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Abstract

We establish necessary and sufficient optimality condition for a class of nondifferen-
tiable minimax fractional programming problems with square root terms involving
(n, p, 0)-invex funtions. Subsequently, we apply the optimality condition to formu-
late a parametric dual problem and we prove weak duality, strong duality, and strict
converse duality theorems.

1. Introduction

Let us consider the following continuous differentiable mappings:
f @ R"xR™ >R, h:R"xR"™—>R,
g : R"—RP
with g = (g1, , gp) . We denote
P={zecR"|g;(z) <0, j=1,2,---,p} (1.1)

and consider Y C R™ to be a compact subset of R™. Let B,, r = 1,3, and Dy,

9 /87
q = 1,0, be n x n positive semidefinite matrices such that for each (z,y) € P x Y,
we have:

i)

f(m,y)—i—ZVxTBrx > 0
h(x,y)—Z\/xTqu > 0

(=2}


cezarica
,0 ,0 ,0


In this paper we consider the following nondifferentiable minimax fractional pro-
gramming problem:

8
f(z,y)+ ; Va' By

(P)

in7f3 sup 5

re

" hlwy) = 3V Dy
q:

For § = § = 1, this problem was studied by Lai et al. [14], and further, if
By = D; = 0, (P) is a differentiable minimax fractional programming problem
which has been studied by Chandra and Kumar [7], Liu and Wu [16]. Many authors
investigated the optimality conditions and duality theorems for minimax (fractional)
programming problems. For details, one can consult [1,4,14, 15,21, 26]. Problems
which contain square root terms were first studied by Mond [18]. Some extensions
of Mond’s results were obtained, for example, by Chandra et al. [5], Preda [20],
Zhang and Mond [30], Preda and Koller [22].

In an earlier work, under conditions of convexity, Schmittendorf [25] established
necessary and sufficient optimality conditions for the problem:

inf su x,Y), P1
inf sup (z.9) (P1)

where ¢ : R" x R™ — R is a continuous differentiable mapping. Later, Yadev
and Mukherjee [28] employed the optimality conditions of Schmittendorf [25] to
construct two dual problems and they derived duality theorems for (convex) differ-
entiable fractional minimax programming. In [7], Chandra and Kumar constructed
two modified dual problems for which they proved duality theorems for (convex)
differentiable fractional minimax programming. Liu and Wu [16] relaxed the con-
vexity assumption in the sufficient optimality of [7] and they employed the opti-
mality conditions to construct one parametric dual and two other dual models of
parametric-free problems, and they established weak duality, strong duality, and
strict converse duality theorems for a class of generalized minimax fractional pro-
gramming involving generalized convex functions. Several authors considered the
optimality and duality theorems for nondifferentiable nonconvex minimax fractional
programming problems, one can consult [15,26,29].

In this paper, we present necessary and sufficient optimality conditions for prob-
lem (P) and we apply the optimality conditions to construct one parametric dual
problem. Further, we establish for this pair of dual problems weak duality, strong
duality, and strictly converse duality theorems. Some definitions and notations are
given in Section 2. In Section 3, necessary optimality contitions are proved and we
derive sufficient conditions under the assumption of generalized convexity. Using
the optimality conditions, in Section 4 we state the parametric dual problem and
prove the duality results.



2. Notations and Preliminary Results

Throughout this paper, we denote by R™ the n-dimensional Euclidean space and
by R’ its nonnegative orthant. Let us consider the set P defined by (1.1), and for
each x € P, we define

‘](x) = {j€{1,2, 7p} |gj<l’)20}7

fz,y)+ 5:1 V! Brx f (1"7 Z) + 7; V ITBT,,Z'

Y(z) = yey = = sup ,

§
h(x,y)*qgl\/xTqu z€EY h ($’ 2) B Z \/m

\ q=1

1<s<n+1, Ztizl,

K(m) = (37t7g)€NXR+XR and'g:(gl’-- 7:1/5) e R™s

with; € Y (z), i=1,s

\

Since f and h are continuous differentiable functions and Y is a compact set in R™,
it follows that for each zo € P, we have Y (z¢) # 0, and for any 7; € Y (z¢), we

denote 5
f (%o, 9:) + E V $JBr$o
ko = (2.1)
h (o, ¥s) Z V79 Dy
Let A be an m x n matrix and let M, Ml, t =1,--- ,k, be n X n symmetric

positive semidefinite matrices.

