functions are p-locally arcwise connected, p-locally Q)-connected and p-locally P-connected
and obtained necessary and sufficient optimality conditions. A dual was formulated and
duality results are proved.

Niculescu [8], considered a multiobjective programming problem in which the objective
function contains a support function. A dual problem was formulated and a weak duality
theorem was established under generalized p-local conectedness conditions. In [15] (see,

also and [14]) Stancu-Minasian and Andreea Madalina Stancu obtained sufficient opti-



mality conditions for a nonlinear programming problem with inequality constraints and
generalized p-locally arcwise connected functions.

In this paper we generalize the results obtained in [14] and [15] at the case of mixed
constraints. We derive sufficient optimality conditions for a nonlinear programming prob-
lem with inequality and equality constraints where the functions involved are p-locally
arcwise connected, p-locally )-connected, p-locally P-connected, locally PQ-connected
and differentiable with respect to an arc. Sufficient optimality conditions are obtained in
terms of the right differentials with respect to an arc of the functions.

The organization of the remainder of this paper is as follows. In Section 2, we shall
introduce the notation and definitions which are used throughout the paper. In Section
3, we shall give sufficient optimality criteria for a nonlinear programming problem with

mixed constraints.

2 Preliminaries

In this section we introduce the notation and definitions which are used throughout the
paper.

Let R" be the n-dimensional Euclidean space and R its nonnegative orthant, i.e.,
R} ={ze€R",2; 20, j=1,...,n} . Throughout the paper, the following conventions
for vectors in R"™ will be followed :

x>yifandonlyifx; >y, (i=1,...,n),

r2yifandonlyifx; 2y (i=1,...,n),

x>yifandonlyif x; 2y; (i=1,...,n), but z #y.

Throughout the paper, all definitions, theorems and corollaries are numbered consec-
utively in a single numeration system in each section.

Let X° C R® be a nonempty and compact subset of R™.



Let T,z € X°. A continuous mapping Hz, : [0,1] — R™ with

is called an arc from 7 to z.

Definition 2.1 [6] We say that the set X° C R™ is a locally arcwise connected set at
T (T € X% (X° is LAC(T), for short) if for any x € X° there exist a positive number
a(z,T), with 0 < a(z,T) < 1,and a continuous arc Hz, such that Hz, (\) € X° for any
A€ (0,a(x,T)).

We say that the set X° is locally arcwise connected if X° is locally arcwise connected

at any v € X°.

If we choose the function Hz, of the form Hz, (A\) = (1 — A\) T + Az, we find out the

definition of locally starshaped set as given by Ewing [2].

Definition 2.2 [10]. Let f: X° — R be a function, where X° C R™ is a locally arwise
connected set at T € X° with the corresponding function Hz . (\) and a mazimum positive
number a (x,T) satisfying the required conditions. Also let p € R and d(-,-) : X? x X° —
R. such that d(z,T) # 0 for x #7. We say that f is:

(i,) p-locally arcwise connected at T (f is p-LCN(T), for short) if for any x € X°,
there exist a positive number d(x,T) < a(x,T) and an arc Hz, in X° on [0,d (z,T)|such

that
f(Hze (A) S Af(z) + (1= A f(@) — pAd(2,T), 0 <A< d(z,7).(2.1)

(i,) p-locally Q-connected at T(p-LQCN(T)) if for any x € X°, there exist a positive

number d(z,7) < a(z,T) and an arc Hz, in X° on [0,d (z,T)] such that

flx) £ f(@),
0<A<d(z,T)

= [(Hzx (V) = f(T) = —pAd (2,7T) .



(i3) p-locally P-connected at T(p-LPCN(T)) if for any x € X°, there exist a positive
number d(z,T) < a(z,T) and an arc Hz, in X° on [0,d (x,T)] and a positive number ~yz .

such that

f(z) < (@),
0<\<d(z,T)

(i,) p-locally strictly P-connected at T(p-LSTPCN(T) ) if for any x € X°, there exist a
positive number d(x,T) < a(z,T),an arc Hz, in X° on [0,d (x,T)] and a positive number

Vz,z Such that
= [(Hzz (V) < f(T) — Mz — pAd (2,7T).