Lemma 2.1 [27] We have
k
Ar >0 = ¢ o+ Z VatMx >0,
i=1
if and only if there exist y € R and v; € R", i = 1, k, such that

A’Ui Z 0, ?};FMZ'UZ‘ S 1, 1= 1,_/’{), ATy =c+ ZMZUZ

=1

If all M; =0, Lemma 2.1 becomes the well-known Farkas lemma.
We shall use the generalized Schwarz inequality [23]:

z"Mv < VaTMzvVvT Mo. (2.2)
We note that equality holds in (2.2) if Mz = 7Mwv for some 7 > 0.
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Obviously, from (2.2), we have
v'Mv<1 = 2"Mv<VaTMz. (2.3)
The following lemma is given by Schmittendorf [25] for the problem (P1):

Lemma 2.2 [25] Let xy be a solution of the minimax problem (P1) and the vectors
Vgj(z0), j € J(z9) are linearly independent. Then there exist a positive integer s,
1 <s<n+1, real numberst; > 0,i=1,s, n; >0, j = 1,p, and vectors §; € Y (xq),
i =1, s, such that

s p
;tivm¢ (zo,7i) + ;ij.gj (z0) =0,

J
:uj.g] (LU()) = 07 .] = 1»]77

S

> ti #0.

Now we give the definitions of (7, p, #)-quasi-invexity and (7, p, #)-pseudo-invexity
as extensions of the invexity notion. The invexity notion of a function was introduced
into optimization theory by Hanson [11] and the name of invex function was given
by Craven [8]. Some extensions of invexity as pseudo-invexity, quasi-invexity and
p-invexity, p-pseudo-invexity, p-quasi-invexity are presented, for example, in Craven
and Glover [9], Kaul and Kaur [13], Preda [19], Mititelu and Stancu-Minasian [17].
In this paper we only shall use the following notions:

Definition 2.1 A differentiable function ¢ : ¢ C R" — R is (1, p, f)-invex at
xg € C if there exist functions n: C' x ¢ - R", 0 : C' x ' — R, and p € R such
that

o (x) — ¢ (20) =1 (x,30)" Vo (o) + pb (, 20) -
If —p is (n, p,0)-invex at xo € C, then ¢ is called (7, p, f)-incave at xy € C.
If the inequality holds strictly, then ¢ is called to be strictly (7, p, 0)-invex.

Definition 2.2 A differentiable function ¢ : C' C R™ — R is (n, p, #)-pseudo-invex
at xo € C if there exist functions n: C' x C = R", §: C x C — R, and p € R such
that the following hold:

1 (,70)T Vi (1) > —ph (3,0) = 9 () > @ (w0), VweC,
or equivalently,
o (z) < @ (1)) = 1(x,20) Vo (x0) < —pb(z,20), VaeC.

If —p is (n, p, 0)-pseudo-invex at zo € C, then ¢ is called (n, p, 0)-pseudo-incave at
To € C.



Definition 2.3 A differentiable function ¢ : C' C R" — R is strictly (7, p,0)-
pseudo-invex at xg € C' if there exist functions n : C' x C' = R", 0 : C x C — R,
and p € R such that the following hold:

n(x,20) Vo (x0) > —pb (z,20) = ¢ () > @ (x0), Vel x+#ux.

Definition 2.4 A differentiable function ¢ : C' C R" — R is (7, p, #)-quasi-invex
at g € C if there exist functions n: C' x C — R", §:C x C' — R, and p € R such
that the following hold:

o (x) < () = n(x,30) Vo (o) < —pl(x,20), VaeC.
If —p is (9, p,0)-quasi-invex at xy € C, then ¢ is called (7, p, #)-quasi-incave at
To € C.

If in the above definitions the corresponding property of a differentiable function
¢ : C CR"™ — R is satisfied for any xy € C, then we say that ¢ has the respective
(n, p, @)-characteristic on C.

3. Necessary and Sufficient Optimality Conditions

For any x € P, let us denote the following index sets:
B(x) = {TE{l,Q,---,ﬂ}’xTB:L’>O}

D(z) = {qe{1,2,---,0} |mTDx>O}
D(z) = {1,2,---,6} \D(z) ={q| 2" Dz =0}.

Using Lemma 2.2, we may prove the followmg necessary optimality conditions
for problem (P).

Theorem 3.1 (Necessary Condition) If zq is an optimal solution of problem
(P) for which B (z¢) = 0, D (z¢) = 0, and Vg; (z0), j € J (x0) are linearly indepen-
dent, then there exist (s, t,7) € K (1), ko € Ry, w, € R*,r = 1,3, v, € R*, ¢ = 1,6,
and i € RY such that

Zt V f (o, Ui +ZBwr—ko<Vh o, 7i) Zqu)

i=1 r=1

) (3.1
+ Z ﬁjVQj (z0) =0,

j=1



B

1
f ('r(hlgi) + Z \/ ngTxO - k() <h ('T()algi) - Z \/ x(—)qux0> = Oa VZ = ?7 (32)
q=1

r=1

> 395 (w0) = 0, (3.3)

>0, > h=1, (3.4)

=1
w;Brwr < 17 fL’S—BrUJT =V 'TE)FBTI(L r = ma
— 3.5
vy Dgug <1, g Dgug = \/xg Dgxg g =1,0. (3:5)

Proof. Since all B,,r = 1,3, and Dy,q = 1,0, are positive definite and f and h
are differentiable functions, it follows that the function

fo.g)+ Y VB
r=1

- i VD
q=1

is differentiable with respect to x for any given y € R™. In Lemma 2.2, the differ-
entiable function ¢ in (P1) is replaced by the objective (fractional) function of (P),
and, like the Kuhn-Tucker type formula, it follows that there exist a positive integer
s,1<s<n+1,and vectors t € RS, i € R, §; € Y (20), i = 1, s, such that

i 1 B B,z
Zt Vf (w0, 7:) + Z —éo
=1 h(xo,¥i) — i V Jquxo = B ro (3.6)
B D q0 P _ ' .
— ko (V (0, 7i) — 7;1 m) + ;ijg] (29) =0
195 (o) = 0, (3.7)

1

J

Zti >0, (3.8)
i=1

where kg is given by (2.1).



Now let us denote

Zo

w = T = T:176a

' Vg By

v, = —_to ¢=1,0

Bo- n here ) t'
P = where t; =

;t? x07yz Z vV %D To
Equations (3.6) and (3.7) become
s B
Z t_'L Vf (Zﬂo, gz) + Z Brwr <Vh Lo, yz Z D 'Uq)
i=1 r=1

P
+ Zﬁjvyj (z0) = 0,

j=1

P
> g5 () =0
j=1

where p € RE | ¢; > 0 for all i = 1,5, with Y ¢ > 0. This proves (3.1) - (3.4).

=1

Furthermore, it verifies easely that we have
w, Baw, =1, :EJBTIUT = \/zg B,xy, for any r = 1.5,
v) Dgvg =1, @ Dgvg = \/x§ Dy, for any ¢ = 1,0.

So relation (3.5) also holds, and the theorem is proved. W

We notice that, in the above theorem, all matrices B, and D, are supposed to be
positive definite. If at least one of B (xg) or D () is not empty, then the functions
involved in the objective function of problem (P) are not differentiable. In this case,
the necessary optimality conditions still hold under some additional assumptions.
For zy € P and (s,t,7) € K (x9) we define the following vector:

S (Vi@ + Y
=1

reB(zo) Lo By

D,x
—ko | Vh(z0,5) = Y, ——=—
reD(zo) Lo quo



Now we define a set Z as follows:

2"Vy;i (20) <0, j € J(x0),
and the relation (3.9) holds.

zTa+Zf,- Z 2" B,z + Z \/ZT k‘o D,)z | <o. (3.9)
i=1 reB(zo) q€D(w0)

If one of the index sets involved in the above expressions is empty, then the corre-

spondig sum vanishes.