The function f is said to be p-locally strictly arcwise connected at T € X° (p-LSCN(T))
if for each x € X% x # 2° the inequality (2.1) is strict.

If fis p-LCN(ZT) (p-LSCN(T)) at each T € X, then f is said to be p-LCN (p-LSCN)
on X°.

If fis p-LQCN at each T € X°, then f is said to be p-LQCN on X°.

If fis p-LPCN at each T € X, then f is said to be p-LPCN on X°.

Definition 2.3 [5]. Let f : X° — R be a function, where X° C R® is a locally arcwise
connected set at T € X°, with the corresponding function Hz . (X\) and a mazimum positive
number a (x,T) satisfying the required conditions. The right differential of f at T with

respect to the arc Hz . (\) is give by

(A) (7 Hae (0%)) = Jim [/ (He (V) — /(@)

A—0t

provided the limit exists.

In this case, f is called right directionally differentiable at T with respect to the arc



If f is differentiable at any T € X°, then f is said to be differentiable on X°.
According to Avriel and Zang [1], (df)* (T, Hz, (07)) may also be called directional
derivative of f with respect to the arc Hz, (A) at A = 0. If the function f possess a right

derivative with respect to the arc Hz, (A) at A =0, then
f(Hza(N) = [ (@) + Mdf)" (T, Hza (07)) +Aw (N)

where A € [0,a (2,7)] and w : [0,a (z,T)] — R satisfies )\li%l+w (A) =0.

In order to prove the sufficient optimality conditions we introduce the following notion.

Definition 2.4 Let f : X° — R be a function, where X° C R™ is a locally arcwise
connected set at T € X° with the corresponding function Hz . (\) and a mazimum positive
number a (x,T) satisfying the required conditions (from Definition 2.1). We say that f is
locally PQ-connected at T (LPQCN (T)) if for any x € X° there exist a positive number

d(z,T) < a(z,Z) and an arc Hz, in X° on [0,d (z,T)] such that

= [ (Hzo () = f(T) 20
0<A<d(x,7)

The following results can be obtained from the above definitions.

Theorem 2.5 Let f: X° — R, T € X% where X° is a locally arcwise connected set at

Z. We assume that for every x € X°, f posseses a right derivative with respect to the arc
Hz . (A\) at A\=0. Then
a) If the function f is p-LCN (T), then

f@) = f(@) 2 ()N 7, Hze (07)) + pd (T, 2), ¥V 2 € X°,
b) If the function f is p-LSCN (T),then

f@) = f(@) > ()" (T, Hee (07)) + pd (T, 2), Vo € X°\ 0 £,



¢) If f is p-LQCN (%), then

F(@) £ F@) = (Af)" (@, Hze (07)) £ —pd (7,2) 3 € X,
d) If f is p-LPCN (%), then

(Af)" (T, Hzo (01)) 2 —pd (T,2) = f(2) 2 f(T), 2 € X°,
e) If f is p-LSTPCN (Z), then

(Af)" (T, Hzw (07)) 2 —pd (T,2) = f () > f(T), 2 € X",

f) If f is LPQCN (T), then

f(@)=f@) = (df)" (T, Hz. (07)) 0.

3 Sufficient Optimality Criteria

In this section we will prove the sufficient conditions for optimality for Problem P. These
conditions can be obtained by replacing the equality constraint h () = 0 by two inequality
constraints, viz. h (z) < 0,—h (z) < 0 and then applying the results of [15]. However, in
this paper we will use a direct method.

Consider the nonlinear programming problem with mixt constraints
Min f(x)(3.1)
(P) subject to

9@ S0 M =0
z e XO

where
i) XY C R™ is a nonempty open locally arcwise connected set,

ii) f: X% — R,



v) the right differentials of f,¢;( ¢ = 1,...,m) and h; (j =1,...,k) at T exist with
respect to the same arc Hz, (A).

Let X = {x € X°| g(z) £0,h(x) =0} be the set of all feasible solutions to problem
(P).

Let

Ne(@) = {z e R" | [lz = 7| < ¢}.