Using Lemma 2.1, we establish the following result:

Theorem 3.2 Let xo be an optimal solution of problem (P) and at least one of
B (x0) or D (x) is not empty. Let (s,t,9) € K (zg) be such that Z; (z9) = 0. Then
there exist vectors w, € R, r = 1,5, v, € R", ¢ = 1,0, and [i € RE which satisfy
the relations (3.1) - (3.5).

Proof. Using (2.1) we get (3.2), and relation (3.4) follows directly from the as-
sumptions.

Since Z; (z9) = 0, for any 2z € R™ with: —2"Vg; (zo) >0, j € J (), we have

2o+ Zfi Z 2B,z + Z \/zT ((k‘o)2 Dq) z | >0.

reB(zo) q€D(z0)

A= th, ¥ = ifﬂfo
i=1

Now we apply Lemma 2.1, con31der1ng

Let us denote:

e the rows of matrix A are the vectors [—Vg; (z9)], j € J (x0);
e c=uq;

NB, ifreB(x) v2D, if ¢ € D (o)
B _ r 0 D _ q 0
* M _{ 0 ifre B(x) and M, = 0 ifgeD(xg) °

It follows that there exist the scalars fi; > 0, j € J (o) , and the vectors w, € R",
r € B(zg), v, € R", ¢ € D (x0), such that

- Z [1;Vg; (x0) = ¢+ Z MPw, + Z MPy, (3.10)
Jj€J(0) re€B(xo) q€D(x0)

8



and _
w,! MPw, <1, r € B(x)

= A1
v, MPo, <1, q € D (z0) (3.11)

Since g; (zg) = 0 for j € J(xo), we have: fi;g;(vo) = 0 for j € J(zo). If
J & J(xo), we put ii; = 0. It follows:

P
Z ;95 (z0) =0
j=1

which shows that relation (3.3) holds.

Now we define .
0

——, ifreB(x
w, = /xg Brxo _< 0)
)\ﬂ)r, ifrebB (Io)

Lo .

—, ifqgeD(x
vy =4 V2o Dyxo _( o)
Vg, if ¢ € D (z0)
With this notations, equality (3.10) yields relation (3.1).

From (3.11) we get: w, B,w, < 1 for any r = 1, 3. Further, if r € B(xo), we
have a:gBrxo = 0, which implies B,xy = 0, and then \/:co B,xg =0 = z, ' Baw,. If
r € B(zg), we obviously have z B,w, = /x4 B,xo. The same arguments apply to
matrices D,, so relation (3.5) holds. Therefore the theorem is proved.

For convenience, if a point o € P has the property that the vectors Vg; (zo),
J € J(x0), are linear independent and the set Z; (z) = 0, then we say that zo € P
satisfy a constraint qualification.

The results of Theorems 3.1 and 3.2 are the necessary conditions for the optimal
solution of problem (P). Actually, the conditions (3.1) - (3.5) are also the suffi-
cient optimality conditions for (P), for which we state the following result involving

generalized invex functions, which are weaker assumptions than Lai et al. use in
[14].

Theorem 3.3 (Sufficient Conditions) Let xy € P be a feasible solution of (P)
and there exist a positive integer s, 1 < s <n+ 1,7 € Y (x9), i =1,s, kg € Ry,
defined by (2.1), t € R%, w, € R™, r =1,5, v, € R", ¢ =1,6, and i € RE such that
the relations (3.1) - (3.5) are satisfied. If any one of the following four conditions
holds:

@) £+ 5 (07 B is o, O)inves, () = 35 ()7 Dy is (1,0

r=1

N _
incave for i = 1,s, > fi;g; () is (1, po, 0)-invex, and pg, + Z ti (p; + piko) >0,
=1 i=1



— def A+ b T - T :
DEIOESA NSRS e Brwr—ko<h(-,yi>—i<-> D)] i

=1 q=1

<3

p
(n, p, §)-invex and Zlﬁjgj (-)is (n, po, 0)-invex, and p + p, > 0,
J:

— P
(¢) ®(-)is (n,p,0)-pseudo-invex and Zlﬁjgj (-)1is (n, py, #)-quasi-invex,
J:
and p+ py > 0,

— P

(d) @(-) is (n,p,0)-quasi-invex and ) fi;g; (-) is strictly (1, py, #)-pseudo-invex,

j=1
and p + py 2 0,

then o is an optimal solution of (P).

Proof. On contrary, let us suppose that z; is not an optimal solution of (P). Then
there exists an x; € P such that

B B
flay) + 3 Vel By f (0. y) + 32 Vg Brao
sup T? < sup r?
Y Y
k(o) = 2 V@ Dyee " h(wo,y) = X Vg Dy
q=1 q=1

We note that, for g; € Y (x¢), i =

=
»
3
=
3

s
~—~
8

g
<
N~—
_I_
8
o4
;‘
8
=}
s
~—~
8
g
S
~—
_l’_
=
8
o
;‘
8
=}

wn
=
o
<
I
L
I
<
l
A
I
w
e

<
m
~
>
5
2
&
|
N
R
==
q
Q
R
o
>
5
2
s
|
=
8
o
-
Q
R
o

ﬁ

—_

ﬁ

—_

and

—
G}
-
+
™
5
X
8
—
B
S
+
M
8
X
=2

r;l < sup 7?1
h(21,9:) — >0 /a1 Dy " (71,9) — > Va1 Dy
Thus, we have "~ "~
[z, 9:) + ﬁ V| By
r? <k, fori=1,s.
h(xy,5;) — (121 Vi Dyxq

10



It follows that
5

B
f (ml,gji)—l—z \/x{ B.x1—ky (h (w1, 7)) — Z \/aleanq) <0, fori =1,s. (3.12)
r=1

q=1

Using the relations (2.3), (3.5), (3.12), (3.2), and (3.4), we obtain

s B )
P (21) = Zﬂ' [f (21, 5) + Y ] Brw, — ko (h (@1, 9:) — Zﬂ%“q)]

r=1 q=1
s B )
S Z t_z [f (Il, gz) + Z \/ ZEIBrl'l — ]{70 (h (Il, gz) — Z 1/ l‘iquJ,’l)]
i=1 r=1 q=1
< 0=
s B B é
= > & |f(zo.5) + Y \/x] Biwo — ko (h (20, :) — Y/ 70 Dq%)]
=1 L r=1 q=1
s B B )
= ti | f (w0, 9:) + Zﬂngrwr Ko (h (o, i) — Z Lo quq>]
=1 | r=1 q=1
It follows that - B
1. If hypothesis (a) holds, then for i = 1, s, we have
B - B .
[z, 9:) + 32 2 Bow, — f(20,0:) — > 29 Brw, >
r=1 P r=1 (3.14)
> (flwo)T (Vf (T0, %) + Brwr) + p;0 (1, 20) ,
r=1
and 5 5
—h(z1,9:)+ > xIquq + h(z0, ¥s) — D xS—quq >
q=1 q=1

5 (3.15)
> n (21, xo)T (—Vh (w0, i) + D quq) + 030 (21, x0) -
q=1

Now, multiplying (3.14) by ¢;, (3.15) by #;ko, and then sum up these inequalities, we

11



obtain

T _ ) 5
> n(z1, o) Zt [Vf o, Yi) + Z Byw, — ko (Vh (z0,7i) — > quq)}
=1 =1

r=1

+ Z ti (p; + kop;) 0 (21, 20) -

=1

p
Further, by (3.1) and (1, py, 0)-invexity of » fi,g; (-), we get
j=1

® (1) = P (x9) > —7 (w1, 20) ZM]VQJ Zo +Zt (p; + kopy) 0 (1, x0)

7=1

- Z fij9; (1) + Z 195 (o) +
j=1 =1
+ (Po + Z ti (p; + k?op;)) 0 (xy1, 7).

i=1

v

Since x; € P, we have g; (x1) <0, =1, s, and using (3.3) it follows

P (1) — @ (z0) > (Po+zt Pz+kopz)>9(l’1afo)20a

1=1
which contradicts the inequality (3.13).
2. If the hypothesis (b) holds, we have