Definition 3.1 a) T is said to be a local minimum solution to problem (P) if T € X and
there exists € > 0 such that x € N.(T) N X = f(T) = f(x).

b) T is said to be the minimum solution to problem (P) if T € X and f (T) = mi)l(lf (x).
S

For 7 € X we denote I = I (T) = {i|g; () = 0},(the set of indices of active constraints
at ), J = J(T) = {i|g; (T) < 0} (the set of indices of nonactive constraints at =) and
gr = (9i);e; - Obviously T U J = {1,2,... ,m}.

Let v € R™ be such that v = 0 and u’g(Z) = 0. Evidently, u; = Oand u; = 0
where u; and u; denotes the subvectors of u corresponding to the index sets [ and J,
respectively.

Let K={iel:u;>0}and L={i €l :u; =0} KUL=1.

Let gx and g be the subvectors of g; corresponding to the index sets K and L,
respectively.

In this section we give sufficient optimality theorems of the Kuhn-Tucker and Fritz
John type for problem (P).

First we give a sufficient optimality theorem of the Kuhn-Tucker type. The functions
f, g and h are not differentiable but are directional differentiable with respect to the same
arc Hz, (\) at A = 0.

The next theorem does not require the function h to be directionally differentiable.
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Let {K;, Ky, K3} be a partition of the index set K; thus K; C K for each i =
3
1,2,3, K, N K, =0 for each r, s € {1,2,3} with r # s, and ,EJIK,- =K.

Theorem 3.2 Let T € X C R", where X° is a locally arcwise connected set and let
u € R™. We assume that there exist the right differentials at @, with respect to the same

arc Hz . of f and g and (T,7) satisfies the following conditions:

(df)* (@, Hzp (07)) + 1" (dg)™ (T, Hz» (07)) 2 0, V2 € X, (3.3)
u'g(T) =0;(3.4)
g(Z) £ 0;h(T) =0.(3.5)

u = 0,7 # 0(3.6)
Assume furthermore that the following hypotheses are satisfied:

il) gi, i € Kq,is a;-LQCN (f) , (37)
1) 01 s SLQCN (7) (3.5)

i3) f + T, 9x, is 7-LPCN (T) (3.9)
and

i) > i+ B+ >0.(3.10)

€K

Then T is a minimum solution to Problem (P).

Proof. Let © € X be any feasible solution to problem (P). Since gg, () £ 0 = gk, (T),

from (3.7), uk, > 0, and Theorem 2.5 we obtain the following inequality

Uge, (dgie,) T (T, Hz o (07)) £ = > ailid (2,7) .(3.11)

€Ky



Also, we have
Uy, 9K, (2) < 0 = U, g, (T)
which by (3.8) and Theorem 2.5 implies that
Ug, (Agr,) " (T, Hy (01)) £ —5d (2,7) .(3.12)
Since uy; = 0 and @y, = 0, it follows from (3.3) that

(Af)* (@, Hzo (0)) + T, (dg,) " (7, Hzo (07)) 2

—T, (dgr, )T (T, Hz . (01)) — U, (dgr,) T (T, Hz, (01)).(3.13)

From (3.11), (3.12) and (3.13) we see that

(df)" (T, Hzo (07)) + Uk, (dgk,) T (T, Hz o (01)) = (Z ol; + ﬁ) d(z,T)

€K1

which in view of (3.10) implies that
(Af) (T, Hy (0F)) + T, (dgr) (T, Hzo (01)) 2 —d (2,7)
or
(A (f +T,95,)) " (T, Hro (07)) Z =1l (2,7)
From (3.9) and Theorem 2.5 we deduce that

f (@) + T, 95, () 2 [ (T) + Ug, 9, (T) -(3.14)

Inasmuch T, gx, () < 0 and T, gx, (T) = 0, it follows from (3.14) that f (z) = f(T).
Hence 7 is a minimum solution to problem (P).