P (1) - @ (w0) 2
>

o) S [V o)+ 5 B — o (Vo) = 3 Dy )|

=1
+,06 (.731, 370)

p
Using relation (3.1) and the (), py, 0)-invexity of ) fi;g; (- ), we obtain
j=1

®(21) = @ (z0) > —n(z,20)' Y 1,V (wo) + pf (21, 20) >

Jj=1

v

= D0 () + D7y, (w0) + (0 + o) O (21, 20) =

(P + Po) 0 (xl, xU) > 07

v

12



which contradicts the inequality (3.13). B
3. If the hypothesis (c) holds, using the (7, p, #)-pseudo-invexity of ®, it follows
from (3.13) that

D (11) < B (x9) = 1 (x1,20) VO (20) < —pb (21, 70) . (3.16)
Using again relation (3.1), from (3.16) and p + p, > 0, we get

P
n (x4, xo) Z Vg, (xo) > pb (x1,20) > —pob (21, x0) - (3.17)

Since z; € P imply g; (z1) <0,i=1,s, and i € R”, using (3.3) we have

hS]

fi;g Zujgj 7o) (3.18)

1

J

p
Using the (7, py, 0)-quasi-invexity of > fi,9; (), we get from the last relation
j=1

P
n (1, 70) " Z 11,V g; (x0) < pob (21, 20)
7=1
which contradicts the inequality (3.17). B
4. If the hypothesis (d) holds, the (7, p, #)-quasi-invexity of ® imply
D (11) < B (x0) = 1 (w1, m0) VP (20) < —pb (21, 20) .
From here, together with (3.1) and p + p, > 0, we have
p
n(w1,20)" Y 1, Vg5 (x0) > pb (w1, 20) > —pof (w1, 20) . (3.19)
j=1

p
Since (3.18) is true, the strictly (7, p, 0)-pseudo-invexity of > fi,g; (-) imply
=1

N (1,70) " Z 11,V g; (x0) < pob (w1, 70)
j=1

which contradicts the inequality (3.19).
Therefore the proof of the theorem is complete. B

13



4. Duality

Let us consider the set H (s,t,y) consisting of all (z, u, k,v,w) € R™ x RY x
R, x R™ x R where v = (v, ,v5), v, € R", ¢ = 1,8, and w = (wy, -+ ,wg),
w, € R", r =1, 3, which satisfy the following conditions:

Zt [w 2, Ui +ZBwr—k<Vh ERTD Zqu>

=1 r=1

P
+Y Vg, (2) =
j=1

r=1

S B
Zti [f (z,v;) + ZZTBTwT —k ( 2, ;) ZZTD ’Uq)] >0, (4.2)

2105 (2) 20, (4.3)
(s,t,y) € K (2) (4.4)

w! Baw, <1, r=1,8,
vqTquq <1, ¢q=1,5.
The optimality conditions, stated in the preceding section for the minimax prob-
lem (P), suggest us to define the following dual problem:

max  sup {k | (z,u,k,v,w) € H (s,t,y)} (DP)
(s,t,y)EK(2)

If, for a triplet (s,t¢,y) € K (2), the set H (s,t,y) = 0, then we define the supre-
mum over H (s,t,y) to be —oo. Further, we denote

s B )
=t f(-,yi>+2<->TBrwr—k(h(-,y»—Z«)Tquq)]

g=1

(4.5)

Now, we can state the following weak duality theorem for (P) and (DP).