The above theorem has a number of special cases which easily can be identified by
suitable choices of the partitioning sets {K;, K5, K3}. We shall state these cases as an

corollary.
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Corollary 3.3 Let T € X° C R", where X° is a locally arcwise connected set and let
u € R™. We assume that there exist the right differential at T with respect to the same
arc Hz, of f and g and (T,u) satisfies conditions (3.3) — (3.6).
Assume furthermore that any one of the following hypotheses is satisfied.
iy) [+ gk is y-LPCN(T), where v = 0,
ip) a) gi,1 € K, is a;-LQCN(T)
b) f is v-LPCN(T)
¢) ekl +y > 0.
i3) a) U g is B-LQCN(T),
b) f is v-LPCN(T),
) B+7 20,
is) a) Uk, 9K, is B-LOCN(T),
b) f+7 UK39K3 is v-LPCN(T) , where { Ky, K3} is a partition of K,
c) B+7=0.
i5) a) g;,1 € K1, is a;-LQCN(T) ,
b) f +UTI;39K3 is v-LPCN(T) , where { Ky, K3} is a partition of K,
C)ieKIO‘im +v>0,
ig) a) g;,1 € K1, is a;-LQCN(T) ,
b) U, 9K, is B-LQCN(T),
c¢) f is y-LPCN(T)
d) sex it + B+ >0, where { Ky, Ky} is a partition of K.

Then T is a minimum solution to problem (P).

Proof. Each of the six sets of conditions given in Corollary 3.3. can be considered
as a family of sufficient optimality conditions whose members can easily be identified
by appropriate choices of the partitioning sets {K7, Ks, K3} . In Theorem 3.2, let ij)
Ki =K =0,Ky =K, i) K1 = KKy = K3 =10,13) Kj = Kz =0,Ky = K, 1)

=0, Ko £ 0, K3 #0,15) Ki #0, Ko =0, K3 # 0, and i) K; # 0, Ky # 0, K3 = ().
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Let v € R* and define P = {i|v; >0} and Q = {i|v; <0}. Let {P, P, P3} and
{Q1,Q2, @3} be partitions of the sets P and @), respectively.

Let hp, and hg, (i = 1,2, 3) be the subvectors of h corresponding to the index sets P,
and Q; (i = 1,2, 3), respectively. Let vp, and vg, (i = 1,2, 3) be the subvectors of v to the
index sets P; and Q; (i = 1,2,3), respectively.

The next theorem does not require the function g to be directionally differentiable.

Theorem 3.4 Let 7 € X° C R", where X° is a locally arcwise connected set and let
7 € R*. We assume that there exist the right differentials at T, with respect to the same

arc Hz, of f and h and (T,0) satisfies the following condition:
(df)" (%, Hzp (07)) + 207 (dh)" (T, Hz, (01)) 2 0, Vo € X.(3.15)
Assume furthermore that

12) — h;, i € Q1,is LPQCN (f) , (317)

i3) Up,hp, + Vb, hq,is LPQCN (Z), (3.18)
and
i) [+ vphp, +vh,ho, is T — LPCN (Z), (1> 0)(3.19)
Then T is a minimum solution to Problem (P).

Proof. Let x € X be any feasible solution to problem (P). Since h; (z) = h; (T) ,i € P,
from (3.16) and Theorem 2.5 we obtain

(dh:))" (T, Hz, (0M)) 0
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for any i € P;.

Now multiplying this inequality by v;,7 € P;, and summing, we obtain

o, (dhp)" (7, Hy, (07)) £ 0.(3.20)

Also, we have
hi () = h; (%), i € Q1

which by (3.17) together with vg, < 0 and Theorem 2.5 implies that

b, (dho,) ™ (T, Hzp (07)) £ 0.(3.21)
We also have

Tpohp, () + U6, hq, (2) = Up,hp, (T) + T, h, (T)
which by (3.18) and Theorem 2.5 implies that
o5, (dhp) " (T, Hz (01)) + 05, (dho,) ™ (T, He (07)) £ 0.(3.22)

The relation (3.15) can be written as

(df)" (T, Hzp (07)) + 05, (dhp)" (T, Hzo (01)) + 05, (dhp,) " (T, Hzp (07)) +
Up, (dhp,) " (T, Hze (01)) + 704, (dho,)" (%, Hzw (07)) +

+0, (dhp,)" (T, Hzo (07)) + 04, (dhg,)" (T, Hze (01)) 20, Vo e X
which in view of (3.20), (3.21) and (3.22) implies that
(df)" (%, Hz (07)) + 0%, (dhp,) " (T, Hzo (07)) + 05, (dhg,) ™ (T, Hzw (07)) 20
or
(d (f +Thhp, +T5,h0,)) " (7, Hee (01)) 202 —7d (2,7) .
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Using (3.19) and Theorem 2.5 we deduce that

f (I) + vgghpa (I) +vgghQ3 (CL‘) z f (T> + 6gg,hps (T) + 753%23 (E)

which implies

f@) 2 f(@).