Theorem 4.1 (Weak Duality) Let x € P be a feasible solution of (P) and
(x, 1, k,v,w, 8,t,y) be a feasible solution of (DP). If any of the following four con-
ditions holds:

=

(a) f(7yz) + Z ()T Brwr is (napiag)_invex7 h(?%) - i()—r quq is (napgﬁe)_

r=1

N s
incave for i = 1,5, > p;9; () is (1, po, 0)-invex, and py + > t; (p; + pik) > 0,
=1 =1

14



p
(b) ®(-)is (n,p,0)-invex and Zlujgj (-)1is (n, py, 0)-invex, and p + p, > 0,
J:

p
(c) @(-)is (n,p,0)-pseudo-invex and Zlujgj (-)1is (n, py, #)-quasi-invex,
j:

and p + py > 0,
p
(d) @(-) is (n,p,0)-quasi-invex and ) p;g; () is strictly (1, py, 0)-pseudo-invex,
j=1
and p + py > 0,
then 5
fwy)+ > V' B
sup T(S:l >k (4.6)
" hey) = X Vi Dy
q=1

Proof. If we suppose, on contrary, that

sup

ver h(z,y)— > V z' Dyx

then we have, for all y € Y,

B s
f(z,y)+ Z VaTlBx —k (h (x,y) — Z \/a:Tqu> < 0.

It follows that, for ¢; >0, i =1, s, with > ¢, = 1,
i=1

s M 8 8
P ('Z') = Z tl f (.T, yz) + Z mTBrwr —k (h (33, yl) — Z xTDqu>]
i=1 L r=1 q=1
s [ 5
< th f(z,y; +Z\/m—k< x, ;) Z\/xTqu)
i=1 q=1




s B )
< ngtz f(zvyi)+ZZTBrwr_k(h(zvyi)_ZZTDQUQ>]

=1 r=1

that is
() < D (2). (4.8)
1. If hypothesis (a) holds, then for i = 1, s, we have

B i
f(xoy)+ X 2" Bow, — f(z,u) — > 2" Bow, >
= r=1 (4.9)
8

> n(a,2)T (Vf (eop) + 3 Brwr) b (@,2),
r=1

and 5 5
—h(z,y) + > $Tquq +h(zy)— >, ZTDqu >
=1 ;7 (4.10)
>n(z, Z)T (—Vh (z,u:) + >, quq) + 0.0 (x, 2) .

q=1
Now, multiplying (4.9) by t;, (4.10) by ¢;k, and then sum up these inequalities, we
obtain

®(x) -0 (z) >

s

> :UZTZt {Vf 25 Yi —|—ZBwr—k(Vh(Z Yi) — iquq)}
q=1

=1

+Zti (ps + kpl) 0 (2, 2)

i=1

p
Further, by (4.1) and (n, py, 0)-invexity of > p;g; (), we get
j=1

®(2) =P (2) = —n(x,2) Y 1V, (2) + Zt (ps + kpi) 0 (2, 2)

j=1
p p s
= g @)+ g5 (2) + (Po +3 tilp + kpi-)) 0 (z,2).
j=1 j=1 i=1

Since x € P, we have g; (v) <0, i =1, s, and using (4.3) it follows

D ()~ () > <po 3 o+ kpo) 6 (2,2) >0,

i=1

which contradicts the inequality (4.8). Hence, the inequality (4.6) is true.
2. Similarly, one can prove the case of hypothesis (b).
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3. If hypothesis (c) holds, using the (7, p, 0)-pseudo-invexity of ®, we get from
(4.8) that

n(z, ) Vo (2) < —pb (2, 2) (4.11)
Consequently, relations (4.1), (4.11) and p + p, > 0, yield

p
TS Vg (2) > 06 (0,2) = —pyf (2, 2) (4.12)
7j=1

Because z € P, p € RE, and (4.3), we have

p p
> 105 (1) 0= 195 (2)
P =1

Using the (1, po, 0)-quasi-invexity of > %, 19, (+), we get from the last relation

n(z,2)" Z 1;Vg; (2) < pof (z,2) ,

which contradicts the inequality (4.12).
4. The result under the hypothesis (d) follows similarly like in step 3.
Therefore the proof of the theorem is complete. W

Theorem 4.2 (Strong Duality) Let * be an optimal solution of problem (P).
Assume that x* satisfies a constraint qualification for problem (P). Then there ex-
ist (s*,t*,y*) € K (z*) and (z*, p*, k* v*, w*) € H (s*,t*,y*) such that (z*, p*, k*,
vF W, s* ) y*) is a feasible solution of (DP). If the hypotheses of Theorem 4.1 are
also satisfied, then (x*, p*, k*, v*, w*, s*,t*,y*) is an optimal solution for (DP), and
both problems (P) and (DP) have the same optimal values.

Proof. By Theorems 3.1 and 3.2, there exist (s*,t*,y*) € K (¢*) and (z*, u*, k*,
w*) € H (s*,t*,y*) such that (z*, u*, k*, v*, w*, s*, t*,y*) is a feasible solution of

(DP), and
B
[z 7yz)+2\/<*)TB *

k* = =l
h(x*, yF) Z (z*)" Da*

59

q_
The optimality of this feasible solution for (DP) follows from Theorem 4.1. H

Theorem 4.3 (Strict Converse Duality) Let 2* and (Z, i, k, 9, W, 5, t,7) be the
optimal solutions of (P) and (DP), respectively, and that the hypotheses of Theorem
4.2 are fulfilled. If any one of the following three conditions holds:

17



(a) oneof f(-,5;)+ Z (-)' Byw, is strictly (1, p;, 0)-invex,
J - p
h-,5) — 3 ()" Db, is strictly (1, p}, )-incave for i = 1, s, or 3. fi;g; (-) is
q=1 7=1
strictly (1, py, 0)-invex, and py + Y. & (p; + pik) > 0;
i=1
s B T _ ) T
(b) either > ¢ {f(,yl) +> (1) Bw,—k (h(-,yi) - > () quq)} is strictly
=1 r=1 q=1
P
(1, p, 0)-invex or ) fig; () is strictly (1, py, 0)-invex, and p + p, > 0;
j=1
s B B T 5 .
© SE|ram B —k( ()= 3 () D )| s
1= r= q=
strictly (7, p, #)-pseudo-invex and Z 195 (+) is (1, pg, 0)-quasi-invex,
j=1
and p+ po > 0;

then x* = Z, that is, Z is an optimal solution for problem (P) and

f(Zy)+ i VZ'B,z

sup =k.
" h(z,y) — z VZ D,z
Proof. Suppose on the contrary that z* # Z. From Theorem 4.2 we know

that there exist (s*,t*,y*) € K (z*) and (z*, u*, k*, v*, w*) € H (s*,t*,y*) such that
(x*, pu*, k*, v*, w*, s*, t*,y*) is a feasible solution for (DP) with the optimal value

T,y +Z\/

h(z*,y) — Z (a*)" Dy

k* = sup
yGY

Now, we proceed similarly as in the proof of Theorem 4.1, replacing = by z* and
(z,p, k,v,w,s,t,y) by (Z, i, k,v,w, 35, t, g) , so that we arrive at the strict inequality

fla ,y)+Z (x )TBI‘*
sup

yEY 7 y Z /

18



But this contradicts the fact

x*y) + 1/ (%) Bx*
sup
VEY b (2%, y) — 1/ (a%) D T*

?’?‘ |

and we conclude that * = z. Hence, the proof of the theorem is complete. W

5. Special Cases

If we consider special cases of the results presented in this paper, we may retrieve

some previous results obtained by other authors.

1. If we consider = ¢§ = 1, we obtain the results obtained by Lai et al. [14].

2. If B,=0,r=1,3,and D, =0, ¢ = 1,0, we obtain the results of Chandra and
Kumar [7], respectively that of Liu and Wu [16].

3. If the set Y is a singleton, # = 1, h = 1 and D, = 0, ¢ = 1,0, we obtain
the results presented respectively in Mond [18], Chandra et al. [5], Preda [20],
Zhang and Mond [30], Preda and Koéller [22].

4. 1If the set Y is a singleton and 8 = 6 = 0 (that is, we have no square root terms),
then problem (P) becomes the standard fractional programming problem and
the dual problem (DP) reduce to the well known dual of Schaible [24].

5. For the case of the generalized fractional programming [2, 3,6, 10, 12], the set
Y can be taken as the simplex ¥V = {yE]Rm ' Yy > 0,3y = 1}, B, =0,

i=1
r=1,3,and D, =0, ¢= 1,6, and
yifi(x
fxy) _ ; (@)
h m
S g (a)
i=1
In this case the dual (DP) reduces to the dual problem of [2].
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