Hence 7 is a minimum solution to Problem (P;).

Let w € R™ Let L = {iJu; >0}. Let v € R* and define P = {iv; > 0} and
Q = {i|lv; <0}. Let {Lq, Lo, L3, L4} ,{P1, Py, P3, P,} and {Q1, Q2, @3, 4} be partitions
of the sets L, P and @), respectively.

The following theorem is a combination of Theorems 3.4 and 3.5.

Theorem 3.5 Let 7 € X° C R"®, where X° is a locally arcwise connected set and let
u € R™ and v € R¥. We assume that there exist the right differentials at T, with respect

to the same arc Hz, of f,g and h and (T,%,T) satisfies the following conditions:

(Af)" (T, Hzp (01) + 7" (dg)" (T, Hz, (07)) + 7 (dh)™ (T, Hz, (07)) 20, Vo € X
ulg(T) =0
g(T)=0,h(T)=0
=0

Assume furthermore that
i) gi, 1 € Ly, is a; — LQCN (7)
i) hi, 1 € Py, is LPQCN(T) ,
i3) — hi, i € Qq, is LPQCN(T),
is) T g1, is B-LQON(T),
is) Up,hp, +U6,hq, is LPQCN (T),
l6) Ut, gL, + Up,hp, +Th,ho, is d — LQCN (T),
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ir) f+7T5,90, +Tp,hp, +Th,hq, is T— LPQCN(T),
i8) > Ty ++04+7>0.
1€l
Then T is a minimum solution to Problem (P).

The proof of this theorem is similar to that of Theorems 3.2 and 3.4.

In what follows we consider sufficient optimality conditions of the Fritz John type.

Let (T, vo, v, w) be a Fritz John point, where T € X(a locally arcwise connected set),

v € R, v € R™ and w € R¥. Assume that (Z,vg, v, w) satisfies the following conditions:

vo(df) " (T, Hz, (07)) 4+ 0" (dg) (7, Hzp (07)) + 0" (dR)* (7, Hz, (07)) 20, V2 € X

vlg () =0

(U()a U) 3 07 (U()a v, U]) 7é 0.
If v9 = 0, then conditions (3.23)-(3.25) become

v"(dg)" (T, Hz, (07)) + w" (dh)" (T, Hz» (07)) 20, V2 € X

vlg () =0

v 20, (v,w)#O0.

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

Let I and J be the sets defined at the beginning of this section. Due to the relation

(3.24) we have vy 2 0 and vy = 0. Let L = {i € I : v; > 0} . Let g be the subvector of

gr corresponding to the index set L. Also, let v;, be the subvector of v corresponding to

the index set L.
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Let w € R*. Define the index sets U and V by U = {iJw; > 0} and V = {i|w; < 0}.
Let hy and hy be the subvectors of h corresponding to the index sets U and V, respec-
tively. Also, let wy and wy be the vectors of W corresponding to the index sets U and

V', respectively.

Theorem 3.6 LetT € X C R", where X° is a locally arcwise connected set. We assume
that there exist the right differential at @, with respect to the same arc Hz, of f,g and h.
Let (T, vg,v,w) be a Fritz John point which satisfy conditions (3.23) — (3.25).

i) If vg > 0, let the assumptions of Theorem 3.5 hold with

U =vy ' and 7 = vy 'w

ii) If vg = 0, let (7,0,v,w) satisfy (3.26) — (3.28) and the following hypotheses are
) If ; 0,0, Y g hyp

satisfied
a) gi,1 € Ly, is o;-LQCN (T) ,
b) hi,i € Uy, is LPQCN (),
c) —h;,i € Vq, is LPQCN (),
d) v1,91,0s B-LQCN (T),
e wi;, hu, + wi, hy, is LPQCN (T)

)
) vF gy +wh hu + wh hy, is 6 — LQON (7)

—

g) ieL, Q0 + B+ 06 >0,

Then T is a global minimum solution to Problem (P).

The proof of this theorem is similar to that of Theorem 3.4 from [15]. Hence the proof

is submitted.
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